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PREFACE.

Tae present edition of this work is not published for sale, and
no copy of it will be sold with the author’s consent, at any price,
as the author claims other privileges than a simple copyright, in
respect to the alleged discovery. A small edition only has been
printed for free distribution to such practical and scientific men
as desire to look into the subject, and will give it a thorough,
careful and unprejudiced examination.

This work has been written several years, and now appears
almost exactly as originally written for publication. It has been
delayed in its appearance from motives of interest, and probably
would ot have appeared now, but that some circumstances seem
to have made it necessary for the author to preserve his identity
with the principles advanced. It is now submitted for examina-
tion, merely, in order that the truths advanced may receive
the scrutiny of other minds, and if they are truths as the au-
thor affirms, that they may receive the acknowledgment due to
their importance. The author, however, seeks no satisfaction for
himself ; in that particular he trusts to his own examination and
judgment. But if the things herein set forth are true, in order
to be acknowledged, they must first be known. And with the
view of making them known and having them acknowledged,
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the aunthor has taken the trouble, and incurred the expense, of
collating from a mass of demonstrations and printing, that which
is now offered as a demonstration of the quadrature.

If this work should receive any attention at all, it will no
doubt excite some discussion and some criticism, and as a bant-
‘ling of the author’s, he will, no doubt, be expected to defend it.
But the subject is one, which, if the demonstration be true, will,
in the end, defend itself, better than any one can defend it: and
if it be not true, then no defense can make it outlive the influ-
ence of time and scrutiny. It will not be expected, therefore,
that the author should notice the objections of caviling minds, or
the criticisms of partial and interested judges, who prove by
what they say that they have not understood the subject. Nor
will any criticism which reiterates the principles which have been
disproved in the work itself be deemed v.vorthy of an answer,
or anonymous communications be noticed at all. The author’s
time is too constantly employed, and too valuable to himself, to
allow him to indulge in such unprofitable correspondence or
controversy. .

The points of difference between the author and the schools,
which hold that the Quadrature of the Circle is impossible to be
demonstrated, are few and easily stated ;—they are prineipally
these :—

First, between straight lines and curved lines there is an
essential difference in principle and property which has been
entirely overlooked by geometers in their approximation.

Secondly, The circumference of a circle is a line outside of the
circle thoroughly inclosing it.
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Third, The line approximated by geometers is a line coin-
ciding with the utmost limit of the area of the circle, and if it
could be correctly determined would be exactly equal to the cir-
cle, but could not #nclose it or contain it.

Fowrth, By this difference, with their method of approxima-
tion, geometers make an error in the sixth decimal place.

Fifth, The circle and the equilateral triangle, in their frac-
tional relations to the square, are opposite to one another in
ratio of the squares of their diameters.

Any criticism which meets these points understandingly and
fairly, showing that the writer has himself understood the sub-
ject, will be entitled to an answer; but anything which does not
meet these points cannot be considered as being relevant to the
points at issue, and therefore cannot be considered as worthy of
a reply.

I am not aware of any errors in the book which can mislead
any one in regard to the principle or result intended to be shown
by the various calculations in figures. It is quite possible, how-
ever, that in transcribing for the press, some errors may have
occurred ; but if any exist, I think they can be only such as
the reader will be able to understand and correct for himself.

The work, such as it is, is commended to the examination and
candid judgment of all those who may feel interested in the

development of truth.
THE AUTHOR.






THE QUADRATURE OF THE CIRCLE.

INTRODUCTORY REMARKS.

—— g

CHAPTER L

To rnD the exact quadrature of the circle, was, from
the first establishment of mathematical science, and for
many succeeding centuries, a principal desideratum with
the mathematicians of those times; but failing in their
efforts to arrive at the certainty, and the importance and
value of the discovery being, as is generally supposed,
greatly diminished by the very close approximations
obtained by modern analysis, it has long since ceased, in
a great measure, from being an object of research. Nev-
ertheless, being an elementary truth, and consequently
the relations existing between the circle and the square
being among the fundamental principles necessary to be
considered in mathematical scienee, particularly in respect
to astronomy and navigation, the deficiency of an exact
knowledge of 2the quadrature has never ceased to be a
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cause of some perplexity, requiring explanation, and
necessarily, also, a cause of more or less error in these
most impoi'tant of sciences.

Unfortunately, but very much like other men in simi-
lar circumstances, the professors of the schools, unable to
demonstrate the truth, and unwilling to acknowledge
their deficiency, have thought it necessary to explain
away their error, and in doing so, they have taken the
opposite ground, and concluded, that what they hawve been
unable to attain, i unattainable by human intéllect.
Hence the college lectures on this subject, published and
unpublished, abound in learned speculations and hypo-
theses, tending to place the quadrature of the circle
without the range of demonstrable mathematics.

All geometrical truth whatsoever, in nature, rests on
two simple things—the properties of straight lines, and
the properties of curved lines,—difference of angle and
difference of curve are but modifications of the same
principles. Of the properties of straight lines, geome-
ters have long supposed themselves to be perfect mas-
ters, but of the properties of curved lines, and their rela-
tive value to straight lines, geometers have yet known
nothing whatever, except by approximation. To find
the quadrature of the cirele, is simply to determime the
relative value of straight lines and curved lines,—and in
view of these facts, to an unprejudiced mind, it sounds
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equally strange and ridiculous to hear the professors of
an exact science, condemn as wuseless the solution of a
problem, which s in dtself an elementary truth, and
involves, to say the least, one half of all the geometrical
truth vn nature.

Without any disrespect to the learning and general
intelligence of those who have adopted the conclusion
that it is impossible to find the exact quadrature, (and it
seems to be general among the professors,) I may be
allowed honestly to doubt both its truth and its reason-
ableness. It may be admitted, if it pleases them, that it
can never be done by any principles at present known or
taught in the schools; but this proves nothing more than
a deficiency in knowledge of the principles which govern
it. To prove satisfactorily that it can never be demon-
strated by any means, it is necessary, first, to prove that
no principles can be true in nature, but such as are al-
ready known to science. To this, however, no mathema-
tician will for a moment pretend, and for anght any one
can know, there may be other principles inm nature, as
yet unknown or untaught, and which are equally true
with any that are known, by which, when understood,
the demonstration may be made. To reason otherwise,
is to assume that we are already acquainted with all the:
principles which the Creator brought into action in redu-
cing matter to form,—an assumption equally presump-
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tuous and improbable. That an essential and funda-
mental principle which governs the exact relations of
, straight lines to curved lines does exist, is self-evident,
and there can be no good reason for saying that it can
never be found: and we have the evidence of abundant
experience in other things, to show, that when found, it
may be as plain, as simple, and as comprehensible as any
truth at present within the range of human intelligence.
T have been told of Dr. Bowditch, who to his great
learning, added great practical skill, and a long course.
of practical experience, that he was so well satisfied of-
the existence of numerous. principles as yet unknown to
mathematical science, but: which might hereafter be.
available for purposes of demonstration, that he would
never give his opinien on any original question from
what had been previously written or understood on the
subject, without first examining carefully, whatever was
advanced that was new. There are other mathemati-
cians, however, of far less note than Dr. Bowditch, who
do not. hesitate to condemn without emamination, what-
ever conflicts with their: preconceived: opinions, and this
too in the face of any number of facts which may be pre-.
sented. For myself, I am content to believe that new-
discoveries of principles, as well as new discoveries of
truth, are yet to be made, and among- others, that which
v governs the exact relation of one circle to one square. I _
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cannot understand how limited and circumseribed matter
is made infinite with respect to other limited snd circum-
scribed matter by the mere influence of shape. It may
be true in respect to decimal parts, and econsequently in
respect to decimal figures in their decimal relation to
one, but it is not true on the broad principle, and there-
fore it 4¢ not true in respect to the circle and the square.
While, therefore, I am ready to admit that the quadra-
ture of the circle can never be demonstrated by any
means yet adopted for that purpose, I am still compelled
to regard the reasoning which places it beyond the reach
of demonstration, as containing more theoretic learning
and speculation than simple trath, and those who realljr
believe it to be among impossibilities, as more credulous
of mystery than sound in their judgment.

By a course of reasoning on the mechanical properties
of numbers, I have adopted a ratio of circumference to
diameter of one circle, which I believe and affirm to
be the true and exact ratio which nature employs in
every circle, and which, therefore, in order to distinguish
it from all others, I denominate the primary ratio of cir-
cumference and diameter. The numbers expressive of
the value of each are 20612 parts of circumference to
6561 parts of diameter. Diameter being one, these num-
bers will give a decimal circumference = 8,141594 +
which will be seen to be greater by one and more in the
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sixth decimal place, or about sevesss greater than Play-
fair and Legendre’s so called perimeter of a circum-
scribed polygon of 6144 sides. Consequently, before I
can claim attention to my ratio as likely to be the true
one, it is necessary for me to show Playfair and Legen-
dre’s liability to an error, equal to the difference. 1
shall proceed to do this by the selection of a few from a
mass of demonstrations which are before me to that
effect. In the pursuit of this object, and throughout the
following work, my course of reasoning will be altogether
original. 1 shall ;naké no quotations, and refer to no
authority, for in fact I never consulted an author on this
subject, until long after I had substantially finished my
demonstrations. Everything, therefore, contained in the
reasoning which follows, is, so far as I am concerned,
purely original, and every truth illustrated and proved,
even to the measuring of a triangle, is a8 much my own
discovery as if it had never been known before. The
extent of my acquirements in geometry a¢ school, was to
learn that the hypothenuse of a right-angled triangle is
greater than either side ; there I stopped, went to busi-
ness, and from that time to the present, a period of
nearly forty years, I have been the originator of my own
system of mathematics, independent of any instruction
but such as has been suggested to my own mind by
observation of natural truth, and an examination of the
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powers and properties of numbers. The following work,
therefore, is entirely the production of my own mind, rea-
soning from nature and nature’s laws only, and no other
mind has, to my knowledge, either contributed or influ-
enced a single truth or idea illustrated in it. On the
contrary, I have, with scrupulous care, rejected every
thing suggested by any other. person, even though the
suggestion might have been beneficially improved.

My reasoning, I think, will be found to be perfectly
conformable to nature, yet not confined to the rules of
art; and as'all original reasoning necessarily involves
some new truth, or a handling of old truths in a manner
not before practiced, I have found it both convenient
and necessary to adopt such terms and forms of expres-
sion, a8, in my judgment, would best convey my own
meaning and suit my own purpose, without regard to
their common scientific application, preferring always
the attainment of truth, rather than elegance. Thus,
for example, the term “circumference,” when it will best
suit the idea intended to be conveyed, is often applied
to the square, the triangle, to polygons, and other angu-
lar shapes, and is synonymous with perimeter.  Diam
eter” is also applied to triangles and rectangular figures,
and diameter, when not otherwise explained, always
means twice the least radius (which, in all regular
shapes, is always the diameter of an inscribed circle)
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when a figure is to be measured by circumference and
radius; but in the equilateral triangle when it is to be
measured in the usual way of measuring angular shapes
from half its side by the perpendicular, then the perpen-
dicular from the base is the diameter. This seeming
indiscriminate use of terms will, I think, be better under-
stood by the reading, and will not be objected to except
by those who reason for elegance rather than truth, and
those, who, for lack of reason, confound terms and defini-

tions with principles.

DEMONSTRATION OF ERROR

IN THE

APPROXIMATION OF GEOMETERS TO THE CIRCUMFERENCE OF A CIRCLE.
PROPOSITION L '

The circumference of a circle is greater than any num-
ber whatever of mean proportionals from an inscribed
straight line.

‘We have here a

PLATE L
section of circum-

N _— ¢ =/ ference with an in-

scribed and cir-

cumscribed perim-
eter of a polygon.
The circumference
itself gives ocular
demonstration, that
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it is greater than any number whatever of mean propor-
tionals, as the straight lines a b, or & ¢, from the inscribed
straight line @ ¢, because, as all such mean proportionals
must forever continue to be inscoribed straight lines, they
can therefore never equal the circumference; and without
this quality the circumference could not be a perfect curve.
The proposition s ther¢fore demonstrated.

From the above proposition it is evident, that, if we
approach the circumference of the circle by any scale of
proportionals whatever between the. inscribed and cir-
cumscribed lines, other than that which is a true and
exact rélative to the circumference, we shall inevitably
bring the circumscribed lines within the circumference,
or carry the inscribed lines without the circumference,
just in proportion as the scale of proportionals used is
greater or less than the true and exact relative to the
circumference ; and because, as already seen, the circum-
ference is greater than any number whatever of mean pro-
portionals from an ¢nécribed straight line, therefore any
number of mean proportionals which may bring the in-
scribed and circumscribed lines to agree with each other
in whole or in part, will necessarily make them to agree
at a point of value within the value of ciroumference :
And the approximation being carried to a large number
of figures, you will have an approximation within less
than one in the last decimal place of a line of figures, no?
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of a full diameter, but of a diameter which, in its ratio of
value to circumference is also less than one. 1 say, itis a
diameter which is less than one by ;7:3%—.. And what-
ever may be the scale of proportionals used, if it be any
other than the true and ewact relative to circumference,
there must necessarily be a point in a line of figures rep-
resenting the circumference of one diameter, where the
error of the scale used will amount to one or more, and
that point will be forever the same, by whatever form
or process the calculation is carried on.

Here then is a plain fact, of which we have ocular
demonstration, depending on the plainest laws of num-
bers and geometry, and which needs only to be admit-
ted, to prove, that the approximations of geometers to
the circumference of a circle obtained from inscribed and
so-called circumscribed straight lines ¢ less than the true
value of circumference. In a future demonstration I
shall show that the perimeter of the so-called circum-
scribed polygon of geometers, is not a circumscribed
polygon, but that at any number of sides the perimeter
at the center of each side rests within the area of the
circle, and at an infinite number of sides is brought
wholly within the area of the circle. (See prop. L, Ap-
pendix.)

It follows therefore that whenever the true ratio of
circumference to diameter is found, it will disagree with,
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and be greater than the approximate ratio of geometers,
and greater than the so-called perimeter of a circum-
seribed polygon obtained in the manner which it is.
It matters not that some have had the patience to carry
the geometer’s approximation to 50 or even 150 decimal
places, the more the worse ; they do not approach any
nearer to the true circumference by so doing. On the
contrary, from the point in a line of figures where the
error in the scale of proportions used amounts to one or
more, and where they necessarily pass to the ‘inside of
the value of circumference, all effort to gain any nearer
approach to it, is nothing more than an effort to arrange
a vulgar fraction of remainder imto a line of decimals,
which because it is not of decimal value makes a line of
figures without end.

I have stated the case in such general terms as that
the error of geometers shall be seen to apply, as it really
does, to every method in use for finding the approximation
by means of straight lines, or by any fluxionary series,
the basis of which is the value of straight lines; and in
order that we may understand it fully, we will now look
further at the mechanical causes which can have this
influence. And

First. Between curved lines and straight lines there is
an essential difference in principle and properties, as is
evident from the fact, that if two shapes be formed, one



24 THE QUADRATURE OF THE CIRCLE.

with straight lines and the other with curved lines, and
of equal magnitude or area, their circumferences will be
totally different, and again if their circumferences are
equal, their areas will be totally different; and this dif-
ference of principle or property, is therefore seen to con-
sist chiefly in the different powers of the two descrip-
tions of lines to inclose area; therefore, .

PROPOSITION IIL.

The area of a circle is greater tham the area of amy
shape formed of straight lines and of equal circumference,
and hence greater tham the ares of amy polygon of any
possible number of stdes, and hawving the same ciroum-

Jerence with the circle.
PLATE IL In the figure (Plate
IL.), let C be the cir-
cumference of a circle,

and let P be the per-
imeter of a polygon,
and let C and P be
equal to one another
in length. It is evi-
dent that C is a per-
—— fectly curved line, and

that P is composed of several straight lines.. It is known
also that all regular shapes formed of straight lines and



- THE QUADERATURE OF THE CIRCLE. 25

equal sides, have their areas equal to half the circum-
ference, or half the length of all its sides, multiplied by
the least radius which the shape contains, than which all
other radii contained in the shape are. greater; whereas,
the. circle has its area equal to half the circumference
by the radius, to which every other radius contained in
the. circle is equal. (prop. 1, chap. ii.). It is evident
that the radius of € is less than the greatest, and
greater than the least radius of P. It is evident also,
that so long as P shall have the properties of straight
lines, to whatever number its sides. may be. increased,
it shall always have a greater and a lesser radius, and
its area always equals half the circumference by the
least radius; while C has never but one radius, which:
is always greater than the least, and less than the
greatest radius of P; and since C and P are. known to
be. equal in length, therefore C multiplied by radius, is.
greater than P- multiplied by leazst radius. Therefore
while P shall continue to have the properties of straight
lines it can never equal C in area, though the number of
its sides were infinite, or the greatest possible. But if
the number of sides of P shall be infinite or the greatest
possible, then P shall approach so nearly in area to C,
that the difference canmot b¢ less. And in material
things, any difference such that it cannot be less, is one
ultimate particle of whatever material or thing is under
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consideration. (For ultimate particles of matter see
explanation, prop. m., Appendix). The proposition s
therefore demonmstrated.

By proposition 1. it has been shown, that the circum-
ference of a circle is greater than anything which can
be reached by mean proportionals between inscribed and
the so-called circumscribed straight lines at the point of
value where the two agree. And by proposition ., it
has been shown, that the area of a circle is greater than
any area which can be contained within any possible
number of straight lines having the same aggregate
length of the circumference of the circle. It is evident
therefore that in attempting to find the value of the cir-
cumference by means of straight lines, we shall always
arrive at results which are less than the truth: and
geometers hawe never used amything else but straight
lines. 1t is evident, also, that if we reason wholly on
the properties of straight lines and the principles which
govern them, we leave wholly out of the account the
properties of curved lines and the principles which
govern them. And because the two differ essentially
from one another, we therefore determine nothing by it
of their relative value, further than to arrive at an ap-
proximation ; and there is still an error unaccounted for,
which stands additional fo all the errors arising from
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quantities neglected or lost in the usual mode of finding
an approximation.

‘When we look for a mechanical cause which can make
the circumference of a circle greater than any number
whatever of mean proportionals from an inscribed
straight line (as @ & or & ¢ from the inscribed straight
line @ ¢, prop. 1) we see that nothing is adequate to
that purpose, but the infusion into circumference, of
some additional value after all mean proportionals have
ceased ; which is, when the inscribed and circumseribed
so-called have become thoroughly equal; and whatever
the amount of this infusion may be, it is evident, that
there must be a point in the expression of numbers,
where its value becomes fired, and where it shall amount
to one or more,; and because this infusion into the value
of circumference, is a fixed and unalterable law of na-
ture, by which the two descriptions of lines are made
essentially to differ, therefore, whenever we attempt to
find the value of circumference by the properties of
straight lines alone, we shall always fall short of the
truth, at that point in the expression of numbers, where
the value of this essential difference equals one or more.
To get rid of this essential difference of property in the
two descriptions of lines (for they are not ignorant of its
existence) geometers have assumed that it is “ Infinity,”
and therefore call it nothing! but I shall show, that
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whatever an infinity may be, it is always such, that in
material things it is capable of increass, and is therefore
a value not to be thrown away.

Secondly. The perimeter of a circumscribed polygon
of any number of sides, is a proportion to the ¢nscrébed of
an equal number of sides, in precisely the same ratio as
the radius is to the perpendicular from the center to the
chord of the arch. Now, therefore, if the circumference
. be.greater than any mumber whatever of mean propor-
tionals from the inscribed, as we have ocular and mathe-
matical demonstration in proposition 1. that it is, and
without which it could not be a perfect curve, then it is
evident again, that the circumscribed, is to the inseribed,
in less ratio of walue than the circumference. Here
again we see a mechanical necessity of any proportions
between the inscribed and the so-called circumseribed
lines, other than such as are exact relatives to the cir-
cumference, necessarily bringing the. two to agree with
each other, at a point of value within the value in area
of the circamference; therefore

- PROPOSITION IIIL.

The perimeter of any polygon whose circumference or
the length of whose sides i8 equal to the circumference of
a.circle, is dways such that if the polygon be placed or
drawn upon the circle, the point or angle formed by the
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hypothenuse of each right angle which the polygon con-
tains, lies wholly outside of the circumference of the
circle.

Let the perimeter, f, ﬁf‘f#
& b

d,g (PlateIIL.),equal the
semicircle over which it
is drawn, <. e, let the
length of the straight fT\ /

<

lines, f, d, g, equal half
the circumference of the \

circle. It is seen that g

the point or angle g, —L
formed by the hypothenuse ¢, g, from the right angle c,
7, ¢, lies wholly outside of the circumference of the circle,
and although this extension will be greatly diminished

by increasing the number of the sides of the polygon,
yet so long as the circumference of the circle, and the

perimeter of the polygon are equal, to whatever number
the sides of the polygon may be increased, the point or-
angle, ¢, shall always lie wholly outside of the .circle.
The proposition is therefore demonstrated.

But it is seen that the hypothenuse ¢ @, formed by the
right angle ¢, 4, @, lies wholly within the circumference
of the circle, it (the right angle ¢, %, @,) being part of an
inscribed polygon; and it is evident, that so long as it

shall remain an inscribed polygon, to whatever number
3
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its sides may be increased, the angle of hypothenuse, or
point @, can never extend beyond the circumference of
the circle. It is self-evident, therefore, that any scale of
proportionals which shall bring the sides of an inscribed
and circumscribed polygon to agree with each other after
the manner of geometers, within less than any assignable
quantity, and which does no? carry the angle of hypothe-
nuse outside of the circumference (which the method of
geometers does 7ot do), is less than a true and exact
relative to the circumference, and it is equally evident
that the circumference of a circle is in greater proportion
to the inscribed perimeter, than such inscribed perimeter
is to the perpendicular on the chord of the arch; and
because the inscribed and circumscribed, so called, are in
proportion to one another as the perpendicular on the
chord of the arch is to radius, therefore, the two are
" brought to agree with each other at a point of value less
than the circumference of the circle. It will be seen,
also, from the illustration (Plate IIT), that if the sides of
any polygon shall be equal to the circumference of a
circle, the polygon shall have a diameter greater than
any inscribed polygon, in the proportion as ¢, ¢, or é, 9,
isto ¢, &, or ¢, @, and to whatever number of sides the
polygon may be carried, whether 6000, or 6,000,000, the
sensible difference of diameter will still be in the same
proportion as ¢, ¢, or ¢, g, is to ¢, A, or ¢, @, in a polygon
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‘of six sides. This difference will be greatly diminished
by any increase of the number of sides, but can never
be exhausted, and hence, as stated in the demonstration
to my first proposition, any approximation found by
geometer’s methods, by proportions between the in-
scribed and so-called circumscribed perimeter of a poly-
gon, which brings the two to agree with each other
within less than any assignable quaﬁtity, and which
does mot carry the angle of hypothenuse outside the cir-
cumference, is an approximation not of a full circum-
ference, but of a circumference whose diameter <s less
than one, in its ratio of value to the area of the circle:
therefore—
PROPOSITION IV.

If the perimeter of any polygon be brought into the
Jorm of a circle, both the diameter and area of the circle
are greater than the diameter and ares of the polygon.

By diameter of a polygon, I mean always its least
diameter, or that which, being multiplied by one-fourth
of the perimeter, or its half multiplied by half the peri-
meter, gives its area, which is always the diameter of an
inscribed circle.

By proposition ., it is shown that if P be the perime-
ter of a polygon, and C be the circumference of a circle,
and P and C are equal to one another in length, then P
shall always have a greater and a lesser radius, and the
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PLATE IV. radius of C shall always
be greater than the

T

c least, and less than the

greatest radius of P,

therefore, C multiplied

by radiusisgreater than

\ | P multiplied by least

\ radius. It is evident,

\\ therefore, as seen in
7

Plate IV., that if the
perimeter of any polygon be brought into the form of
a circle, both diameter and area are increased by the
transition of shape. The proposition is therefore demon-
strated.

Now, it is known that geometers regard a many-sided
polygon as equal to a circle, to the extent to which two

polygons (the inscribed and circumscribed, so called)
agree with each other; and with them, to the same
extent, diameter is treated as having a fized and equal
value, whether the shape may be a many-sided polygon
or acircle. Let us then examine the effect of considering
the two shapes as equal to one another, and each having
the same fized diameter. Let P (Plate IV.), be the peri-
meter of a polygon, and let C be the circumference of a
circle, and let C and P be equal to one another in length.
It is already known that the area inclosed by C is much
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greater than the area inclosed by P. If| therefore, the
diameter of each, C and P, be considered as fized, and
treated as one, then, in order to give such expression to
the circumference of the circle as that its half being mul-
tiplied by /), or half the diameter, the result shall
express the whole area of the circle, we must add to the
length of C an amount equal to four times the difference
between the area inclosed by P and the area inclosed by
C, which would make C to be much greater than itself,
and the idea is absurd. But it is self-evident, that what
is here so manifestly true in the transition of a perimeter
of a polygon of six sides to the circumference of a circle,
is equally true, though in less proportion,in the transi-
tion of shape of a polygon of 6000 sides, or of any other
possible number, and to regard them as equal is just as
absurd in one case as in the other. Yet this effect of the
transition of shape is entirely disregarded by the geome-
try of the schools in finding their approximation to the
value of circumference.

- The difference between a polygon of some thousands
of sides, and the circumference of a circle of only one
or two inches in diameter, like the common diagrams in
use, is a difference inconceivably small. But in order to
realize the importance of the principle contained in the
transition of one shape to the other, it is necessary for us

to enlarge our ideas of magnitude as we increase the
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number of sides of the polygon. Therefore, let the
earth’s orbit be a polygon of 6000 sides, then each side
will be a straight line of more than ninety thousand
miles in length—the difference between the least radius
of the polygon and the radius of a circle having the
same circumference will be ten miles or more—the mean
will be, say five miles, and as but a small portion of the
area of the polygon lies outside of the circle, the differ-
ence between the area of the circle and the area of the
polygon will be nearly equal to a belt, say four to five
miles wide, and five hundred and eighty millions of miles
in length, an area several times greater than the whole
surface of our globe; and if the number of the sides of
the polygon\be increased a thousand times, the difference
of area will still equal an empire in extent. Again, if we
take a radius equal to the distance of one of the fixed
stars, and again increase the number of sides of a poly-
gon by millions, yet there, the difference of area between
a polygon, and a circle having the same circumference,
will again exceed the whole surface of our globe a thou-
sand times. Yet this is that ¢nfinity arising from the
transition of shape, and #ncréased with the increase of
magnitude, which (as I have said in proposition m.) the
geometry of the schools regards as nothing, and there-
fore throws it away!! and this, also, is that infinity,
which, in solving the problem of the circle, we must
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grapple with,—grasp it, and hold it fast within our com-
prehension and control, so that nothing can escape our
notice, which is capable either of increase or diminution.

By proposition 1., I have shown that the area of a
circle is greater than the area of any polygon having the
same circumference, or length of perimeter with the
circle. Therefore

PROPOSITION V.

If the area of any polygon shall equal the area of a
circle, the perimeter of such polygon shall lic wholly out-
side of, and inclose a polygon, whose circumference equals
the circumference of the circle.

This proposition is already proved by the demonstra-
tion of proposition 1., and needs not to be repeated,
because, if the area of a circle is greater than the area
of a polygon having the same circumference as the circle,
then by reciprocity, if the ar¢a of a polygon shall equal
the area of the circle, then the circumference of such
polygon shall be greater than the circumference of the
circle, and shall be able to inclose another polygon,
whose circumference equals the circumference of the
circle.
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PLATE V.
— We have then,
=\
in Plate V., three
b polygons, one
j e whose perimeter
/ rests on the per-

pendicular ¢, and

which differs from

: / an inscribed poly-

: gon less than any
S/, assignable quanti-

ty, and Whicli, therefore, equals the approximation of
geometers, at six sides of a circumference. Another,
whose perimeter (o) rests on the perpendicular, f, and
which equals the circumference of the circle; and still
another, whose perimeter rests on the perpendicular, g,
and which incloses an area equal to the area of the circle.
Between these three polygons, at six sides of a circum-
ference, there is a very sensible difference of ar¢a and
diameter, and to whatever number of sides these poly-
gons may be bisected, they can never be brought to
agree with each other, but there will always remain a
positive difference of area, and a difference of diameter,
which is more than three times equalled in the circum-
ference. It is known, and I have proved (in proposition

x11., chapter ii.), that the true ratio of circumference to
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dismeter of all circles, is four times the area of one
" drcle inscribed in one square for the ratio of ecir-
cumference, to the area of the circumscribed square
for the ratio of diameter; and since it is proved that
the area of a circle is greater than the area of any
polygon of any possible number of sides, and having
the same circumference with the circle, it is therefore
evident, that if we would find the ratio of circumfer-
ence which shall express the full value of the area of
the circle by proportions between the perimeters of an
inscribed and circumscribed polygon, we must seek it
between the inscribed, and one circumscribed, which
stands to the square of radius, in the proportion as the
square of the perpendicular, g (Plate V.), stands to the
square of perpendicular, /; and unless we do this, we
leave wholly out of the account that essential difference
between the properties of straight lines and curved lines,
which enables the latter to inclose more area than any
possible number of straight lines in any shape, and of
the same aggregate length with the circumference of the
circle. It is evident, that between two such polygons
there will be a point in the expression of numbers, within
which they can never be brought to agree with the
inscribed, but for bisecting two such polygons, or for
finding such a circumscribed polygon, the analysis of
geometers affords not the slightest medns; and by their
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method, they aim only at the value in area of the peri-
meter resting on perpendicular, £, which is less than the
area of the circle by the essential difference in the pro-
perties of straight lines and curved lines. Tt must not
be forgotten, that this error of principle in geometer’s
methods of finding an approximation, is additional to all
the errors arising from quantities neglected or lost in the
calculation, which being errors of each side of the poly-
gon, are, by the increase of the number of sides, made
of great aggregate value in the circumference ; and what
is here so manifestly true, at six sides of a circumference,
is equally true, but in less proportion, at any possible
number of sides ; how much more then is it true at a few
thousand sides, to which only geometers have carried the
bisection.

These remarks and illustrations might be extended
almost without limit, but if I am understood in what I
have already said, I think it quite sufficient to show, that
the analysis of geometers of the value of curved lines,
and the equality of the area of a circle to a square is
erroneous in principle, and therefore without merit,
except as a near approximation, and in the absence of
any exact knowledge of the truth. It will be equally
certain, also, that the true circumference, when found,
will be greater than the ratio of geometers at no very
remote point from unit. Whether it is a8 much greater



THE QUADRATURE OF THE CIRCLE. 39

as I have affirmed it to be, remains to be shown by the
direct propositions which shall prove it.

I had supposed until recently that I stood alone in
my views reépecting the quadrature, but in looking over
Playfair’s Notes on his Supplement to the Elements of
Geometry, we are there informed, that Torrelli, a learned
Professor of Oxford, who had then recently published an
edition of the works of Archimedes with comments, had
taken the ground that by their modern analysis, geome-
ters prove nothing whatever respecting the properties of
curved lines; which is precisely the thing I have here
shown.

If all T have said be true, then I have effectually and
mechamically shown the utter impossibility of ever squar-
ing the circle by the application of straight lines, or by
any method now in use, and I am as completely satisfied
on that point, as the skepticism of any modern Professor
respecting my solution of the problem could desire. But
this does not prove that the circle is incapable of being
squared, or that no equality exists between the circle
and the square, which I shall presently show by direct
propositions does exist; and unless it can be shown on the
other side, that no principles in geometry can be true
but ‘such as are already known, I have yet hopes of
arriving at the quadrature. That whenever it is reached

it will be greater than the approximation of geometers,
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and greater at no very remote point from unit, than the
so-called perimeter of a circumscribed polygon which is
made to agree with the inscribed within less than any

assignable quantity, I think already established ; if not, I

think additional facts will not be wanting to place my

position beyond a doubt.

PLATE VI The value of the
area of a circle, is the
value of a straight
line o & (Plate VL),
equal half the diam-

c a 8| eter, multiplied by the
value of the curved line ¢ d, equal half the circumference.

The value of the curved line ¢ 4 is, as we have seen,
greater than the same length of straight line at any
possible number of sides, and by my ratio of circum-
ference to diameter, which I affirm to be the true one,
the expression of numbers by which circumference and
diameter are made equal, is 20612 parts of circumference
to 6561 parts of diameter, or @ ==3280.5 and ¢ 6=10306,
which I now propose to prove.



CHAPTER II

THE QUADRATURE OF THE CIRCLE DEMONSTRATED.

Ix the attempt made in the preceding chapter to show
the existence of fundamental errors in the analysis of
geometers, we have seen, very clearly, I think, that
there is an essential difference in the properties of
straight lines and curved lines, which has been entirely
overlooked in the approximations heretofore made; but
the knowledge gained by these examinations thus far, is
only of a negative character, showing us only what is not
true respecting the properties of curved lines, and thus
disabusing our minds of a preexisting error. We are
now by a course of direct propositions to inquire and
determine what s #rue¢: and in this inquiry the relative
properties of straight lines and curved lines demand our
first attention, that we may thereby be enabled to dis-
cover their relative value ; thel:efore,

PROPOSITION I

One of the relative properties between straight lines
and a perfect curve or circle is such, that all regqular
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shapes formed of straight lines and equal sides, hawe’
their areas equal to half the circumference multaphed
by the least radius which the shape contains (which s
always the radius of an inscribed circle) than which
every other radius contained in the shape is greater, and
the circle has its area equal to half the circumference mul-
tiplied by the radius, to which every other radius contained
ia the circle is equal,

PLATE VIL

3
¢ />§
a " "Ue

It is not necessary formally to demonstrate the above
proposition to any mathematician. I will therefore only
state that in the above figures (Plate VIL) the area of
the equilateral triangle equals the lines @ b ¢ x d ¢, or half
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the circumference by the least radius which the triangle
contains, which is always the radius of an inscribed
circle, and it is-evident that every other radius contained
in the triangle is greater than the least. In like manner
the areas of the square and the hexagon are equal to the
lines @ & ¢ (half the circumference) by the line & ¢ which
is the least radius either shape contains, than which
every other radius contained in either shape is greater.
But the area of the circle equals the line @ b ¢, half the
circumference, by the radius d ¢, to which every other
radius contained in the circle s equal. The proposition
18 therefore demonstrated.

Here then is a relative property between straight
lines and curved lines, showing us conclusively, that
since straight lines have been made the basis of area in
mathematical science, some compensation must be made
to the circumference of the circle for this difference of .
relative property, if we would give to the circle the full -
expression of its value, by the properties of straight
lines, which s the thing demanded by the quadrature; and
a future demonstration will show what this compensation
shall be.

The next relative property of straight lines and
curved lines which I shall notice is contained in the
following proposition.
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PROPOSITION IT.

. The circumference of any circle being given, if that cir-
cumference be brought into the form of a square, the area
of that square is equal to the area of amother circle, the
circumscribed square of which is equal in area to the area
of the circle whose circumference s first given.
ExpranaTioN.—In the figures E, F, G and H, Plate
VIIL, let the circumference of the circle E be given,—
let it be for example 86 (or any other number), and let
the circumference or four sides of the square F be also
36, then one side of F—=9, and 9 x 9=—=81, which is the
area of F. Now let the area of the circle G—=81, then
by the proposition the area of the square H circum-
scribing G equals the area of the circle E whose circum-

ference is 36.
/_.r\ \ ]
|

My own mode of demonstrating the foregoing proposi-
tion is simply to test the principle by more than one
ratio of circumfetence and diameter. If it be true of
these, then it is a general principle, and true of every

PLATE VIIIL
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ratio of circumference and diameter which can be used,
which is the fact of all general principles applied to the
properties of the circle.
Therefore, let the circumference of the circle E equal
C; then if the geometrical approximation be taken as
the ratio of circumference, and the diameter of Em1,
then the circumference of E (C) will equal 3.1415926+
and the area of E will equal .7853981+. The area of F
will equal £3 and the area of G being equal to the area
of F, therefore the area of G—%3, and if G==$3, then the
area of H equals .7858981+which is also the area of E;
and the diameter of G—+.7853981+. But if my ratio
be taken as the ratio of circumference to diameter, and
the diameter of E—1, then C—8.1415942+, and the
area of E—/"7853985+ : the area of F—%3, and if the
area of G—=%3 then the area of H—.7858985+ which is
also the area of E, and the diameter of G—+/.7853985+.
The proposition is therefore demonstrated to be a gene-
ral principle which is true of every ratio of circumfer-
ence to diameter, and is therefore necessarily true of the
true ratio. But being a general principle and wholly
independent of any particular ratio of circumference and
diameter, this proposition does not of itself demonstrate
what the true ratio of circamference to diameter %, nor is
it in the power of any general principle to do so. An-

other demonstration will show that the circumference
4
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and diameter of one circle is the basis of all general prin-
ciples relating to the extension of area, and, therefore,
the relation of circumference to diameter is of itself, a
particular fact, depending on particular facts, and not on
general principles of which it is itself the basis. Yet
numberless arithmetical and geometrical problems may
be based on this proposition, which are entirely new in
mathematics, perfectly simple, and may be made in the
highest degree useful.

One point, however, and that an essential point, and
the first point necessary to be shown, has been gained by
this last proposition, viz., the existence of a perfect
equality between the circle and the square has been
clearly shown. For if the circle and the square, or what
is the same thing, if the circumference and diameter of a
circle be really incommensurable as geometers have af-
firmed, then no circle and square can be exactly equal
one to the other. But when it has been demonstrated
as has here been done, that a circle and a square may
be exactly equal one to the other, then it is demonstrated
also, that the two are not incommensurable,; and with
this demonstration the whole theory of mathematicians
respecting the non-existence of any expression of num-
bers by which the circle and the square are made equal
is proved to be fallacious.

The inverse of proposition m. will read thus: Any
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square (H) is such, that its inscribed circle (G) is equal
in area to the area of another square (F') whose circum-
ference equals the circumference of another circle (E) of:
equal area with H. And in this view of the proposition
let it be particularly noticed, that nothing is assumed,
and the result is subject to no conditions as in the direct
proposition, which is conditioned on the equality of G
to F.

This 2d proposition is not only wholly original with
me, but is, I believe, entirely new in mathematics; and
certainly it is very beautiful as showing the principles
and the manner in which the areas of circles and squares
unfold and display to each other. It was discovered by
me 6 or 7 years since by the method of demonstration
here given, and it has since been frequently demon-
strated by algebraic formula; but I forbear to insert any
of these demonstrations and give as a reason for this
omission,—first, that I never make use of a.lgebra" in
demonstration, and secondly, that, although the prin-
ciples of algebra aided by geometry are amply capable
of demonstrating the proposition when discovered and
stated, it yet to my mind embodies no principles or pro-
cess of reasoning by which the discovery can &¢: made.
It is not in the power, I think, of algebra alone, by the
same formula, and without the aid of numbers or geome-
try, to contemplate the transition and alternation of
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shapes necessary for the discovery of this proposition.
And hence I attribute to the almost exclusive use of
algebra in the schools, and the little attention paid to
the mechanical properties of numbers, that this relative
property of the circle and the square, or of straight lines
and curved lines, has so long remained unnoticed and
undiscovered.

The following proposition is, I think, appropriate here -
to the course of my reasoning.

PROPOSITION III
The circle is the natural basis or beginning of all area,
and the square being made so in mathematical science, is
artificial and arbitrary.

PLATE IX.

— Y

B/\a. / |
By proposition 1. it has been shown, that all regular
shapes have their areas equal to half the circumference

by the radius of an inscribed circle, which is the least
radius the shape contains; the circle is therefore the
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basis of area in all such shapes. If we examine the fig-
wres A and B (Plate IX.) we see that the square and
the triangle have each a greater and a lesser radius,
which is true of all other shapes formed of straight lines.
We see also that the circle described on the least radius
of either shape is less than the shape. We see also that
neither shape can be so diminished, but that a circle
described upon its least radius, will be less than it.
Therefore if either shape shall be diminished to infinity,
so long as it shall have magnitude or area, it shall also
have a greater and a lesser radius, and a circle described
upon its least radius will be less than it. . The circle is
therefore the least of all possible magnitudes, and, as all
extension must be from the least possible magnitude to
that which is greater, therefore the circle is the begin-
ning of plane extension, and is hence the natural basis or
beginning of all magnitude or area, and the square being
made so in mathematical science is artificial and arbi-
trary. The proposition is therefore demonstrated.

Now, therefore, because the circle is the natural basis
of all area, and the square is made the artificial basis,
and because proposition IL is a relative property between
the circle and the square, and between straight lines and
curved lines, and is also a general principle applicable to
all ratios of numbers; and becanse the square is a reg-
ular shape formed of perfect straight lines and of equal
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sides and angles, therefore proposition m. is a relative
property between the circle and a¥l reqular shapes what-
sover, which are formed of straight lines and of equal
sides and angles. Therefore,

PROPOSITION 1V,

The circumference of amy circle being gien, if that cir-
cumference be brought into any other shape formed of
straight lines amd of equal sides and amgles, the area of
that shape is equal to the area of amother circle, which
circle being circumscribed by another and similar shape,
the area of .such shape circumscribing the last named
circle is equal to the area of the circle whose circumfer-
ence 8 given. ‘

PLATE X.

OMAD

Let the circumference of the circle E (Plate X.) equal
3, then the area of E (by my ratio of circumference and
diameter) —.7183315+. Now let the three sides of the
equilateral triangle F—3, then each side of F—1,—the
perpendicular or diatheter of F (¢ 8)—+.75 and v.15x.5
(half the side of F)==4830127+ which is the area of F.
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Now let the area of the circle G—.4330127+(—F) then
the diameter of G (by my ratio)=—+/.551328+, the per-
pendicular or diameter of H (¢ d)=—v1.240489+4 and
the side of H=—+1.653985+ and v1.240489+ x half
v1.653985+ gives the area of H—.7183315+ which is
also the area of the circle E whose circumference is 3.

PLATE XI. -

Also if F and H (Plate XI.) be hexagons,—then if the
circumference or 6 sides of F shall equal the circumfer-
ence of E, and the area of G shall equal the area of F,
then the area of H will also equal the area of E, and the
same is true of an octagon or polygon of any possible
number of sides and of every ratio of circumference and
diameter of a circle which can be used. The examples
given will enable any one to prove the truth by figures
for themselves. The proposition is therefore demon-
strated. |

It is a remarkable fact, that among all the modern
attempts at analysis of the circumference of the circle,
there is not one which gives to circumference a fixed

and definite locality, and I have never seen the man
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among the mathematicians of the schools, who, on a
circle being placed before him, could point to the posi-
tion of circumference and say, it is there, in that place,
simply because the imaginary line without breadth,
having no existence, it can’therefore have no fixed and
definite locality, either in fact or in imagination ;—being
in itself a mechanical fa:]lacy, it can never be mechan-
ically apblied, and for the present purpose is therefore
useless. The laws of geometry are undoubtedly the laws
of perfect mechanics, and any thing which can have no ex-
istence, such as an ideal line without breadth, is a mechan-
ical fallacy,—and it is a mechamical truth, that nothing
can have a definite and fixed loca.lii:y, or occupy a def-
inite and fixed position in space, without magnitude.
The definition therefore “ position without magnitude,”
whether applied to a line or a point, means nothing else,
and cannot understandingly be made to mean any thing
else, but the place of a magnitude without the developed
magnitude itself. The existence of any shape signifies
limit, and it is evident that a circle, in order to &e a
circle in natwre must have limaf, and a boundary def-
initely located, and mechanically defined, which boun-
dary is its circumference; otherwise a circle cannot exist
in nature, not even in imagination, if imagination be
definite. It is evident then that the circumference of a
circle having a fixed and definite locality, it is therefore
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a mechanical line which Jmits the extension of the
circle, forming a perfect boundary, and separating it
from all surrounding material, and therefore it must hawve
breadth, even though such breadth may be less than any
material portion of the circle developed; such, for ex-
ample, are the lines which make-the points of cohesion
in the diamond, or in metals; and such also are the lines
which separate the particles of water and enable them to
flow by each other;j—being positive lines they must
necessarily have breadth, though such breadth is ev-
idently less than .any particle of the water, the diamond,
or the metal which can be divided again without the
parts so divided losing their character as water, as a
diamond, or as metal,—in other words resolving them-
selves into their original elements (see remarks on mag-
nitude and infinities preceding prop. m., Appendix).

It would seem as if the definition of Euclid was suffi-
ciently explicit to show us the position of circumference,
and the term circumference would seem to mean neither
more nor less than a line circumscribing and inclosing
the figure. But the approximation of geometers is not
a line ¢nclosing or containing the figure, but a line coin-
ciding with the greatest diameter of the figure, and is
therefore exactly equal to the figure (proposition I,
appendix), and if it have breadth, it is a part of the
area of the figure, and therefore incloses or contains less
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than the whole figure, because no line can contain itself,
and all that is within it: therefore—

PROPOSITION V.

The circumference of a circle by the measure of which
the circle and the square are made equal, and by which
the properties of straight lines and curved lines are made
equal, is a line outside of the circle, wholly circumscribing
it, and thoroughly inclosing the whole area of the circle,
and hence, whether it shall have breadth or not, forms no
part of the circle.

The demonstration of proposition v. is by the inverse
of proposition 1v. By proposition 1v., it has been shown
that if E (Plate XII.), be a circle of any certain circum-
ference, and F be a polygon of any number of sides, and
of equal circumference with E, G, a circle of equal area
with F, and H a polygon circumscribing G, and of an
equal number of sides with F, then the area of H equals
the area of E. The inverse of the fourth proposition is
therefore as follows. A polygon of any number of sides
(H) is such, that the area of its inscribed circle (G) is
equal to the area of another polygon (F'), whose circum-
ference equals the circumference of another circle, E, of
equal area with H.
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PLATE XII

Now, therefore, E and H are equal in area, but E is
formed of curved lines, and controlled by #heir proper-
ties, and H is formed of straight lines, and controlled by
their properties; but it is evident, whatever may be the
number of sides, that H is greater than G, and because
G equals F in area, therefore H is also greater than F';
and because H is greater than F, and F is a polygon of
the same number of sides as H, therefore the circumfe-
rence of H is greater than the circumference of F'; and
because the circumference of F equals the circumference
of E, therefore the circumference of H is also greater
than the circumference of E, and if brought into the
form of a circle, will wholly circumscribe E. But the
circumference of H will constantly approach more nearly
to E by any increase of the number of sides of H, yet so
long as H shall have the properties of straight lines,
though the number of its sides were the greatest possi-
ble, its circumference shall always be greater than the
circumference of E (proposition ., chapter i), and if
brought into the form of a circle, will wholly circum-
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scribe E, though the difference may be such that it can-
not be less. And in material things, any difference such
that it cannot be less, is one ultimate particle of what-
ever material or thing is under consideration, which is
also the essential difference between the properties of
straight lines and curved lines. Z'he proposition is there-
Jore demonstrated.
By this demonstration, it is shown, that in order to
give to the circumference of a circle the full expression
of its value by the properties of straight lines, it is not to
be measured as angular figures are, and after the manner
of geometers, by a line coinciding with the greatest
extent of diameter, but by a line outside, wholly inclos-
ing the diameter, and the difference between the two is
. the compensation due to the circumference of the circle,
to answer to the relative difference of property shown in
Pproposition I, this chapter.*®
* A very fine illustration from nature, of the difference between the line
approximated by geometers, and the true line of circumference may be had, by
placing a glass of water before us. If we suppose the tumbler to be a perfect
cylinder, then, the surface of the water it contains will be the area of a circle.
Now, the line of circumference approximated by geometers, is a line, lying
wholly inside of every part of the tumbler, and coinciding with the outer limit of
. the water. 'The line which I say is the true circumference is the interior of the
tumbler not coinciding with the water, but lying wholly outside of it, and inclos-
ing the whole area of the water. It is evident that every part of the interior of
the tumbler is farther from the centre of the circle than any part of the water,
consequently the least possible line of the tumbler is greater than the greatest

possible line coinciding with the water, because the one wholly incloses the
other. It is evident, also, that the difference between the two lines is such, that
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But this is not all the compensation which is due to
the approximation of geometers, in order to make that
equal to the true circumference; for in supposing the
difference to be such “that it cannot be less,” or only
one particle, or least division of whatever material or
thing is under consideration, I have only considered the
difference between a line coinciding with, and a line
inclosing the extreme diameter of a perfect circle. But
geometers consider a polygon as equal to a circle, to the
extent to which the sides of two polygons are brought
to agree; and I have shown (proposition m., chapter i.),
that it is no? equal. I have also shown (proposition I1v.,
chapter i), that if the circumference of a polygon be
brought into the form of a circle, both diameter and area
are increased, and if diameter be considered as fized, as
it 7¢ by geometers, then, in order to give to circumfe-
rence the full expression of its value in & circle, compen-
sation must be made to the approximate ratio of geome-
ters obtained from a polygon, of four times the difference
of area between a polygon and a circle having the same
circumference, and both these differences, which are errors

“it cannot be less;” because, in the nature of the water, it would by its own
gravity adjust its particles to fill the whole circle, until there is not room in the
same plane for one particle more in its least possible natural divisions. If
therefore, the standard by which circumference is measured should be water-
particles, then the difference between the least possible line of the tumbler, and
the greatest possible line of the water, would be one particle of water in its least
posaible natural division.
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of principle, are additional to all the errors arising from
quantities neglected or lost in reducing their method to
the calculation of figures. And both the errors of prin-
ciple, and errors of quantities neglected or lost, are
encreased in value by increase of magnitude, as shown in
proposition 1v., chapter i

A portion of my papers were lately in the hands of a
learned professor for examination, who returned for
answer the very unphilosophical reason, that because
“my ratio of circumference differed from the approxi-
“mations of geometers in the sixth decimal place, he
“therefore thought I must be wrong.” In answer to
such unworthy objections, and to aid in the development
of the truth, I here add the sixth proposition, as follows:

PROPOSITION VI,

T'he circumference of a circle, such that its half being
multiplied by radius, to which oll other radiz are equal,
shall express the whole area of the circle, by the properties
of straight lines, is greater in value in the siwth decimal
Place of figures than the same circumference in any poly-
gon of 6144 sides, and greater also than the approxima-
tion of geometers at the same decimal place in any line of
Jigures. :

The foregoing proposition partakes of the general
principle demonstrated in proposition m. and 1v. Like
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them, therefore, i't is true of every ratio of circumference
and diameter which can be used, the approximate as
well as the true ratio. For illustration, I will take the
approximation of geometers as a ratio of circumference,
viz., 8.1415926585 +, and let this be the circumference
of a circle, and of a polygon. .

\

/
)
Let the diameter of the circle E — 1; then the cir-
cumference of E, by the above approximation, — 8.141-
5926535 +, and the area of E — .785398163838 +. Let F

be a polygon of 6144 sides, in which the line g, ,is a
perpendicular from the centre to either side of the poly-

PLATE XIII,

/

gon, and let the circumference or perimeter of F equal
the circumference of E; 7. e., let it __ 8.1415926535 +.
Now, the perpendicular, @, b, mathematically determined
after Playfair and Legendre’s method, is found to equal
.4999\99934636, and the area of F' (half the circumference
by @, §), — 78589806072+, which is seen to be less in
the seventh decimal place, than the area of the circle E,
having the same circumference. It has already been proved
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A

(proposition 1. and 1v.), that if G be a circle equal in area
to F' (Plate XIII.), and H a polygon of 6144 sides, cir-
cumscribing G, then the area of H equals the area of E.
Now, therefore, let us see what is the circumference and
diameter of H, which is equal in area to E. By the
same approximate ratio of geometers (viz., the circum-
ference of one diameter — 8.1415926585+), if the area
of G equals the area of F, then the diameter of G —
.999\999934636 -+, and the radius of G — 4.99999967318
+, and the radius of G is seen to be the perpendicular
on either side, or least radius of H (¢, d). If then, a, b
(figure F), give for circumference 3.1415926535 -+, then
¢, d, will give 8.1415928589+, which is the circumfe-
rence of H, and half 3.1415928589+ x ¢, d, — .785398-
1633+ = the area of H, which is also the area of E.
Now, let it be remembered that the circumference of F
equals the circumference of E, and the area of H equals
the area of E, but the circumference and diameter of H
is greater than the circumference and diameter of F, by
.0000002054+, which is in the seventh decimal place of
circumference, and by .00000006586 +, which is in the
eighth decimal place of diameter. And if the diameter
of F be considered as fized, and the whole expression of
these values be given to circumference, in order to make
F equal in area to E, then F should have a circumfe-
rence — 3.141593+, which is seen to be greater than the
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approximation of geometers in the sixth decimal place of
circumference, and greater also than the so-called peri-
meter of a circumscribed polygon.

The proposition is thergfore demonstrated. And it is
evident that if a circle, and a polygon of 6144 sides (the
number to which Playfair carries his bisection) shall have
the same circumference, the area of the circle is greater
than the area of the polygon in the sixth decimal place ;
and because the circumference of one diameter must be
four times the area of the circle, therefore, by the tran-
sition of shape to a circle, the true value of circumfer-
ence is greater in the sixth decimal place than any
approximation which cam be obtained from a polygon of
6144 sides, whether inscribed or circumscribed.

This part of the subject is entitled to a more enlarged
treatment, but wishing to make my preliminary demon-
strations as brief as is consistent with my purpose of
carrying conviction to the mind of any candid and care-
ful examiner, I omit it here, and direct the reader to
propositions 1. and m. (Appendix), for a more extended
examination of a many-sided polygon, and the errors to
which it is subject.

It will have been perceived ere this time, that I am
fulfilling my first promise, that my reasoning would be
“wholly original,” and it will be perceived also, that my
mode of rea&o*ng'/ng, differs somewhat from the schools, in
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its elementary basis,—that, whereas, they reason wholly
from the properties of straight lines (angles are a mere
property of straight lines), I have taken up the proper-
. ties of both straight lines and curved lines, and have
introduced shapes as a new element of mathematical rea-
soning. I am authorised to do this by truth and nature,
for it will readily be perceived, that the first step of
nature in material creation, is, the production of shapes,
and lines are nothing more (the imaginary lines of
geometry) than the dimensions, boundaries, and divisions
of shapes; therefore shapes are primary things, and
hence a true basis of mathematical reasoning.

I have already shown (proposition mm.), that the circle
is the primary shape in nature, and hence the basis or
beginning of all area, and that the square is only made
the basis, by an arbitrary rule. I here add, as necessary
to the course of development, another proposition, as fol-

lows :—

PROPOSITION VIL

Because the circle is the primary shape in natwre, and
hence the basis of area ; and because the circle is measured
by, and s equal to the square only in ratio of half its
circumfference by the radius, therefore, circumference and
radius, and not the square of diameter, are the only natu-
ral and legitimate dlements of arew, by which all regular
shapes are made qu to the square, and equal to the circle.
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PLATE XIV.

(3

On examining the shapes one within another (Plate
XIV.), it will be known to all mathematicians, without
the necessity of a particular demonstration in each case,

that the areas of any two or more equilateral triangles,
squares, hexagons, or circles, are, to each other of the
same shape, in ratio of area, as the squares of their
diameters ; but no triangle, square, hexagon, or circle, is,
to either of the other shapes, in ratio of area as the
squares of the diameters of each. Therefore, the nega-
tive part of the proposition, that the square of diameter
is not the natural and legitimate element of area by
which different shapes are made equal to one another, is
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proved. Referring to the figures again (Plate XIV.), it
is seen, that any triangle, square, hexagon or circle, has
an area equal to half its circumference by the radius (the
least radius in all those shapes formed of straight lines),
and consequently, they are all, to one another, in ratio of
area, as half their circumference by their radius.

The proposition s therefore demonstrated; and cir-
cumference and radius are seen to be the only legiti-
mate elements of area, by which all shapes, and all areas,
are in like ratio to one another; and by which they are
made equal to one another.

PROPOSITION VIII.

The equilateral triangle is the primary of all shapes in
nature formed of straight lines, and of equal sides and
angles, and it has the least radius, the least area, and the
greatest circumference of any possible shape of equal sides
and angles.

PLATE XV.
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It will be seen that the triangle A (Plate XV.) has
three equal sides, formed of three equal lines. Now if
we suppose a shape formed of only two lines, as B or C,
if such shape shall have breadth or magnitude, then it
must have more than two sides, and if more than two
sides, then it is formed of more than two lines, and if it
has three sides, then it is a triangle. But if such sup-
posed shape formed of only two lines has neither breadth
nor magnitude, then it is not a shape, and is without
existence. It is evident therefore that no angular shape
can have less than three sides, and hence the triangle is
the first production of nature, among shapes formed of
straight lines, and, therefore, the equilateral triangle is
the primary of all shapes formed of straight lines and
equal sides and angles.

It is known that if the circumference of the tna.ngle A
be bisected at each side so as to form a hexagon in
shape, the area of the hexagon will be greater than the
area of the triangle. In other words, if the circumference
of the triangle be brought into any other shape, such as a
square or a hexagon, the area will be increased as the
number of the sides is increased, and the radius is also
increased in like proportion, circumference always re-
maining the same. It is therefore known that because
the triangle has the least number of sides of any possible
shape, it has also the least radius and the least area of
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any possible shape formed of straight lines of equal sides
and angles and of the same circumferencs. And because
the equilateral triangle has the least radius and the least
area of any possible shape formed of straight lines, of
equal sides and angles, and of the same circumference;
therefore by reciprocity it is known, also, to have the
greatest circumference of any possible shape of equal
sides and angles and of the same area.

The proposition is therefore demonstrated, and it is
thereby manifest, that because the circle and the equila-
teral triangle are the primary of all shapes in nature, one
formed of curved lines and the other of straight lines, -
-that therefore, the primary difference between straight
lines and curved lines, and hence their squality one to the
other, is to be found in the relations between the circle
and the equilateral triamgle.

PROPOSITION IX.

The circle and the equilateral triangle are opposite fo
ong another in all the dlements of their construction, and
hence the fractional diameter of one circle, which is equal
to the diameter of one square, is in the opposite duplicate
 ratio to the diameter of an equilateral triangle whoss ares
is one.

By diameter of the triangle, the perpendicular is here
meant, as explained in the introduction to chapter i, or a
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line passing through the center of the triangle, and per-

pendicular to either side.
PLATE XVI.
KB /

Let it be supposed that the areas of the equilateral
triangle A and the square C each equals one.

It has been shown (proposition vim.), that the triangle
has the least number of sides of any possible shape in
nature formed of straight lines; and the circle is the
utimatum of nature in the extension of the number of
sides. In this particular therefore they are opposite to
one another in the elements of their construction. By

proposition vim. it is shown that circumference and
radius are the only natural and legitimate elements of
area by which different shapes may be measured alike,
and are made equal to one another. By proposition v
it is shown, that the triangle has the least radius of any
shape formed of straight lines of equal sides and of the
same circumference, and by prop. m. and 1v. chap. i. it is
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seen, that the circle has the greatest radius of any pos-
sible shape of the same circumference. By the same
propositions the triangle is shown to have the greatest
circumference and the l¢ast area of any shape formed of
straight lines and equal sides, and the circle is shown to
have the least circumference and the greatest area of any
shape. By a well known law of numbers and geometry
by which the greatest product which any number or
any line can give, is, to multiply half by half, it will be
seen that if we take the aggregate of circumference and
radius in each shape, it is most equally divided in the
circle, and the most wnequally divided in the triangle, of
any possible shape. In every case, that which is greatest
in the triangle is least in the circle, and that which is
least in the triangle is greatest in the circle, and in every
particular the two shapes are at the extreme and oppo-
8tte boundaries of nature, being the greatest and the least
that is possible. They are therefore opposite to one
another in all the elements of their construction. There-
fore the square being made the artificial basis of area
(prop. vir.), if the diameter of the circle B (Plate XVL)
gshall equal the diameter of the square C, then, in the
fractional relations of B to C such diameter shall be in
the opposite duplicate ratio to the diameter of A corre-
spondingly situated. The diameter of A correspond-
ingly situated with the diameter of B to C, it will be
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seen, is a line drawn across the center of A perpendicu-

lar to either side; therefore the diameter of B in its

fractional relation to C is the opposite duplicate ratio to

the perpendicular or diameter of A. And no other

result is possible in the nature of things (see prop. vir.
Appendix and remarks following). The proposition

is therefore demonstrated. ‘

PROPOSITION X.

The fractional diameter of one circle which is equal to
the diameter of one square being in the opposite ratio to
the diameter of the equilateral triangle whose area is one,
equals 81.

PLATE XVIIL

D
1 K/

Let the area of the equilateral triangle A (Plate
XVIL) =1, and let the area of the square B also equal
one, then the diameter of the circle C, which is equal to
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the diameter of the square B, also equals one. And it
has been demonstrated that in their fractional relations
to the square, the diameters of A and C are in opposite
ratio to one another. (By the diameter in the triangle
it is known that the perpendicular is here meant, as in
prop. 1x.) Now if the area of the equilateral triangle A
shall equal one, then the diameter of A (@ ), is found
to be equal to the square root of three twice extracted,
or vv.3. Hence the fractional diameter of C, being in
the opposite duplicate ratio (which is the square of
diameter) shall equal 8 twice squared or 3°x3* and
8x3—9x9—81. The proposition is therefore demor-
strated.

Under the head of “The opposite duplicate ratio of
the equilateral triangle and the circle,” embracing prop.
vL and vi. (Appendix), will be found a more particular
examination of the points contained in the above demon-
stration, to which the reader is referred for his more per-
fect satisfaction. '

PROPOSITION XI.

The fractional area of one square which is equal to the
area of one circle, equals 6561 ; and the area of the circle
inseribed ¢n one square equals 5153.
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PLATE XVIIL

N
N

/ N
i \c/
4

It has been proved (prop. x.) that the fractional
diameter of the circle C, which is equal to the diameter
of one square (B) whose area is one, being in the oppo-
site ratio to @ & (figure A), equals 81; hence the area of
B—81x81=—=6561; therefore B equals one, of 6561 equal
fractional parts. Now let B equal H in area. It has
been proved (prop. m.) that H=—E in area, and if H=—1
then E=—1, and if H—6561, then E__6561. It has also
been proved (prop. m.) that if the circumference of F

equals the circumference of E, then F and G are also
equal in area. And because one circle which is equal to

one square (the area of the square being one) is in 6561
equal fractional parts, therefore any circle which is equal
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to any square (the diameter of the circle being a whole
number) shall be in some definite and certain number of
+7o7 parts. Hence the areas of the circles C and G
(their diameters being each 81) are some definite and
certain number of ——; parts of B and H. It is proved
by the approximations of geometry obtained by the pro-
perties of straight lines, that C and G are each greater
(much greater) than £:22 parts of B and H, and less
(much less) than £184, therefore (Leductio ad abswrdum)
they shall be each £1£2 because they can be nothing else,
there being no other . part between 5152 and 5154.

The proposition s thergfore demonstrated; and the
fractional area of one square which is equal to one circle
(the area of each being one) is 6561, and the fractional
area of one circle snscribed in such square is 5158.

It will now be seen that having determined two parts
of each C and G, 7.¢. having determined the fractional
area and diameter of each, if we divide the area by one-
fourth the diameter, it will give us the circumference of
each. And because the diameter of each C and G—=81,
and the area of each —5158, therefore 5153+20.25
(1 the diameter) —254+ with a remainder forever. It
is evident, therefore, as has always been the case with
others, that I have not yet reached a circumference
which may be expressed in a whole number, and in
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decimal figures, without a remainder. I therefore add
another and final proposition, as follows.

PROPOSITION XII.

The true ratio of circumference to diameter of all
circles, v8 four times the area of ome circle inscribed in
one square for the ratio of circumference, to the area of
the circumscribed square for the ratio of diameter. And
hence the true and primary ratio of circumference to
diameter of dll circles is 20612 parts of circumference to
6561 parts of diameter.

PLATE XIX.

“| Tt will be known that if the di-

c ameter of the circle G inscribed in

H (Plate XIX.) = 1, then the area

K / of H also —1. It will be known
also, that the area of G equals half

the circumference, multiplied by half the diameter, and

3 x L —=1; hence the diameter of G being one¢, then the
area of G equals 1 its circumference, and vice versa, the
circumference of G- equals four times its area. " And the
diameter of G being one, it therefore equals the area of
H, because the area of H — 1. Therefore, the first part
of the proposition is demonstrated, and four times the
area of any inscribed circle for a ratio of circumferénce,
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to the area of the circumscribed square for a ratio of
diameter, is seen to be a true ratio of circumference to
diameter of all circles. '

It has been proved (proposition x1.), that by the pri-
mary relations existing between straight lines and curved
lines, as developed by the opposite ratio of the equilate-
ral triangle and the circle, the fractional area of H —
6561, and the area of G — 5153; therefore, the true
and primary ratio of circumference to diameter of all
circles — 4 G for the ratio of circumference to the area
of H for the ratio of diameter; and since G — 5158,
and H — 6561 ; therefore, the trus and primary ratio of
circumference to diameter of all circles — 5158 x 4 —
20612 parts of circumference to 6561 parts of diameter.
The proposition s therefore demonstrated, AND THE
QUADRATURE OF THE CIRCLE IS DEMON-
STRATED!!

—— G

NOTE TO CHAPTER H.

It will be seen by any one who has carefully examined
the propositions in chapters i. and ii, that the whole
demonstration of the quadrature rests on the last four
propositions of chapter ii. All the others are only pre-
liminary, to show the errors of the received mode of
demonstration, and to open the way to this. The remark
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following the eighth proposition, chapter ii,, is, I think, a
conclusion fully warranted, viz., “ that because the equi-
“lateral triangle and the circle are the primary shapes
“in nature (propositions m. and viL), one formed of
“curved lines, and the other of straight lines, therefore,
“the primary difference between straight lines and
“curved lines, and hence their equality one to the other,
“is to be found in the relations between the circle and
“the equilateral triangle.”

This most natural and conclusive inference, drawn
from proposition vir., and those preceding it, leads our
reason at once, to examine the relative properties of the
equilateral triangle and the circle, and this examination
again leads us at once to the ninth proposition, viz,
“that the equilateral triangle and the circle are opposite
“to one another in all the elements of their construction,
“which are concerned in plane extension, and hence the
“square of diameter being made the artificial basis of
“area (proposition mr. chapter ii), therefore the equilat-
“eral triangle and the circle are opposite to one another
“in ratio of the squares of their diameters.”

This, then, is the only question of doubt to settle. If
the equilateral triangle and the circle are opposite to
one another in all the elements of area which enter into
their construction, then are they also opposite to one
another in ratio of the squares of their diameters.
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But if they are not opposite to each other in ratio of
the squares of their diameférs, then are they not oppo-
site to one another in the elements of their construction.
This question, the examination of proposition 1x. settles
conclusively. And that proposition being proved, all the
serial and algebraic formula in the world, or‘even geo-
metrical demonstration, if it be subject to any error
whatever, cannot overthrow the ratio of circumference
and diameter which I have established! So long as it
remains a truth, that the equilateral triangle and the
circle are opposite to one another in the elements of their
construction, that ratio of circumference and diameter
will stand forever against all argument and all demon-
stration by the properties of straight lines which can be
brought to disprove it, and time will show all the efforts
of geometers to disprove this, to be just as idle as all
their efforts to prove the value of the circumference of a
circle by the properties of straight lines have been.
These (the opposite elements, and opposite ratio) are the
particular facts which govern the circumference of the
circle in its relation to the properties of straight lines,
according to the idea given out in proposition 1., and
which make the circumference of the circle to be a par-
ticular fact also, and mot a general principle, though
true to every thing that is a general principle; because,
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it is itself the basis of all general principles in relation
to magnitude or area. |

Having therefore arrived at that point where, by the
natural conclusion of the course of reasoning adopted, the
quadrature of the circle is demonstrated, I may now be
allowed some freedom of remark, in respect to the credit
due to those opinions, which for the last half century
have condemned the quadrature as a useless question,
which it was impossible to solve.

In respect to the utility and value of the quadrature,
I think it will be sufficient to say, what no one will dis-
pute,—that from the earliest time in the history of
geometry, up to the close of the last century, it was con-
gidered by every mathematician, geometer, or astrono-
mer, of eminence, to whom the world owes all that is
known on these subjects, that the quadrature of the circle
was, and s, an elementary truth, necessary to be known
for the perfection of mathematical and astronomical sci-
ence. In the course of the preceding demonstrations, I
have shown clearly, I think, that all geometrical truth
whatsoever in nature, rests on two simple things, viz,
the properties of straight lines, and the properties of
carved lines, and that the relations of these to one
another are controlled by the circle and the equilateral
triangle as primary shapes ;—the circle, and consequently
curved lines, ;oeing primary of all others; thus sustain-
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ing, and being sustained by, the opinions of all ancient
geometers, that the quadrature of the circle lies at the
foundation of all geometry, and hence it is an elementary
- truth, necessary to be known for the perfection of mathe-
matical science. Under these circumstances, therefore,
when I hear a learned professor of an exact science, stig-
matize the quadrature as “a wuseless question,” and one
in which an approximation is “ near enough,” I am led to
conclude, either that he does not understand the nature
of the subject, or that his declaration is made to console
a wounded pride, in not being able to reach it himself.

Foremost among those who have thrown discredit on
the pursuit of the quadrature, has been Legendre, the
eminent French geometer; and I confess to an abundant
surprise at finding, that the professors of our own day
and in our own country particularly, have received what
Legendre and a few others have said, as established facts,
and have adopted their opinions without investigation.
A distinguished professor of one of our own distinguished
eolleges, to whom I sent some of my original papers, once
wrote me in reply; and referring to Legendre’s note on
the subject of the quadrature in his elements of geome-
try, added, “that after seeing what that great geometer
“had said, he presumed I would think no more of the
“gubject.”

In the note in question, Legendre, after having finished
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a bisection to 8000 sides of a polygon, asserts that he
has determined the quadrature as accurately as the root
of any imperfect square can be determined to the same
mumber of figures; and after concluding that the perfect
quadrature is impossible to be found, he adds, in sub-
stance, “that no one having the least pretension to geo-
“metrical science will ever make the attempt”!!!

What consideration is due to these declarations of
Legendre, may easily be seen. He did not even attempt
to measure the exact circumference of a circle; and he
did not in the least consider the properties of curved
lines, notwithstanding that it had long been known that
carved lines do possess properties essentially different
from straight lines; yet Legendre, by his method, tacitly
admitted that he knew nothing about them. He simply
bisected the perimeters of two polygons on a given
radius, until he brought their sides to agree with each
other to a certain extent, and these polygons he then
considers as equal to a circle, to the extent to which
their sides agree!! But I have demonstrated (and any
one may know the fact, almost without a demonstration),
that a circle is greater than a polygon having the same
circumference at any possible number of sides (proposi-
tion 1L, chapter 1.) ; especially is it greater than a poly-
gon of only a few thousand sides. The conclusion of
Legendre is therefore manifestly erroneous. He mea-
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sured nothing but polygons, and judging from what he
has said, he neither understood nor regarded the effect
of transition of shape to a circle. (See remarks follow-
ing proposition 1v., chapter i.)

Again, it will be obvious to all, that by Legendre’s
method, his errors from quantities neglected or lost in
the course of his calculation and reduction of his result
to numbers, are errors of each side of the polygon, and
consequently while in that result, he can have but one
error in his diameter, he has 8000 errors in his circum-
ference, and he could not tell whether the sum of these
errors was plus or minus!! And again, these errors are
not errors in the circumference of a circle, but 7n the
pervmeter of his polygon, which is of less value than a
circle having the same circumference (propositions m. and
v., chapter i), and hence they stand additional to the
errors arising from the essential difference in the proper-
ties of straight lines and curved lines, which he has
wholly neglected. Yet in the face of these facts, which
he must have known if he understood his own work, Le-
gendre has seen fit to declare that he has determined the
circumference of a circle “as accurately as the root of any
imperfect square can be determined.” And who, I ask,
will, after such a declaration, feel his pointed rebuke, or
trust what he may'say on this subject, without first satis-
fying himself of its truth? For my own part, I cannot



THE QUADRATURE OF THE OIROLE. 81

but believe that Legendre’s reputation as an eminent
geometer, great though it deservedly is, would have
been more enduﬁng if he had left the note in question
ont of his work entirely.

Playfair of Edinburgh was nearly contemporary with
Legendre, and his and Legendre’s Elements of Geeometry,
or rather their editions of Euclid, have for a long time
been standard works in the English language on these
subjects.  Playfair admits that his and Legendre’s
method of determining the value of circumference
(which was also the method of Archimedes 2000 years
ago) is defective, but modestly says, that geometers
“know no better method.” Still, however, Playfair is
supposed to have sided with Legendre in thinking that
the exact solution of the problem was unattainable.

Legendre and his coadjutors were members of the
Academy of Science in Paris, and Playfair and his
coadjutors were members of the Royal Society of
London. |

About the era of the publication of Legendre’s work,
the Academy of Science in Paris, instigated perhaps by
Legendre himself, passed a resolution, that, in order to
discourage such futile attempts, the Academy would not
thereafter receive or consider any paper purporting to
be on the subject of the quadrature! And within a few
years thereafter the Royal Society of London passed a
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gimilar resolution!! And under the influence of these
tyrannical proceedings it soon became disreputable in
learned circles for any one to talk of finding the quadra-
ture. But these resolutions of Academies and Royal
Societies needed some support, and Montucla generously
comes to their aid in his History of the Quadrature,
which, so far as I can judge from such portions of it as
have been brought to my notice, appears to have been
written for the purpose of pandering to the prejudice of
the French school, rather than to do justice to the
many ingenious but ineffectual attempts which have been
made to solve the problem. He remarks with an air of
complacency, which he seems to think is a conclusive
argument, “ that he never knew a man who thought that
“he had discovered the quadrature who would ever be
“convinced of his error, however clear the argument
“might be against him.” In this remark he seems to have
forgotten the possibility that he and his associates were
afflicted with the same human infirmity,—an unwilling-
ness to be found in érfox:; but if we examine into the
history of the progress of science we shall find, that the
great stronghold of this mental disorder has always been
found within the walls of the academy. If this remark
needed any evidence to sustain it, I might instance the
almost uniform and steady resistance with which the
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schoolmen have received the first introduction of every
great discovery in modern times.

Here then is a brief history, and the whole merit, of
that popular prejudice which for the last fifty years has
condemned the quadrature of the circle as a useless ques-
tion which it was impossible to solve, and the only very
remarkable thing about it is, that the really intelligent
portion of the mathematical world should so long have
bowed in meek submission to the tyranny.

The only demonstration ever made or ever pretended
to be made, by any body, of the impossibility of find-
ing the quadrature, is only a demonstration that the
thing is impossible to be done by means of straight lines
alone, and geometers have never used any thing else but
straight lines. I have never disputed nor even doubted
the truth of this fact,—far otherwise, and so plain and
simple is it, that it hardly needs a demonstration, but
may be easily understood by almost any one of only
moderate mathematical perception. And any one who
thinks that there is necessarily any disagreement be-
tween what I profess to have proved and what has been
proved by the properties of straight lines, or any thing
contained in Euclid, will find himself, upon a full exam-
ination, to be greatly in error.

I also have demonstrated the same thing, and not only
80, but my demonstrations show clearly, I think, that no
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straight line, nor any number of straight lines ¢n a cir-
cwmference, can in any possible shape or position, be
equal in relative value to the same length of curved line.
Hence, instead of pursuing the quadrature as all others
have done, by reasoning wholly on the value of straight
lines, I have first. turned my attention to discover by
means of shapes, some of the relative properties of
curved lines to straight lines, and then I have made use
of these properties to determine their relative value,—a
-mode of proceeding, I believe, never before adopted in
any attempt to solve the problem; and few, I think,
will disagree with me in believing that this is the only
practicable mode. Some may, and no doubt will, find
fault with it. I expect this, from the influence of that
prejudice, of which I have just giv;an ‘the brief history,
for it is hard, for scientific men above all others, to yield
a fostered prejudice. But there are many men, even
among the most learned of mathematicians, whose power
of reasoning is limited to the rules which they have
studied, and any thing which comes not within these
rules is, to their minds, not mathematical. Such men are
often heard to say, that “the science of mathematics is
“ perfect, and that there can be no change or improvement
“in it; because,” say they, “ mathematics are true and the
“truth cannot change.” But such men, I think, confound
the aritten science with the truth,—they substitute a
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mere method by which truth is determined, for the truth
itself, when in fact there is only an affinity between
them.

Nature never follows the rules of mathematicians,
though she is in fact a much better mathematician than
any of them; she arrives at the same results however by
methods of her own, and the nearer our methods ap-
proach to hers, the more simple and perfect they are.

The whole written science of mathematics is, to my
mind, nothing more than a process of inductive reason-
ing, wherein by laying hold of certain primary and
self-evident truths, we thence deduce other truths, and
from these again yet others, constantly widening the
basis of our reasoning and always ascending from the
lower to the higher. In geometry the primary truths
adopted, are, simply, a straight line and a given angle,
which form the starting points, and from these, all sub-
sequent deductions are made. The whole course of
geometrical reasoning therefore which is known to geom-
eters, is based wholly on the properties of straight lines,
and all circular or spherical measures as yet known or
wed, are, only approximations of straight lines, which
in circular or spherical magnitudes are both erroneous
in principle and subject to error in reducing their
value to numbers. Other systems of geometry might
have been formed which would have been equally
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accurate, yet based on other shapes, and other truths,
but whatever might have been adopted as a basis of
reasoning, numbers in some one of their infinite capaci-
ties of notation and combination, and not straight lines
alone, would lie at the bottom of all truth. It is not
necessary, therefore, in order that our reasoning should
be strictly mathematical, that we should follow the rules
laid down in the written science for reasoning on the
properties of straight lines. It is only necessary that we
should abide by the same principles which are laid
down for that purpose, viz. to seek first from natwre some
primary and self-evident truth from which to deduce
other truths; and then it is only necessary, that the
truths deduced, should be necessary results of the pri-
mary truth which forms the basis of our reasoning, and
if we abide by these principles then our reasoning is
strictly mathematical.

Hence whether we reason from the properties of num-
bers or magnitudes, shapes or areas, lines or angles, or
from all of them together, if our deductions are neces-
sary results of premises founded on the truth of nature,
then such deductions are mathematically true. Hence I
am justified in speaking of a line and an area as equal to
one another (prop. xi.). Hence also I am justified in
introducing shapes as an element of mathematical reason-
ing independently of lines, because shapes are primary
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things to which lines are only secondary, and of which
they constitute the divisions, dimensions, and boundaries,
s stated in the remarks preceding prop. vi.; but with-
out shapes lines could have no existence and would
become wholly inoperative.

Every step which I have taken and every conclusion
at which I have arrived in the course of these demonstra-
tions, will be seen to be founded in, and a necessary
result of, some primary and self-evident or demonstrable
truth, and therefore the result candot fail to be true.

In mathematics there is no room for opinion; what a
man demonstrates by unerring principles he either knows
to be true, or he does not understand his own work; and
believing that I have understood mine, in submitting
these demonstrations to public examination and criticism,
I do not ask whether the result is true or not, but
I assert that it 4¢ true, and I hold myself ready to
sustain it. Fort;unately, however, for my time and in-
dustry, the truth, if such it be, being once known, will
be able to sustain sself without my aid.

It is proper in connection with this note to remark,
that the method of demonstration which I have here
used, is not the only method by which I have arrived at
the same result, nor is it the method by which the ratio
of 20612 to 6561 was first discovered. That ratio was
first discovered by reasoning wholly on the properties of
numbers, independently of lines or shapes, and assuming
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as a primary truth, first, that in the material creation,
numbers and things (magnitudes or shapes) are identical
and inseparable. Secondly, (as has here been demon-
strated) that the circle is the beginning of all magni-
tudes or areas (prop. mi. chap. ii.), and hence the begin-
ning of nwumbers also; and thirdly, that consequent
upon these primary truths, numbers themselves are
constructed upon the circle, and hence by reciprocity,
the truth of the circle is the basis of numbers. Reasoning
from these premises, I arrived at the conclusion that the
circle in its relation to the square (the area of each being
one) is composed of 6561 parts, and taking advantage of
approximation I inferred, “reductio ad absurdum,” that
the ratio of circumference to diameter is 20612 to 6561.
In conformity with the premises above assumed it will
be seen, that the fraction 6561 divided into its own root
(81) produces a repetition of the digits to infinity, the
number ¢ight being always missing in consequence of our
use of decimal numbers in dividing. Also if v/6561 (81)
“be divided into one, the product is the same—a repeti-
tion of the digits to infinity, thus conclusively showing
that this fraction is a basis of the digits used in the con-
struction of decimal numbers. :
The second method by which I arrived at the same
result was by dissecting a circle and a square into the
original whole and separate parts necessary to form a
circle and a square in shape and area, as follows:
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PLATE XX.

C

Let us suppose that the circle and the square (Plate
XX.) are equal to one another in area, that is each —1.
It will be seen that the parts neceséary to form a circle
in shape and area are threg, viz., it has one continued line
for circumference, and therefore its circumference is one,
—it has but one diameter (all other diameters in it
being equal) and therefore its diameter is ong (of a
circle)—the square of its diameter is also one (of a
circle) making in all thres original whole and separate
parts; and these are seen to be all the parts that are
necessary to form a circle in shape and area, and without
these parts a circle cannot be formed.

The square is seen to have four distinct and separate
lines for its circumference, and therefore its circumfer-
ence is four. It has two diameters, viz, A B and C D
(the greatest and the least) and therefore ity diameters
are two. The squares of its diameters are three (of a
square) viz. A B’=—1 and C D*—2, making in all nine
original whole and separate parts, and these are seen to
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be all the parts necessary to form a square in shape and
area, and without these parts and in these exact propor-

‘tions a square cannot be formed.

In the two shapes, however, these parts are, in their
relation to one another, wholly incongruous in quantity.
Their equality to one another is therefore to be found

by the following method.

=4

, =1

PLATE XXI

Let us again suppose that the circle
A, and the square B (Plate XXI.),
each equal one in area. It has been
seen that the circle is composed of
three original, whole and separate

parts, and the square of nine parts. Now, let us sup-
pose that there are three magnitudes contained in A, of
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any shape, and of incongruous quantities, and that there
are nine other magnitudes contained in B, of any other
shape, but individually and relatively to one another,
and to the magnitudes contained in A, wholly incongru-
ous in quantity, but the sum of the three magnitudes,
and the sum of the nine magnitudes are each equal to
one another; and for illustration, let these magnitudes
be represented by the areas contained in the lines drawn
on A and B. It is now required to find the perfect
equality of these incongruous magnitudes in the parts of
the square. Therefore, because A — 3 ; therefore A? —
9; and we have the figure C equal to the circle A, equal
to the square B, and equal to the nine magnitudes con-
tained in B, but the individual magnitudes contained in
C and B are unequal to one another; therefore, because
B — 9, then B* — 81; and we have the figure D
equal to the circle A, equal to the square B, and equal
to the whole of C, but the separate magnitudes contained
in C and D are unequal to one another; therefore, because
C — 9, then C* — 81; and we have the figure E, equal
to the circle A, equal to the square B, and equal to D,
and all the separate magnitudes contained in D and E
are equal to one another in the parts of the square.
Now, therefore, because 81 is the smallest number
by which the unequal magnitudes of incongruous quan-
tity contained in A and B can be made equal to one
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another n the parts of the square; therefore, 81 is a
diameter by which the fractional area of B equals the
area of A, and hence the fractional area of A, in its rela-
tion to B, = E*, and the fractional area of B, in its rela-
tion to A, — D?, and because E and D each — 81, there-
fore the fractional area of A and B each — 81 x 81 =
6561. Therefore it is demonstrated that the fractional
area by which one circle is equal to one square (the
whole area of each being one¢), is in 6561 equal fractional
parts. B

Now, therefore, since B — 6561, by proposition xt.,
chapter ii., it is proved that the area of a circle inscribed
in B — 5153, and by proposition xm., it is proved that
the true ratio of circumference to diameter of all circles
is four times the area of the circle inscribed in B for a
ratio of circumference to the area of B for a ratio of
diameter ; therefore, the true ratio of circumference to
diameter of all circles is 20612 parts of eircumference to
6561 parts of diameter. - QED. .

In proposition mL (chapter ii.), I have demonstrated
that the circle being the primary shape in nature, is
therefore the natural basis or beginning of all area,
and the square is the artificial basis created by science.

From this conjunction of facts, it will be seen, that
because one shape (the circle) forms the basis of nature,
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and the other shape (the square) forms the basis of art,
therefore, in the elements of their construction, or in the
component parts necessary to form a circle and a square
in shape and area (the area of each being one), the
original whole and separate parts of the two shapes shall
also be equal, or the parts of one shape shall be the root
of the parts of the other shape. Therefore, it is seen in
the foregoing demonstration, that because the circle is
primary, therefore the parts necessary to form a circle in
shape and area are the root of the parts necessary to
form a square in shape and area (v/9 — 38), and although
these parts, in their relation to one another, are origi-
nally and individually wholly incongruous in quantity,
yet because one is the root of the other, their perfect
equality is readily found, as in the demonstration.

It will be perceived by any one who has read with any
care, that this method of showing the relations between
the circle and the square to consist of 6561 fractional
parts, has no similarity to, or dependence on the oppo-
site duplicate ratio; on the contrary, it is entirely dis-
similar, and wholly independent of it in its principles
and operation. I consider it perfect in itself, yet I do
not advance it here as any part of my argument, but rest
the decision of the truth entirely on the opposite dupli-
cate ratio of 7the equilateral triangle, and the circle as
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explained and demonstrated in the twelve propositions
of chapter ii.

I have introduced these two last methods of finding
the quadrature only into this note, and have forborne to
treat them at length on their merits, lest I should make
my work too large. I would remark, however, that I
hold a mass of papers and correspondence in respect to
this last method (which was the second in the course of
discovery), and which I may make use of at some other
time. I consider ong method sufficient, and I have pre-
ferred the method of demonstrating by the opposite
duplicate ratio of the equilateral and the circle, which
was the third in the course of discovery, as being to my
present views the most full and complete. But it is due
to the merits of the second method, by dissecting of the
* parts, to say, that it was the examination of the subject
by this method which revealed to me many of the pro-
perties of curved lines, and led to the discovery of the
third from the opposite duplicate ratio.

The methods which I have used may doubtless be
somewhat improved upon, and there -are various other
methods which may be used for the purpose with equal
effect,s but if we have found the truth, it is useless at pre-
gent to descant upon these.



CHAPTER IIL
PRACTICAL QUESTIONS.

It will be understood, from what has been said in the
preceding chapter and note, that I claim for the ratio of
circumference and diameter which I have established,
that it is the primary ratio—that which is one in nature,
~ and on which all other #rue ratios depend. T therefore
denominate it, “the primary circumference,” and a circle
having its component parts, as a primary circle.

All circles are of themselves and in their own nature,
primary circles, because all circles, without regard to
magnitude, have the same relative and constituent parts,
—that is to say, a small circle contains within itself the
value of just as many angular spsces, and has the
same ratio of circumference to diameter, which a larger
circle has, the "only difference being in the magnitude of
those parts. But when we set aside any limited and
definite quantity, calling it one, and set that up as a stan-
dard of measure by which to determine other quantities,
then all other circles either greater or less than such
standard, cease to be primary in their relations to that
standard.
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In introducing practical questions here, let it be un-
derstood, that it is not my object to write an elementary
book of instruction, but only to test the applicability of
the primary ratio of circumference and diameter to prac-
tical purposes, and at the same time to test the truth of
that ratio by applying it to other primary truths in
nature, the sole object and value of the discovery being
its applicability to practical purposes.

In adapting the ratio of circumference and diameter of
a circle to mechanism of any sort, it is evident from the
almost inappreciable difference between my ratio and
that of geometers, being scarcely equal to one hair’s
breadth in any arch ever constructed by men, that the
only application of it which can be made to any natural
truth as a test of its accuracy is, to the great astronom-
ical circles, in whose vast magnitude alone, the value of
the difference becomes important or even perceptible. I
therefore proceed to make the mechanical application of
my ratio of circumference to these great circles, upon the
principles of mechanical motion, and in a manner which
I think is peculiarly my own, but which I believe to be
undeniably correct and a demonstration in itself. But
in order to be understood, and to fix the attention of the
examiner on the points necessary to be considered, I
must first state a few preliminaries as follows.

First, Time (or perhaps I should be better under-
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stood by saying the standard by which time is measured)
is nothing else but the relations existing between light
and motion. Therefore time is alfogether reative, and
the motion of the revolving bodies by which time is
measured, being measured by time, is g/so relative.

Secondly, Time and space are, for all purposes of cal-
culation with respect to motion, one and the same thing,
because the measure of time is the circumference of a
circle, and its length or duration is the revolution of a
circle. 'Therefore the circumference or area of one circle
may be reduced to time, and the length of a day or a
year may be considered and treated as circumference or
area.

The area of one primary circle (5153) being reduced
to time (corresponding with the revolution of one solar
day) until it is without remainder, is 23h. 51" 23" 20™".

One siderial day, or the revolution of the earth on
her axis from opposite a fixed star to opposite that fixed
star again, is 23h. 56’ 4" 6"

The length of one solar day is exactly 24 hours, and
for convenience I will call these a circular day, a side-
rial day, and a solar day, the solar day being greatest,
and the circular day least of all the three.

Reduced to their lowest denominations, these three
days stand as follows :

The length of 1  Circular day ” is 5153000™.
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The length of 1 Siderial day is 5169846™".

The length of 1 Solar day is 5184000,

The difference between 1 Circular and 1 Solar day is
8 36" 40",

The difference ®etween 1 Circular and 1 Siderial day
is 4’ 40" 46",

The difference between 1 Siderial and 1 Solar day is
3 55" 54",

The excess of difference between 1 Circular and 1 Side-
rial, and 1 Solar and 1 Siderial day, is 0" 44" 52™".

Let it now be understood, that in computing the mo-
tion of a circle by time, we are to bring it at last to
solar time. ’

Thirdly. All natural periods of time are, I think, (in
accordance with the above table) greater than one
primary circle, because all the heavenly bodies by whose
motions time is measured, or whose motions are mea-
sured by time, are themselves also in motion. For
example, the earth is more than 24 hours in revolving on
her axis from the moon to the moon again, so as to bring

the same meridian exactly opposite. But the earth re-
volves on her axis from the sun to the sun again in 24
hours exactly, and a lunar day is greater than a solar
day, therefore the moon is in motion, and the earth per-
forms on her axis more than a complete revolution in

space in turning from opposite the moon’s center to
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opposite that center again. But the earth revolves on
her axis from opposite a fixed star to opposite that fixed
star again in 28h. 56' 4" 6", and a solar day is greater
than a siderial day, therefore either the earth or the sun
is in motion in an orbit, and in either case the earth per-
forms in space more than a complete revolution on her
axis in turning from opposite the sun’s center to opposite
that center again. But the difference between a circular
and a siderial day is greater than the difference between
a siderial and a solar day, therefore doth the earth and
the sun are in motion in an orbit.*

The above are mechanical truths, easily proved, and
if they be true, as I affirm, then the relative motion of
the sun and of the fixed stars, so-called, may at length
be found and demonstrated by the ratio of one primary
circumference ! !

Before proceeding to apply the ratio of circumference
to the astronomical circles, it is necessary, first, to solve
the problem of three gravitating bodies. I therefore
submit the following proposition.

* The evidence of this fact does not depend on the truth of my ratio
of circumference, and if the geometer’s ratio were ¢rue, the difference
would be greater still. '
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PROPOSITION I.

The respective and relative motion of three grawitating
bodies revolving together and about each other, is as four
to three, or on¢ and onethird of one primary circum-
ference.

I have always considered this proposition as self-ev-
ident on the face of it, and that no mathematician would
deny it and hazard his reputation on sustaining the de-
nial with proof. But as I shall perhaps be called on for
proof, I add here, at some length, the solution of the
problem, after my own method, as follows:

The problem of three gravitating bodies revolving
together and about each other, is one, which, like the
Quadrature, has hitherto baffled all attempts of math-
ematicians toesolve it. But since this, like others of the
kind, is of itself a problem, which is daily performed and
consequently solved by the mechanical operations of na-
ture, the failure of mathematicians to reach the solution
proves nothing but the imperfection of the reasoning
applied to it.

It is a principle I think clearly demonstrable, that
whatever can be constructed by mechanics out of given
magnitudes, can be exactly determined by numbers, and
that which cannot be constructed by mechanics out of
any given magnitudes, cannot be exactly determined by
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numbers, having the same relation as the magnitudes one
to another. It is for this reason, and for this reason
only, that we cannot out of the same magnitudes con-
struct & square which is just twice as big as any other
perfect square, neither can we find the perfect root of
such a square by decimal numbers. If this ‘reasoning be
true, then, because the.problem of three gravitating
bodies is a mechanical operation daily performted in
nature, it is hence a thing capable of being proved by
numbers. The great difficulty of this problem has
arisen, I think, from the impossibility of its full display
by diagram, and the difficulty of embracing in any form-
ula, all the conditions contained in its elements. The plan
of exacting a display by diagram of all geometrical prop-
ositions is sgfe, and perhaps it is the only plan by which
the yet untaught mind can be initiated into the truths of
geometry, but is it always necessary in every original
demonstration ? Are there not other means equally true
and equally safe in the hands of one accustomed to ex-
amination, and acquainted with the properties of numbers
and of shapes? I think there are, and without taking
the least unwarrantable latitude, or departing from the
clearest perceptions of reason, I think this problem may
be easily and accurately solved.

The thing required of every demonstration is, that it
shall give a sufficient reason for the truth which it as-
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serts. But in order that a reason may be sufficient, and
the conclusion drawn from it safe, it is necessary, not
only, that the relations of cause and effect shall be made
clear to our perceptions, but also that the conclusion
when drawn, shall abide the test of practical application.
Any demonstration which does less than this cannot be
relied on, and no demonstration ever made has ever
done more than this.

‘We know very well that things are possible or impos-
sible to be done, only in proportion as the means applied
are adequate or inadequate to the purpose. We know
also, that because different principles exist in the various
forms of matter, therefore it is impossible to demonstrate
every thing by the same means or same principles. It is
a narrow-minded prejudice, therefore, which exacts that
every demonstration shall be made by the prescribed
rules of science, as if science already embraced every
principle which exists in nature. Yet none are more
frequently guilty of this narrow-mindedness than mathe-
maticians, who often require that things shall be done by
the means which the written science affords, well know-
ing at the same time that such means are ‘nadequate.
Such has always been the case in respect to the quadra-
ture of the circle,—mathematicians have demanded that
it should be demonstrated by the properties of straight
lines, knowing at the same time, that straight lines are

\)

\
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tnadequats; therefore (and therefore only), the thing has
been found impossible, and all other demonstrations are
rejected, because they cannot be shown by straight lines.
I do not consent to such unreasonableness of decision,
but in every proposition where the sufficient reason is
manifest, I hold the proposition to be demonstrated until
it can be disproved.

In entering upon the solution of the problem of three
gravitating bodies, we must first examine and see of
what elements the problem is composed.

The elements which I shall consider in this case, will
not be such as a mathematician of the schools would
think it necessary to consider. They will be .far more
simple,—more conclusive (for such as the schools can
furnish, have yet decided nothing), and I think, more
comprehensible, yet equally true to nature (for I consult
nature's laws only, and not the method or opinions of
any other man), and equally accurate and precise with
any which can be given by any other method.

And first, each revolving body is impressed by nature
with certain laws making it susceptible of the operation
of force, which being applied, impels motion. These laws
may all be expressed under the general term forces,
which, though various in their nature, possess an equal-
izing power, controlling each other in such a way, that
neither can predominate beyond a certain limit; and,
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conseqﬁently, these bodies can never approach nearer to
each other than a certain point, nor recede from each
other beyond another certain point. Hence these forces
are, at some mean point, made perfectly equal, and there-
fore they may be considered as but one forcs, and hence
but one element in the problem.

Secondly. These revolving bodies have magnitude,
shape, density, &c., which affect the operation of force in
producing motion. These properties of revolving bodies
have all the same inherent power of equalization a8
forces. For example, if density be greater in one than
another, then magnitude will be relatively less, force
will be less (the direct force), and the momentum from
velocity greater, but the whole shall be equal. On the
other hand, if magnitude be greater, and density less,
then force will be greater, and velocity less, but the
whole shall be equal. The second element of this prob-
lem may therefore be comprehended under the term
magnitude, which shall include shape, density, and every
other quality or condition which affects the operation of
force in producing motion, and the whole constitute but
one element in the problem, which I term magnitude, as
referring to the bodies themselves rather than to any
of their qualities, as density, gravity, or otherwise.

The third element in this problem is distance, by
which I would be understood to mean the chosen dis-
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tamces from one another, at which these bodies perform
their revolutions in space. It is well understood, that
from the nature of the case, these revolving bodies must
take up their mean distances from one another in exact
proportion to their respective magnitndes and forces, and
in proportion as these are greater or less, the distance
from each qther will be greater or less. Hence it is seen
that the same inherent power of equalization exists in
respect to distances as in respect to the forces and mag-
nitudes, and whether their distances from each other be
greater or less, equal or unequal, they still constitute but
one element in the problem.

The fourth and last element in this problem is motion,
or welocity, by which distances are to be performed or
overcome by revolution. And here aga.ih it will be seen,
that because the distances to be thus performed by revo-
lution depend entirely on the chosen distances from one
another, and these again depend on magnitude and force,
therefore, the same equalizing power exists in regard to
motion or velocity, as exists in regard to all the other ele-
ments, and therefore this also constitutes but one element
in the problem, which I will term velocity, as including
momentum, and every other quality, condition, or effect
of motion. :

These, four in number, are all the elements necessary
for the mechanical performance of the problem, and con-
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sequently all that are necessary for its determination by
numbers, and it has been seen, that such is the nature of
- the problem itself, and the power of these elements over
one another, that every other quality or condition affect-
ing either, is equalized by, and held in subservience to
these, and these again are equalized by, and held in sub-
servience to one another, and all controlled by magnitude,
so that the whole constitute but one problem or mechani-
cal operation, in which four elements are concerned.

The difficulty of reducing impalpable things to a pal-
pable standard of measure is generally conceded, but in
this case, I think the difficulty does not exist, and that
these elements may all be as truly represented by num-
bers and magnitudes, as if they were palpable things in
themselves, having the qualities of length, breadth, and
thickness. For example, let a stone be a magnitude
having shape, bulk, density, &c. Now, a force which
can raise this stone one foot from the ground, and hold it
suspended there, is, in its relation to the magnitude or
stone, exactly equal to one foot of measure, and because
the stone is held suspended, and does not descend again,
nor rise higher, it is evident that the force and magni-
tude have become equal at that point of elevation, and
therefore, vice versa, the magnitude or stone is, in its
relation to the force, exactly equal to ome¢ foot of mea-
sure, and consequently distance and motion are each also
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seen to be equal to one foot; and the same principles of
applicability to measure exist in #hree bodies suspended
in space, and made to revolve about each other, by forces
inherent in themselves. It matters not that other and
disturbing forces exist outside or inside the space in
which these bodies revolve, because, if another and dis-
turbing force be considered, then it ceases to be a prob-
lem of three gravitating bodies; and also, because such
disturbing forces, if they exist, operate proportionally on
all three of the revolving bodies, and in the course of a
revolution, and consequent change of rdative position,
these disturbances must find their perfect equality.

Now, let us suppose that we have here, three bodies
revolving together in space by their own gravitating
power, and let the magnitudes of these bodies be exactly
equal to one another,—then their forces shall be equal,

PLATE XXIL their distances equal,
and their velocities
equal, and it will be
seen that they cannot
revolve about each
other, but must fol-
low each. other round

a common center, and

their relative motion

in respect to any point in space (as the point or star A),
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must be on the value of the circumference of the circle
B, which passes through the center of each body, as in
Plate XXTI :

Now, let us suppose that each of the elements con-
tained in the problem of ¢hree gravitating bodies, is an
equal portion of the area of the circle which these bodies
describe in a revolution; then the circle will be divided
from the center into four equal parts, as at the points &,
b, ¢, d, and let each part equal one. It will be seen, that
in each relative change of position, each revolving body
passes over an area equal to ong and one third. In other
words, their relative motion is as four to thres. So also,
if each element shall be an equal portion of the circum-
ference of the circle B, or an equal portion of the square
of the diameter of B, the same result is manifest, and the
relative motion of each revolving body is, as four to three
of such magnitude as is made the standard of measure.
Again :

Secondly. Let the area of the circle énscribed in the
equilateral triangle, whose sides make the distance be-
tween these revolving bodies, be one, as in the marginal
Plate XXTII. It is seen that the circle B, whose circum-
ference these bodies describe by their revolution, is four
times greater than such inscribed circle. (See illustra-
tion, Plate XXXI., Appendix. Hence again, their rela-
tive change of position is seen to be as four fo three, or
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one and one-third of the PLATE XXIIL
primary magnitude which 77Tt e
is made the standard of
measure, and (proposition
L, chapter ii.), it is seen,
that the circle ¢nscribed in
the triangle as above, forms
the basis of the area of that ! :
triangle, when it shall be *---------- +
measured by circumference and radius, which are the
only legitimate elements of area in'all shape:s alike.
Again: Thirdly. It is seen that the equilateral triangle
(Plate XXIV.), whose sides make the distance between
these revolving bodies, is an angular shape, and being

measured in the usual way of measuring angular shapes,
its area equals the perpen- PLATE XXIV.

dicular, P, d, by half the [ == =
side. Now, let the per- 5 ‘
pendicular, P, d, equal one. |
Then it is seen that the di- _| - :
ameter of the circle B,
which these bodies de-
. scribe in a revolution, is

LS

Ty ——

one-third greater than the S T e

perpendicular. Hence, in performing a complete revolu-

tion, these bodies describe a circumference equal to one
8
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and onethird the circumference of oné diameter. In

other words, their relative motion is again seen to be a8 |

four to thres of one primary circumference.

Fourthly. These bodies, which are revolving together,
are known (by hypothesis) to be equal to one another in
magnitude, and consequently, equal to one another in all
the elements concerned in their revolution.

PLATE XXV. Now, let us suppose
that their distance from

distance is seen to be the
3 %de of an equilateral tri-
angle inscribed in the circle

B,whose circumference they

i describe in one complete
-~ revolution. (Plate XXV.)

each other equals one. That |

i

{

Now, the side of an equilateral triangle inscribed ins

circle, equals the perpendicular from the base of an equi

lateral triangle, whose side equals the diameter of the

aforesaid circle ; and therefore, because the square of the
side of any equilateral triangle, equals one-third added
to the square of its perpendicular, and because the square
of the side of the equilateral triangle inscribed in B
equals one, therefore the square of the diameter of B
equals one and onethird. Hence the area of B equals
one and one-third the area of a circle whose diameter i
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one. Hence, in describing the circumference of B, the
relative motion of these three revolving bodies shall be
as four to three, or one and one-third the area of a circle
whose diameter is one.
By proposition x1. chap. PLATE XXVI.

ii. it is shown that the true : :
and primary ratio of cir-
cumference to diameter of |
all circles, which can be i
expressed in whole num- ;
bers, is four times the area |
of one circle inscribed in |
ome square for the ratio of '
circumference, to the area of the circumscribed squars,
for a ratio of diameter. Therefore it is evident, that if
the circumference of B shall be resolved into such pri-
mary parts, as shall express the circumference of one
diameter in whole numbers, and in its exact relation to
area and diameter, without a remainder in either, then
the circumference of B, shall equal one and onethird
of one primary circumference, such as may be expressed

in whole numbers ; because the area of the square circum-
seribing B, equals one and one-third, when the side of the
equilateral triangle snscribed in B equals one.

Fifth and lastly. These revolving hodies must he sup-
posed to revolve upon a value, in which diameter and
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area form exact and equal portions, and the only circle
in nature whose diameter and area are equal to one

another, and identical in numbers, is a circle whose cir-
cumference is fowr; hence the relative motion of three

bodies of equal magnitude, revolving together, cannot be
otherwise than one and one-third of such parts.

It is evident from all the foregoing demonstrations,
that, if we suppose the elements of which this problem
is composed, to be magnitudes, and take them as a stand-
ard of measure, whether such magnitudes shall be equal
portions of the area of a circle, or of its circumference,
or of the square of its diameter, or whether we take as
our standard of measure,'the distance between these re-
volving bodies, which makes the sids of a triangle, or the
perpendicular of such triangle, or its inscribed circle, in”
all cases, and in every case, the relative motion of these
three revolving bodies must de¢ as four to thres, or ome
and onethird of such magnitude as is made the standard
of measure, and there is no other standard of measure
which can be mathematically assumed in the premises,
which I have not here considered.

The proposition s therefore demonstrated, that three
gravitating bodies of egual magnitude, revolving to-
gether, their relative motion skall b¢ as four to thres, or
one and one-third of one primary circumference !!

It will be obvious to any one, that in the foregoing
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demonstration, I have assumed, that the magnitudes of
| the revolving bodies are all equal to one another, and
hence their forces, distances, and velocities, are all equal
to one another ; consequently, they all revolve on the
same circumference, as shown in the several Plates, from
XXII. to XXVL; therefore, they cannot revolve about
each other, but must follow each other round a common
center. But in the problem of the revolution of the moon
about the earth, and the earth and the moon together
about the sun, the magnitudes are all unequal, and hence
their distances from each other, their forces and velocities,
are all unequal, and they are known 7ot to follow each
other, as in the foregoing demonstration, but to revolve
about each other in the order above stated.

It may, perhaps, therefore be inferred that the forego-
ing demonstration is not applicable to such grawvitating
bodies. But it must be observed, also, that the EQuALiz-
N POWER of all the elements of the problem, are in full
Jforce and operation here, as well as in the problem just
solved, and that the chosen distances, forces and veloci-
ties, are in exact proportion to the relative magnitudes
of the bodies revolving ; and hence their relative motion
shall be still the same, with this difference only, that
because the moon revolves about the earth, and the
earth and the moon together revolve about the sun,
therefore their relative motions being expressed by time
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(which is also relative), the following proportions en-
sue:

First proportion. As one primary circumference of a
circle is to the moon’s time about the earth, so is the
moon’s time about the earth to the earth’s time about the
sun! (See the practical application in propositions m.
and ., which follow in this chapter.) It must be borne
in mind, however, that in the above proportion, reference
is had to the revolution of the earth and the moon over
the value of a complets circle, and not to the full sidereal
lunation or mean year, each of which are greator than
omne circle. (See introduction to this chapter.) Also, the
time here meant is circular time, or one revolution of the
earth in space. (See table of time in the introduction to
this chapter.) It must also be borne in mind, that in
the above proportion, reference is had only to the rda-
tions of decimal nmumbers, and no reference is made to any
geometrical standard of measure in the revolutions of
~ either body. But because magnitude is the controlling -
element in the problem, with the power of equalizing all
the rest, therefore, the first proportion as above given
being true, a second proportion follows, which is strictly
geometrical in its character, and which makes the whole
definite. It is as follows: k¢ square of the diameter of
the moom s to the square of the diameter of the earth, as
the moon's time round the earth, s to the earth’s time
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round the sun,—the time here meant being circular time,
as before.

The calculations showing the method and the result
of these proportions, will be found in prop. 1v. and v.
+ which follow in this chapter.

The true and prémary ratio of circumference to diam-
eter of all circles, as shown by the twelve propositions of
chapter ii., is 20612 parts of circumference to 6561 parts
of diameter; and by the solution of the foregoing prob-
lem it is shown, that the relative motion of three grav-
itating bodies, as of the moon, the earth and the sun, is
. a8 four to three, or one and one-third of one primary cir-
cumference.

With the solution of these two problems, and keeping
in mind the preliminary remarks made at the commence-
ment of this chapter, we are prepared on simple, original,
and mechanical principles, to reduce to numbers, the
great circles performed by the revolution of these grav-
itating bodies.

The first, and to us relatively, the primary orbit of
nature, which is fulfilled by these revolving bodies, is &
sidereal lunation, or the passage of the moon round the
earth from opposite a fixed star to opposite that fixed
star again,—first because the motion is directly around
our earth, and secondly, because the fixed star so-called,



’
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has the least apparent or to us relative motion, of all the
heavenly bodies; therefore,

PROPOSITION II.

The moon’s orbit (or moonw's time) round the earth in a
sidereal lunation, over the value of a complets circle, is one
and one-third of one primary circumference.

The ratio of circumference and diameter being 20612
to 6561, the moon’s orbit —20612x1} —27.48266666+,
which pointing off 2 figures to the left for days, (because
the first figure or left hand unit of diameter being 6
(6,561) therefore circumference has two left hand places
of units) I say is the exact time of the passage of the
moon round the earth, over the value of a complete
circle, the time being in circular days of 28h. 51’ 238" 20"
each, and therefore 27.48266666+ %5153000" (the value
of 1 circular day) —141618181.3338+ +5184000" (the
value of 1 solar day) equals 27.3183220164+ which
reduced to the proper divisions of solar time —27d. 7h.
38' 23" 1" 20", which I say as before is the exact time
of the passage of the moon round the earth over the
value of a complete circle.

But because, as has been shown, all natural periods of
time are greater than one circle, and because a sidereal

day, or the revolution of the earth on her axis from
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opposité a fixed star to opposite that fixed star again, is
greater than a circular day or one revolution of the
earth on her axis #n space, the difference being 4’ 40"
46", and because by the moon’s passage round the earth
she gains or performs one motion of the earth, thergfore
the difference between one circular day and one sidereal
day is to be added to the moon’s motion to complete
the lunation, and therefore 27d. 7h. 38" 23" 1" 20"
+4' 40" 46", —24d. Th. 48’ 8" 47" 20", which I say is
the exact period of a sidereal lunation, the only error
being the astronomical error in the length of one sidereal
day (in adding the difference 4' 40" 46"), which by long
observation is known to be less (much less) than one-
tenth of one second.* The error therefore is less (much
less) than one-tenth of one second of time in a lunar
month !! |

‘When I say that the above is the exact period of a
gidereal lunation, I must be understood that it is the
mean period which the moon observes through all time.
‘Whether the moon’s motion is or is not sometimes accel-
erated for a long period and again diminished as much,
does mnot touch this demonstration, but is a question
standing by itself. It should be observed, however, that
the period of a sidereal lunation as given by me above, is
nearly onefifth of a second in a lunar month, less than

* It is less than one hundredth part of one second.
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the period given in astronomical time; and the differ"
ence applied to the time of eclipses which happened
before Christ, is found to agree exactly with the amount
of acceleration which the moon is supposed to have
received in the last two thousand years; and hence my
period is known to be the true period of the moon’s
motion round the earth. ‘ ‘

The second orbit fulfilled by these three revolving
bodies, is that of the earth and the moon together,
revolving about the sun. This revolution, in conse-
quence of all natural periods of time being greater than
one circle, becomes a little more complex than a luna-
tion. According to the main proposition of three grav-
itating bodies, however, it proceeds upon the same
principles and is equally mechanical, but with this dif-
ference, that instead of the sun passing round our own
earth as the moon actually does, the earth as the centre
of the moon’s orbit moves round the sun carrying the
moon with her, while the sun appears to move round
the earth and the moon together in the same period
of time.

In the solution of the problem of three gravitating
bodies I have shown the existence of the following pro-
portion between the motion of the earth and the moon,
viz., “That as one primary circumference of a circle, is to
¢ the moon’s time round the earth over the value of a
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“ complete circle in space, so is the moon’s time round the
“ earth to the earth’s time round the sun over the value
“of a complete circle in space.” Hence, in calculating
the earth’s orbit round the sun by the relative motion of
three gravitating bodies, we must take the moon's orbit
(or moon’s time) as our primary circumference, or stand-
ard of measure; therefore,

PROPOSITION IIIL.

The eartl’s time round the sun over the value of & com-
Plete circle in space s as four to three, or one and one-
third the moon’s time round the earth over the value of @
complete circle in space.

Therefore the moon’s time round the earth, being
217.48266666+, therefore the earth’s time round the sun
—2748266666+ x13—366.4355555+, which pointing
off three figures to the left for units, for the same reason
that two figures are pointed off in a lunation, viz., because
diameter has become such that circumference has three
places of units, I say, is the exact time of the earth’s
motion round the sun over the value of a complete
circle in space, the time being in circular days of 28h.
51’ 23" 20" each, therefore 866.4355555+ x5153000"
(the value of one circular day) —188824211.77777+
+5184000™ (the value of 1 solar day) —3864.244298552+
which being reduced to the proper divisions of solar time
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—364d. 5h. 51' 46" 57" 46"". But becduse a sidereal
day is greater than the mean between a circular day and
a solar day, by an excess of 44" 52 (see table of time,
- page 98), which difference necessarily belongs to the
sun’s motion in his relative position to the earth and a
fixed star so-called, therefore we are to add the above
period 44" 52 x13==59" 49" 20" and 364d. 5h. 51’ 46"
BT 4677459 49 20""=—364d. 5h. 52 46" 47" 6.
Now also because the earth in passing round the sun
from opposite a fixed star to opposite that star again,
gains one revolution on her axis from opposite that star
to opposite that star again, or one sidereal day, thergfore,
we are to add to the above period one sidereal day to
complete the mean year. Therefore 364d. 5h. 52 46"
47" 6""+28h. 56 4" 6"=365d. 5h. 48’ 50" 53" 6",
which I say is exactly the period of the mean year, the
only errors being 23 the amount of error in the astro-
nomical time of the length of one sidereal day, viz., once
in adding the sidereal day gained by the earth’s motion
round the sun, and once and one-third in adding the
difference, 44" 52", x1§. And as such error is known
to be less (much less) than one-tenth of one second of
tiine, therefore the sum of the errors in the above period
are less (much less) than two-tenths of one second in the
mean year!! .

If from the above period of the mean year, we deduct
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the excess of difference between one circular and one
sidereal day, and one sidereal and one solar day, viz.
44” 52" ; or, if instead of adding one sidereal day for
the motion which the earth gains in passing round the
sun, we add one circular day and the difference between
one sidereal and one solar day, we shall then have the
period of the solstitial or solar year, viz. 365d. 5h. 48’
6” 1" 6"”, which is the known truth within the smallest
appreciable divisions of time. This also is a mechanical
necessity of the whole principles advanced, because as it
will be seen that the earth gains exactly one motion on
her axis while performing the value of a complete circle
in space while passing round the sun, therefore the
amount of the sun’s precession of a fixed star shall ex-
actly equal the excess of difference between a circular
and sidereal and a sidereal and solar day.

I have several methods of determining from the above
periods the amount of a solar lunation, or the moon’s
synodical period, and by every method I find the exact
period to be 29d. 12h. 44’ 2” 50 31"", which also agrees
with the most exact time of her conjunctions as observed
by astronomers for any number of centuries past.

I have thus, without the use or help of observations of
any kind, but with the aid only of the solution of the
Quadrature and the problem of three gravitating bodies,
and operating only with the simple properties of num-
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bers and with perfectly mechanical principles, deter
mined what the periods of four great astronomical circles
SHALL BE, Viz. a sidereal and a solar lunation, the mean
year and the solar year. And these periods, though dif-
- fering very minutely from astronomical time as given,
are found, nevertheless, upon examination, to agree ex-
actly with the conjunctions of nature without correction
or allowance. If the same calculations be made by
geometers’ approximate ratio of circumference to diam-
eter, the result is more than one second of time in a
lunar month and near fifteen seconds in the mean year
less tham the known truth, and will agree with no natural
period of time whatever. If therefore the solution of
the problem of three gravitating bodies ¢ frue, then it is
certain that the geometers’ ratio of circumference to
diameter is not frue, but that it is less than the truth, as
I have demonstrated both by inverse and direct proposi-
tions, chap. i. and ii. And if the solution of the problem
of three gravitating bodies 7s true, then it is equally
certain that my ratio of circumference and diameter <¢
true also, because it agrees with the truth of nature, in
the revolution of these great circles. It alters nothing,
and matters not in the least, that these revolving bodies
do not move exactly in circular orbits, because by the
well known law, that they “describe equal areas in
equal times,” their orbit motion is made avactly equal to a
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circle. If therefore geometers admit the solution of the
problem of gravitating bodies, they must admit, my ratio
of circumference and diameter also, or they must deny
the truth of these astronomical periods, which are estab-
lished by long and the minutest possible observations of
time as shown by the conjunctions of nature. And if
they reject my ratio, they must disprove both the quad-
rature and the problem of gravitating bodies, neither of
which can they do, by any show of reason, which cannot
be proved to be ynsound and false.

It must be observed, that astronomers have arrived at
their great accuracy in time, not by a simple mathemati-
cal problem, as I have done, nor by the geometrical
accuracy of their ratio of circumference and diameter;
but at a great expense of time, money and labor, through
a long period of centuries, by taking a great number of
careful observations at remote times and distances from
each other, then by comparing the whole together, and
taking the mean of all the differences for the truth ; and
by thus taking the mean of all their errors for the truth,
they arrive at an accuracy in the computation of time,
which their ratio of circumference and diameter cannot
give them ; not however, without liability to some amount
of remaining error. But my system requires no such out-
lay of time, money or labor, nor does it claim the indul-
gence of a correction of errors. It proceeds only upon
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the simple properties of numbers, and principles of me-
chanics, and points out to us not merely what the truth
15, but what the truth necessarily shall b¢, and gives a
reason for it, why it shall be so, and cannot be otherwise.
Tt will not be understood, however, that the foregoing
is the limit of the application which may be made of the
quadrature to the astronomical circles. I have already
applied it extensively, and with success, to others of the
most important problems in astronomical science; and
my present judgment is satisfied, that it is capable of
being applied, ad infinitum, to new discoveries of the
laws and combinations which enter into the system of
the universe, even (if the mind of man could embrace so
much) to determining the time, distance, magnitude and
motion of every revolving body within the range of
telescopic observation. It will contradict no known law
of nature. It will confirm the truth of Keplet’s law, and
the law of gravitation, as discovered and principally
explained by Newton; but it will no¢ confirm all else
that Newton has said on kindred subjects. And if my
present judgment is not mistaken, these problems, when
understood and received, will, by the simplest possible
mechanical evidence, put to silence and to rest forever,
some of the stupendous theories which have occupied the
reasoning of men’s minds for centuries, and which have
been received, only, because they emanated from great



CHAP. IIL PRACTICAL QUESTIONS. 125

minds, and bdelieved, only, becaunse no one knew to the
contrary. It is not my intention, however, at present to
make a show of mathematical curiosities or astronomical
wonders; I desire only to prove the soundness of the
basis on which I reason, by the well known truths of
nature, in which there can be no mistake, leaving the
further discovery of new truths, and the correction of old
errors, to future development.

The periods of time as given by me in the foregoing
problems, and astronomical time as given by the best -
suthorities, will stand as follows:

A Sidereal Lunation.
Astronomical time. My period.
27d. 7h. 48" 4". }27d. 7h. 43" 8" 47" 20"
Solar Lunation.
Astronomical time as com- )
monly given.
29d. 1.2h. 44 3 "\ My period.
The synodical period a8 | o) 1op 4r 9" 18
given by M‘Kay, the Eng- or
lish navigator. 99d. 12h. 44' 2" 50" 81"
29d. 12h. 44’ 2%,
: or
29d. 12h. 44’ 2" 48" J

9
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Mean Year.
Astronomical time as given )
by the best authorities
thirty years since.
865d. 5h. 48" 49",
As given by the latest and ¢
now esteemed the most

My period.
865d. 5h. 48" 50" 53" 6"

accurate authorities, taken .
from_ a work of Dr. Dick’s.

865d. 5h.48' 517
Solar Year.
Astronomical time. My period.
365d. 5h. 48' 6. } 365d. 5h. 48 6” 1" 6™".

From the above comparison it will be seen that my pe-
riod differs from M‘Kay’s but the thérticth part of a second
in a mean solar lunation, or lunar month; from Dr. Dick’s
but the fenth part of a second in the mean year, and in
the solar year from astronomical time, but the fiftiath
part of one second of time; and it is known as I have
already said, that astronomers, notwithstanding their
great accuracy, are still liable to some very small remain-
ing error, and it is admitted, that because time is the
infinite division of motion, therefore no two relative
periods can be stated evactly,; yet the differences in all
the above cases, are portions of time so incomprehensibly
small that no one can estimate them.
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The periods of time esteemed to be correct thirty
years ago, are those first given in the foregoing table,
viz. : :

A sidereal lunation, 27d. 7h. 48" 4",
A solar lunation, 29d. 12h. 44’ 8",
A mean year, 365d. 5h. 48’ 49",

And on these I am induced to believe, most of the
sstronomical tables in use were calculated. It will
be seen that my periods differ from these a trifle more
than from those established by the more recent surveys,
being léss than either lunation by nearly onefifth of a
second, and in the same proportion greater in the mean
year, or nearly two seconds in the year. Within the
last thirty years, however, new sets of observations have
been made in Europe, and a new deduction made of the
mean year, making it as before quoted from Dr. Dick’s
work, 365d. 5h. 48’ 51", thus agreeing with my period
within the tenth part of a second in the yéar ;¥ but I am
not aware whether any correction has been made in the
time formerly given for the lunations. It can, however,
be shown, I think, that in the assembled motion of any
number of revolving bodies, as of the planetary system, .
if the period of any one of them be fixed Z00 small, ob-

* It is worthy of remark that I was not aware of this correction of -
the mean year which makes it agree with my period, until within the
past year, and several years after I had made all my caloulations.
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servation will show the period of any other one to be o0
great to meet the conjunctions which nature makes, and
to make the conjunction by calculation, that body whose
period is given too small must be retarded or its period
made greater, and the other must be accelerated or its
period made less, it being a mean of doth their motions
which brings them into line. It is self-evident, there-
fore, that in changing the astronomical period of the
mean year as before stated, making it greater by nearly
two seconds than formerly, astronomers should have
changed the periods of the lunations also, making them
proportionably less than formerly, or otherwise the two
(the earth and the moon) will not perfectly conjoin
according to the calculations made on their respective
periods; because, as before remarked, it is a mean of
both their motions which brings them into line. And if
this be done, then the periods of the lunations last above
given will be made to agree with my periods, to the
sixtieth part of a second of time, and they will also agree
within the thirtieth part of a second with the synodical
period or mean solar lunation as quoted from M‘Kay in
the foregoing table, which has long been supposed to be
the nearest possible approach to the mean time of the
conjunction of the earth, sun, and moon. »

Let it here be noticed that the mean of the difference,
which my period of the mean year is greater, and the
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lunations are less than the periods formerly in use, is
exactly equal to the supposed acceleration which astron-
omers say the moon has received in the last two thou-
sand years or more; and this difference being applied by
time to the relative motion of the earth and the moon,
will place the two in conjunction with the sun, just at
the time and place where an eclipse is known to have
happened more than four hundred years before Christ,
whereas the astronomical tables will be fully an hour
and a half out of the way. It is, therefore, certain that
my periods are, to the smallest appreciable divisions of
time, the #rug periods of the mean relative motion of the
earth, sun and moon, and the inference from all these
truths, is a perfect and practical demonstration of the
truth of my ratio of circumference and diameter. If
these be facts, they seem to contradict the existence of
the acceleration of the moon, such as is supposed by
astronomers to exist, and to imply instead a perfectly
equable mean motion of that body.—It is not my inten-
tion at present to argue the points of acceleration, or no
accderation. T do not say at present that acceleration is
impossible; because nothing is impossible with the in-
finite wisdom and purpose which governs the universe;
but I do not credit i, notwithstanding the high authority
on which it is asserted, because, First, it is a notion
which grew up only on the discovery of error in the
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calculation of eclipses through long periods of time, and
in efforts to account for that error. Secondly, all the
appearances which indicate it may be easily accounted
" for, without the necessity of its existence, and nothing
exists in nature which is wnnecessary. Thirdly, it in-
dicates defection in nature’s laws, and therefore it cannot
be true.

In the solution of the problem of gravitating bodies I
have established certain proportions, which, in order not
" to be misunderstood, it is proper to reduce to calcula-
tions ; therefore,

PROPOSITION IV.

First proportion. As one primary circumference of a
circle is Zo the moon's time about the earth over the value
of a complete circle in spacs, so is the moon’s time round
the earth, to the earth’s time round the sun over the value
of a complete circle in space.

It will be evident that any two parts of the above
proportion being known, the third may be found. By
proposition mr. (this chapter) it is shown that the moon’s
time round the earth is, to one primary circumference, as
27.4826666+ to 20.612; therefore,

120612 :: 274826666+ : 274826666+=—366.435555+

The time in the above periods, is circular time, and
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pointing off two figures to the left in the first period, and
three in the second for units, on reference to propositions
I and m. it will be seen how these periods are brought
to the solar t¢me contained in a sidereal lunation and the
mean year.

The second proportion, in the problem of gravitating
bodies, is a geometrical proportion, as follows:

PROPOSITION V.

Second proportion. 'The squars of the diameter of the
moon is to the square of the diameter of the earth, as the
moon's time round the earth over the value of a complete
circle in space, is to the earth's time round the sun over
the value of a complete circle in space.

Three parts of the above proportion being known, the
fourth may be found; therefore let the moon’s diameter
be the part unknown. We have already seen that
the moon’s time —27.4826666+ and the earth’s time
—366.4835555+ (circular time), and the diameter of the
earth has been ascertained by actual measure to be
7,912 miles, which it no doubt is, very nearly. Ad-
mitting then, that the earth’s diameter is 7912 miles,
then the square of her diameter —62599744, therefore
:866.435555+ :: 62599744 : 27.4826666+ —4694980.8+
and : v4694980.8+ =—2166+5+ which, I say, is the true
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diameter of, the moon, and neither one mile, or tenth
of a mile, more nor less, the only condition being, that
the diameter of the earth is 7912 miles.

Dr. Bowditch gives the moon’s diameter as 2161 miles,
and others have given it at 2180. It will be seen that
the diameter proved by me, is nearly 6 miles greater
than that given by Dr. Bowditch, and 18 miles less than
is given by some others. But the fact that astronomers
differ at all, proves their method to be imperfect, and
consequently liable to error, sometimes greater and
sometimes less, while the close approximation on each
- side is a very strong argument in favor of the truth of
my proportion, even if it were not here seen to be accu-
rately deduced from mathematical principles.

In my introduction to the Quadrature (chapter ii.), I
there. signified that my course of reasoning would be
strictly original, and wholly independent of any arbi-
trary rule,—perfectly conformable to natwre, yet not con-
fined to the rules of art; and I recall attention to this
remark, because it is necessary to be borne in mind by
those who may undertake an examination of the subjects
treated of in the present chapter. :

In respect to the astronomical circles, it must be
observed, that the manner in which I have treated them
embraces no other facts or principles, than the simple
relations between numbers, shapes and motion, and no
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reference is made, or intended to be made, except in the
fiftth proposition, to either magnitudes or distances. In
treating of the astronomical circles, therefore, I have sim-
ply treated them each as one circle, made up of the parts
which compose the primary relations between the circle,
and the square, but without any reference to any stand-
ard of measure in art.

It is to be regretted, I think, for the sake of science,
that so little examination has been made into the re-
cesses of nature, to supply us with standards of measure.
So far as I know, science has given us no natural stand-
ards. The French standard, derived from the measure-
ment of an arc of the meridian, is but an imperfect
attempt. We are told, in English, that “three barley- -
corns make one inch,” and the length of three barley-
corns which grew in the time of ome of the English
kings, seems to be the only contribution which nature
has been called upon to make, to supply us with stand-
ards of measure. It is not at all wonderful, therefore,
that such standards have no applicability to time, as cre-
ated by the motion of revolving bodies, or to any of the
fixed laws of nature whatever.

It has been objected by some caviling minds, that cal-
culations like these astronomical circles, which are based
only on the properties of numbers, or of shapes, but which
have no standard of value, cannot be of any practical
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use. But this is a very shortsighted objection, and to
make them of practical application and use, we have ’
nothing to do, but, just as is necessary in any other case,
to erect a standard of value in our own minds. But in
order to make any standard available to us here for any
intelligible purpose, it is necessary that it be selected
Jrom nature, and it must also be a fiwed fact in nature,
and not an accidental truth, like the childish conception
of the length of “three barleycorns.” To answer the
objections made, and to illustrate and prove this position,
I am induced to add another practical question, which
was not intended in the commencement of this chapter.

It is well known that the United States have lately
expended a large sum of money for the erection of an
observatory in southern latitude, for the purpose of co-
operating with others at the north, in determining the
sun’s distance from the earth ; and my purpose is now to
show, that this truth may be determined with much
greater precision by my principles of reasoning, than by
any other method, and without the help of observations
of any kind. As there is an uncertainty with astrono-
mers, at least to the extent of several millions of miles,
what the sun’s mean distance really is, it may not be
uninteresting to compare the results of my principles of
reasoning with the actual observations, when they shall
be completed. Therefore—
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PROPOSITION VI

The mean distance of the sun’s center from the center

of the earth, or that at which the earth would revolve, if
the area or plane of her elliptical orbit were made the
area of a circle, is dloven thousand sic hundred and sicty-
Jour diameters of the earth, neither more nor less; admit-
ting, therefore, that the earth’s diameter is 7912 English
miles (which it no doubt is pretty nearly), then the
sun’s center is distant from the earth’s center as above
92,285,568 English miles, and neither one mile more or
less.

In following out the above proposition to demonstra-
tion, in order to make the connection of my principles of
reasoning clear and manifest to the perceptions of others,
it is necessary here to lay down as axioms certain truths
which have been proved.

First. The circle is the basis or beginning of all mag-
nitude or area. (Proposition mr., chapter ii.)

Secondly. Any éxpression of numbers in relation to
material things is also an expression of magnitude. (Pro-
position vr., Appendix.)

Third. A point is therefore a magnitude when con-
sidered as one. (Proposition vi, Appendix.)

Fowrth. A point in reference to space or extension on
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all sides of it, is therefore a molecule or globe, and in
reference to a plane, it is a circle. (Proposition vr.,
Appendix.)

A point, when considered and treated as one, is there-
fore the least possible existence of magnitude,—the origi-
nal principle of matter; a fiwed fact in nature, unchange-
able, imperishable, and such, that the union of many
points according to their chemical affinities, becomes mat-
ter developed to the senses, and because we can have no
other comprehension of the development of matter,
therefore, relatively to us, this is an abdsolute truth. A
point is therefore such, that it has an eract rdation to
every development of matter in our world and its atmo-
sphere; therefore, if the magnitude of a point were a
thing within our comprehension and grasp, % wowld form
a perfect standard of measure, and by enumerating points
" beginning with one, and counting upward, numbers
would at length express the magnitude of our world ;
and in the process of counting, we shall have enumerated
the exact relative magnitude, one to another, of every-
thing contained in 4. A point is therefore a perfect
standard of measure, and any number of poinis is a per-
foct standard of measure for any greater number of points.
Hence our earth being a magnitude made up of points,
and a fiwed fact in nature, is therefore a perfect standard
of measure for all greater magnitudes that surround it.
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‘When we attempt to comprehend or to estimate the
distance from our earth to the sun, we enter on a higher
order of creation, and mentally pass from the contempla-
tion of things in the world, to things in the universe,
where worlds are points, bearing exactly the same rela-
tion to the enfinite whole, which the incomprehensible
and undeveloped point bears to our world, because each
runs to ¢nfinity, and because a point is one, and therefore
emphatically k¢ one to which all other and greater mag-
nitudes are exactly rdlated; therefore, let the earth be
one, and let that be the standard by which to measure
the sun’s distance.

PLATE XXVII

- By proposition 1., this chapter, I have shown that the
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relative motion of three gravitating bodies, as of the
earth, the sun, and the moon, is as four to thres of one
primary circumference of a circle; but this, as has been
seen, is without reference to any definite standard of
measure. By relative motion, is meant, of course, the
relative change of position of one body to another. By
that proposition, therefore, the measure of a year is the
measure of a circle in which the earth and the sun
change their relative position, and return to that position
again. And by the same proposition, and proposition
mL, this chapter, it has been shown, that the time in
which the earth performs the value of a complete circle
in space, being reduced to circumference, it has a diame-
ter of 11664 parts of that which I say is one primary
circumference in nature, viz., 6561 x 1} = 8748, x 13 =
11664. It will be evident, on reference to the illustra-
tion on the last page (Plate XXVIL), that a circle
which is the measure of the rdative change of position of
two of these gravitating bodies, and around which they
move relatively to one another, is the circle A, whose cir-
cumference passes through the center of each body (the
earth and the sun), hence the circle A is the circle whose
circumference I have measured in determining the mean
year in proposition mr., this chapter, and whose diameter
is 11664 ; in which proposition, I have also made the earth
(by her revolution on her axis) to be the wnét or stand-
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ard of measure. It will be seen, also, that the diameter
of the circle A is the radius of the circle B, which the
carth shall desordde in passing round the sun, and there-
fore the diameter of the circle A s the earth’'s distance
from the sun.

- Now, therefore, because the earth is a prémary magni-
tude, & fiwed fact in nature, and a point in the universe
whose valus is one, bearing the same relative value in the.
order of creation, to things in the universe, which the
undeveloped point bears to things in the earth, and is
therefore a perfect standard of measure,—and because
she is Aerself the unit or standard of measure which by
her revolution determines the value of the circle A in
measuring the mean year, and is also, by hypothesis, here
made the unit for determining her distance, and because
the diameter of the circle A is 11664 parts of the diame-
ter of one primary circumference, of which the earth is
but ong part, therefore, the earth’s mean distance from

~ the sun, from center to center, is 11664 diameters of the
earth, neither more nor less; and therefore, admitting
that the earth’s diameter is 7912 English miles (which it
is pretty mnearly), then 11664 x 7912 — 92285568
miles, which is the earth’s mean distance from the sun,
and not one male more or less.
The proposition is thergfore demonstrated ! !
In order not to be misunderstood in respect to the

t
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result in the foregoing demonstration, it is proper for me
here to add some explanation of the difference between
that which I have called the sun's mean distance, and
that which is commonly understood by astronomers as
such. It will be self-evident to all, I think, that admit-
tmg my demonstration to be true, the distance shown is
that at which the earth would revolve in a perfect circle,
if the sun were fiwed in the center ; and if this be the fact,
then it is equally evident, I think, that the distance
shown is the radius of a circle whose area is exactly
equal to the plaﬁe of the earth’s supposed elliptical orbit ;
* because, it is self-evident, that if the earth shall move
through an elliptical orbit by an unequal motion, passing
over equal areas in equal times, it is precisely the same
thing as passing over the circumference of a perfect cir-
cle having the same area as the ellipse by an equal motion,
in exactly the same period of time. It will be seen from
PLATE XXVIIL  the illustration (Plate XXVIIL),
that the ellipse and the circle hav-
ing the same area, the radius of  the
circle is greater than the least, and
less than the greatest radius of the
ellipse; and this will be true, what-
ever elongation the ellipse may re-

ceive, and whatever center may be taken as the centor.
It will be known, also, from the laws which govern
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these shapes, that the difference between the radius of
the cirele and the least radius of the ellipse, is less than
half the difference between the least and greatest radius
of the ellipse; therefore, if the sun’s mean distance be
taken to be half way between the least and the greatest
radius of the ellipse, it will be greater than the distance
which my demonstration shows; and if the sun’s mean
distance be taken to be the mean of the squares of the
two radii of the ellipse, then the distance will be greater
still ; the latter, I believe to be the mean which is mostly
adopted by astronomers; but in either case, it will be
seen, that any distance shown by them, even if measured
with perfect accuracy, will be greater than mine. The
angle of parallax, as deduced from the last tranmsit of
Venus, is given in Vose’s Astronomy, as from the best
suthorities, as 8”.52 at the sun’s greatest distance, and
8".65 at the sun’s mean distance,—this latter would give
a radius of about 94,300,000+ miles as the mean dis-
tance. La Place, who has been esteemed the most accu-
rate authority in these things, thought that the deduc-
tions made from thiy transit were within one eighty-
seventh of the truth, more or less, he could not tell
which ; thus leaving an uncertainty of considerably more
_than two millions of miles ;/—deduct this uncertainty
from the distance given above, and with a very mode-

rate allowance for the difference of mean intended, the
10 ’
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sum will very closely approximate to that which I say is
the exact distance at which the earth would revolve in a
perfect circle, if the sun were fixed in the center, and the
area of that circle is exactly equal to the plane of the
earth’s elliptical orbit, as she moves at present. The only
qualification to this is, that the earth has a diameter of
7912 miles, neither more nor less. But putting aside ol
qualification, to make the thing perfectly accurate, 1 say,
that the sun’s distance at the mean, as given by me, is
92,819,114+ of those parts, of which the circumference
of the earth is exactly 25,000, and its diameter 7957+.
And I say, moreover, that these are the trus parts at
which . the circumference and diameter of the earth
should be considered, according to the French standard of
measure, which takes the circumference of the earth as
one, and proceeds by decimation to fix the value of
smaller measures.

It is known, that in consequence of the elliptical form
of the earth’s orbit, she must move faster in one part of
it than in the opposite part. It is known, also, that all
observations of the sun, or any of the heavenly bodies,
taken from a position on the earth’s surface, are liable to
more or less error, from the fact, that the earth is a¢ all
t¢mes in rapid motion through her orbit, and on her axis.
Hence, if two sets of observations be taken; one, when
she is in the largest part of her orbit, and the other,
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when she is in the smallest, the errors in calculation,
arising from the earth’s motion, will be greater in one
case than in the other, because the earth moves faster in
one part of her orbit than in the other. But if the mean
distance be taken, at which the earth would revolve in a
perfect circle, having the same area. as the ellipse, and
with a perfectly equal motion, this liability to greater
error at one time than another, will be corrected. I do
not hesitate, therefore, in declaring, that the mean dis-
tance, as shown by me, is the most accurate, as well as
the most convenient, for all astronomical calculations
made from observations, even if any other distance could
be accurately determined, which it cannot b¢ by any
method adopted by astronomers, without an uncertainty
of considerably more than two millions of miles.

Having thus determined with accuracy, the mean dis-
tance from the sun, at which the earth would revolve in
a circle having the same area as the ellipse, by Kepler’s
law, that “the squares of the times are as the cubes of
the distances,” we have a correct basis on which to deter-
mine the mean distance from the sun, of every planet and
satellite in the solar system, a thing never before attained.
And the only question for astronomers to decide, is, is
my demonstration true to the operations of nature,
acc;)rding to the principles set forth in it¢? I affirm that
it is, to the smallest fraction, and challenge them to the
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disproof by any means in their power, which is not Liable
to error equal to the disagreement which they may
find !

Nore—In a series of Lectures on Astronomy, &ec.,
lately delivered at the Hope Chapel in this city, and at
Brooklyn, by a learned professor from the West, the pro-
fessor was understood to say, “that the construction of
“the heavens was ordered for the exercise of man’s rea-
“gon,—that the Creator might have made things much
“more simple, but then man would not have had scope
“for his reason. For instance,” said the professor, “the
“ Creator might have made the planets to revolve in per-
“fect circles, and then amy ome could have calculated
“ their motions.” These remarks struck me at the time as
rather singular, because it is self-evident that the unequal
motion of the planets over an ellipse, passing over equal
areas in equal times, is precisely the same thing as pass-
ing over a circle by an egual motion in exactly the same
time. And moreover, the professor must have known, if
he remembered his mathematics at all, that if the orbits
had been circles, those were precisely the things above
all others, which %e¢, at least, could not caleulats. The
benefit of popular lectures on such subjects cannot be
doubted, but the disposition of learned men to embellish
truth, and attempt to instruct the Deity on such occa-
sions, is sadly to be regretted.
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Many persons, I think, imagine, that the Quadrature
of the Circle is only a kind of mathematical puzzle, which
if ever solved, some one should at length work out by a
single proposition; and few, perhaps, will be prepared to
believe that a work so large as this has already become,
is really necessary in order to demonstrate satisfactorily
any single truth. But such persons, I think, can have
very little idea of the numerous ramifications into which
mathematical science has extended itself, and how intim-
ately it is associated, not only with every other practical
-8cience, but with every material truth in the known
world.

If the ratio of circumference to diameter had been
among the early discoveries made, and the whole super-
structure of mathematical science been built upon the
knowledge of its truth, it would then have been easy °
enough to satisfy inquiry by the demonstration of a
single proposition; but unfortunately such is not the
fact. The foundations of the science were laid without
this knowledge; and under the gumidance of multitudes
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of the most acute minds the world has produced in every
age, it has extended itself seemingly in every possible
direction, and embraced almost every possible subject,
until it must be admitted, that it is at this day, the most
perfect of all the sciences. Yet it is not perfect in any of
its branches. In geometry especially, the most beautiful
and useful of all, there is something yet lacking, and
that something lies at the foundation of all truth,—it is
the QuapRATURE oF THE CIRCLE, or a knowledge of the
exact relations between straight lines and curved lines,
which has never yet entered into the structure of the
science. The science is, I think, rightly esteemed the
most noble, most useful and most beautiful structure in
existence, the production of human intellect searching
after truth, but even this most perfect production of
intellectual labor is not yet perfect. It was begun with
a’knowledge of only a part of the truth,—without under-
standing @/ the principles which in its upward progress
to its present magnificent proportions would be brought
into practice,—and as in all such cases a want of a
knowledge of a/l the principles which were to be carried
out, has necessarily led to some error;—some of its ma-
terials are heterogeneous, and they have become mixed
and confused ;—some of its proportions are unjust, be-
cause not exactly true,—some of its parts will not match,
and the workmen have tried to make them match by
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correcti;lg their differential properties. And we all
know well enough that in architecture when we attempt
to correct a mistake in this way, instead of pulling it
down and building up again, we must go on correcting
mistakes forever,—if but one stone is out of place, it
will go on displacing others until the whole building is
marred,—it is a mathematical result that it should be so,
and no power of man can correct it without correcting
the first error. Such, then, is the condition of the struc-
‘ture of mathematical science at the present day, and to
carry out the figure, the building can never be complete.
It wants another and a chief cornerstone to rest upon,
before the cap-stone can be laid and the whole present a
finish which the Deity himself may look upon without
pity on the intelligence of his creatures. And to accom-
plish this, we must first remove all that part of the
superstructure which is out of place, and this is in fact
the thing proposed when we attempt the solution of the
Quadrature.

To supply this chief cornerstone we must go back to
the first errot, dislodge it from its foundation, and estab-
lish the truth in its place, by determining without condi-
tion or qualification the exact relations between straight

lines and curved lines; and we must then follow up the
first error, through all gradations of the received science,
and wherever it has established itself as a principle, we
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must prove such principle to be false by unmistakable
evidence, dislodge it, and take it away entirely; or
otherwise it will become the foundation of other false
principles through every gradation of an infinite series.
Such is the constitution of the human mind, and such
the force of education, that the minds of mathematical
professors are, with exceedingly rare exceptions,,f;rmed
- upon the rules of the written science, and they are unwill-
ing, and often wnable to comprehend any other. One
highly distinguished among them lately'remarked, Te
specting himself, that these ideas (meaning the received
theories of mathematical science) “had become a part
“of the furniture of his mind, and were too strongly fixed
“to allow him to consider any other.” From this cause I
have found the Professors as a body, though learned in
the received theories, to be among the least competent to
decide on any newly discovered principle. Their interest,
education, pride, prejudice, self-love and vanity, all rise in
resistance to anything which conflicts with their tenets,
or which outruns the limits of their own reasoning. So
little do they look beyond the principles inculcated by
education, and so tenaciously do they hold on to these,
that when driven from one principle they fall back upon
another, and when beaten from all, they return again. to
the first, and maintain themselves by dogged assertion,
or by charging their assailants with ignorance and a lack
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of science ; such at least I have found to be the character
of the professors, in every approach I have made to
them; and this being the case, if I would have my work
acknowledged, there must no foothold be left for them to
rest upon. I think I shall be justified by the candid
judgment of well-informed men when I say, that, in con-
sequence of this character of professors, the practical men
of the age are at least a century in advance of the
schools, in all useful scientific knowledge. I have made
these remarks as a reason and in explanation of the
necessity of following out in further minutise the errors
to which various problems in geometry are subject in
consequence of the error in the Quadrature.

In the preceding chapters I have made occasional ref-
erence to Jfacts and principles not previously demon-
strated, and which, in a work strictly mathematical,
or which was designed for practical instruction, should
have stood first, as elementary truths, on which subse-
quent demonstrations were to be based. But to have
made my preliminary demonstrations too diffuse, would,
I think, have diverted attention from the main object;
and I have therefore thought fit, under the head of an
Appendix, to demonstrate such propositions as will an-
swer to the above references and sustain the argument.

One of the facts stated as above in the course of this
work, but not previously demonstrated, is as follows:
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That “the so-called perimeter of the circumscribed
“polygon of geometers is not a circumscribed perimeter,
“but that the center of each side of the perimeter coin~_
“ cides with a part of the area of the circle, and at an

“infinite number of sides is brought 'whol&y within the
area of the circle”

The first general proposition on which geometers pro-
ceed, in approximating to the circumference of a circle, is
as follows,—that “ the circumference of a circle is greater
“than the perimeter of an inscribed polygon, and less
“than the perimeter of a circumscribed polygon, what-
“ ever may be the number of the sides.”

Nothing can be more true than this general proposi-
tion,—provided, however, that the conditions of the
proposition be fully adhered to in the demonstration.
In the fifth proposition of the first book of Playfair’s Sup-
plement to the Elements of Geometry, he demonstrates
that “the area of any circle is equal to the rectangle con-
“ tained by the semi-diameter and a straight line equal to
“half the circumference.” This proposition is also true,
and Playfair demonstrates it by an snscribed and circum-
scribed polygon ; but the conditions of the demonstration
are, that the perimeter of the circumscribed polygon lies
outside of the circle “ touching it,” and on thes condition,
and on no other, is the first above named general propo-
sition true (see prop. v., chap. ii.). It will be seen that if
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the perimeter of the circumscribed polygon ligs outside
of the circle “ touching it,” then no part of the perimeter
of such polygon can coincide with any part of the area of
the circle. My object is now to show that the line ap-
proximated by geometers as the circumference of a circle,
is a line coinciding with the greatest limit of the area of
the circle, and exactly equal to the circle, but not ¢nclos-
¥ng or containing it according to the true definition and
meaning of circumference (prop. v., chap. ii.),—that this
result is produced by bringing the so-called circum-
scribed perimeter wholly within the area of the circle,
and that consequently geometers by their method of
bisection do not adhere to the conditions of the first gen-
eral proposition, and hence their result is not true in its
application to the circumference of the circle. Therefore,

PROPOSITION I.

The line approximated by geometers as the circumfer-
ence of a circle is a line coinciding with the greatest limit
of the area of the circle, but not inclosing or containing 7¢.

I now take the eighth proposition of Playfair’s Supple-
ment to the Elements of Geometry, book i. It reads as
follows : “ The perpendicular drawn from the center of a
“circle on the chord of any arch, is a mean proportional
“between half of the radius, and the line made up of the
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“ radius qnd the perpendicular drawn from the center on
“the chord of double that arch. And the chord of the
“arch is a mean proportional between the diameter and
“a line which is the difference between the radius and
“the aforesaid perpendicular from the -center.” This
- proposition is also true in every particular in respect to
an inscribed polygon, which forever remains inseribed
within the circumference of the circle, and if it could be
carried out in bisection without any quantities, being lost
in the calculation (which it cannot be), it would con-
stanﬂy approach to a line coinciding with the greatest
limit of the area of the circle, but could never equal it, .
much less inclose it (prop. 1, chap. i.).

PLATE XXIX. In Plate XXIX,,
we have the same
diagram which
Playfair uses in his
illustration, with

t the exception that
I have added the
circumscribed line
HL. Toreducethe
proposition to its

value in numbers the proceeding runs thus.
The diameter (A B) being considered as 2, the line
D Eis the chord of one-third of the circumference; it
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bisects the radius C B, and since C B==1, therefore
C F—.5 and C F is the perpendicular from the center C
on the chord D E, and the proposition is, that “the chord
“of the arch is a mean proportional between the diam-
“eater and a line which is the difference between the
“radius and the aforesaid perpendicular from the cen-
ter.” Therefore C B—C F—F B, and F BxA B=D B?,
and vD B*=—D B, which is the chord of the arch of one~
sixth of the circumference, or double the number of
gides of D E. And in like manner he proceeds to a
greater number of sides.

Now, the circumscribed line H L, according to Play-
fair’s method, is a proportion to D B,as C B is to C G.
The chord D B is supposed by geometers to be a line
wholly withowt breadth ; consequently, it is a line, the
center of which exactly coincides with the extreme point
of the perpendicular, C G, neither one particle short of
" it, nor one particle beyond it, the point of the perpen-
dicular itself being, in fact, part of the chord; conse-
quently, the circumscribed line H L, being a proportion
to the inscribed line or chord, D B,as C B is to C G,
its center (H L) exactly coincides with the extreme
point of C G, when C G is produced equal to C B,
neither one particle short of it, nor one particle beyond
it, so that if the perpendicular C G shall have breadth
given to it, then the extreme point of C G, when pro-
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" duced equal to C B, will form part of the line H L. It
is evident, therefore, that the perimeter of Playfair and
Legendre’s so-called circumscribed polygon does not lie
outsiDE of the circle “touching it,” according to the con-
ditions of the fifth proposition, book first, of Playfair’s
Suppiement, in which he demonstrates the area of a cir-
cle, as before referred to, in this proposition ; on the con-
trary, the perimeter, at the center of each side of his so-
called circumseribed polygon, coincides with a part of
the area of the circle, and at an infinite number of sides
is brought wholly within the area -of the circle, and
therefore, does not inclose or contain it. It is evident,
also, that the condition of the first general proposition
of Playfair and Legendre, that “the circumference of a
“circle is greater than an inscribed polygon, and less
“than the circumscribed,” is not adhered to in the demon-
stration, and therefore, their result is not true by their
own showing, but is less than the truth; because the
perimeter of their so-called circumscribed polygon does
not lie outside of the circle “touching it,” according to
the required conditions; and because, as has been demon-
strated (proposition v., chapter ii.), the true circumfer-
ence of a circle is a line wholly outside of the circle,
thoroughly i;wZOMg its whole diameter, and containing
the whole area of the circle within it ; therefore, the true
circumference of a circle is greater than the so-called cir-
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cumscribed perimeter of Playfair and Legendre, at an
infinite number of sides. ZT'he proposition s therefore
demonstrated. |

A teacher of mathematics, in one of our institutions, in
answer to my second proposition, chapter i., that “the
“area of a circle is greater than the area of any polygon
“having the same circumference of the circle, whatever
“ may be the number of the sides of the polygon,” writes
me as follows :

- “You endeavor,” says he, “to prove that the polygon

“ can never equal the circle” (each having the same cir-
cumference, and being measured in the same way).
“Your reasoning on this appears to be correct; but by
“ comparing this approximation with some others that
“ are analogous, I am inclined to believe that it is not
“correct. Take, for instance, the series 4 +2 + 1 + }
“+ 141, &c. Now, this series will approach to 8, but
“can never equal 8; but embraced in an algebraic for-
“mula, it can be proved, that it does exactly equal 8,
“when the number of the terms are infinite. Let the
“geries — @ ' |

“« @pe=442+ 141+ 1+ 3 &c, to infinity:

“Thenw —4 =2+ 143+ 31+, “ 4+ 9:

“Then 20 — 8 =4 +2+14+7+1+1% «

“The last series is identical with the first, and things
“ which are equal to the same things, are equal to one
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“ another; therefore, © == 22 — 8; or 0 == 2 —o —
“8: 0r ) == — 8; or @ = 8.7

Now, this “algebraic formula” is, by the learned
teacher, called a demonstration, showing that my-second
proposition, chapter i., cannot be true! It looks, on the
face of it, almost too ridiculous to- be entitled to an
answer,—but the learning of the schools must have con-
sideration ; and besides, if this proposition be true, then
my second proposition is not true. '

I now desire the reader, therefore, to turn to the
second proposition, chapter i., and examine the demon-
stration which follows; he will see that my demonstra-
tion is purely geometrical (not algebraical) ; the result
is & necessity of the immutable laws of numbers,—the
reason of that result is palpable to the senses,—the
demonstration is therefore accepted as a self-evident
truth. Now, what is the character of the learned teach-
er's demonstration ¢ It is an algebraic formula, adopted
to prove a thing contrary to the evidence of our senses,
and contrary to the operations of numbers; for it is
admitted, that in numbers (and numbers are in them-
selves infinite), the series can never equal 8. It will be
seen, that in the treatment of this series by algebraic for-
mula, the conclusion arrived at, or rather assumed, 1is,
that an infinity = 0; but I have already promised, in
another part of this work, to show that an infinity, what-
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ever it may be, is always such, that in material things it
is capable of increase, which I shall presently do by this
same series. 'This algebraic formula, then, is called a
demonstration ; but, in point of fact, it is no demonstra-
tion at all. By a demonstration, I understand the making
known and certain, something which was before unknown
and uncertain. But the whole of the foregoing so-called
demonstration by algebraic formula, depends entirely on
~ the assumption or hypothesis—first, that infinity = 0;
and secondly, that the series does actually equal 8. But
if the assumption or hypothesis be nof ¢rue, then the
demonstration is not frus; and I say, that in this case,
the assumption is not frue,; and unless it be first proved
by numbers, the algebraic formula proves nothing but
what the contrary may be proved by the same formula.
For instance, I will say that the series 4 +2 + 1+ ;
+ 1 &c., — 9, when the number of the terms are infinite.
Let the series = a.
=442+ 141+ 1+ &e, to infinity, — 9;
Thenw — o —2+1+1+3141% “ 4+2=09;
Then 22 — z;
Or2z —9—4+241+31+31+3 ¢ “
The last series is identical with the first, and things
which are equal to the same thing, are equal to one
another; therefore, @ == 22 — 9; or 0 == 22 — @ — 9;

orQ=—a—9; ore=—09,
1
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The absurdity of calling this a demonstration, is, I
trust, manifest; yet it is the same which the learned
teacher of mathematics, in one of our public institutions,
has furnished to disprove my second proposition, chapter
i, which is purely a geometrical proposition, geometri-
cally demonstrated. And this is not the only instance
which can be found, of the absurd use in the schools, of
algebraic formula for demonstrating geometrical proposi-
tions,—there are many things thought to be demon-
strated, which will not bear criticism. One rule, how-
ever, will apply to all such; if the assumption or hy-
pothesis be true, the demonstration is true; but if these
be not true, then the demonstration is nof frue,; and
in this case, I say, it is not true, that the series 4 4 2 + 1
+ 1 41+ } &c., = 8, or that an infinity == 0, because
numbers and things are identical and inseparable, and
neither in numbers or things, is there any infinity of
division == 0.*

* The same teacher, who so learnedly attempts to refute my second
proposition, as above, writes me also in respect to my ratio of circum-
ference, that “ it is proved by trigonometry that the length of an arch
of 45° to radius == 1;" is equal to a certain series, by which they
obtain for circumference 3.1415926-}-, and hence, he thinks that my
ratio cannot be true. And this method, he says, “is entirely independ-
ent of the method of Buclid.” He would thus argue, it seems, that trigo-
nometry and geometry are two things; and hence the result by what

he pleases to call trigonometry, is independent of the result by the geo-
metrical method !! a most potent argument, to be sure, But I trust
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The term infinite,” or “infinity,” is one often used in
mathematics, but no explicit or satisfactory definition has
ever been given to it. An infinity, in its fullest sense,
whether of magnitude or minuteness, is an incomprehen-
sible term,—no mathematician ever did, or ever can
understand it. To suit their own purposes of reasoning,
however, mathematicians have assumed that an infinity,
or a thing infinitely diminished, equals 0, and therefore,
throw it away, as having no appreciable value. Of the
error of this course, I have already given an example, in
the remarks following proposition 1v., chapter i. No
schoolboy’s mind was probably ever satisfied with this
throwing away of infinity, untily by instruction and
habit, he has at length reached the full grown prejudice
of his teachers; for he sees, that they are sometimes
obliged to reverse the case, and then they endeavor to
prove that nothing may equal something ! ! If an infinity
it will require no argument to prove that the principles ‘made use of in
trigonometry to determine the series, being based only on the proper-
ties of straight lines, are precisely the same, and involve the same error
as Euclid’s method, and therefore, come to the same result. If the
method, by a fluxionary series deduced from trigonometry, is right,
then Euclid’s method is right also, because they come to the same
result. But Euclid’s method has been proved to be wrong, and to be
less than the truth ; therefore, the series proved by trigonometry is also
wrong. In fact, all such series are nothing but approximations ; there

is not a single absolute truth in the whole range of them; the very
pame of an infinite series signifies something which never can be

equalled.
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be really nothing, the term cannot be applied to material
things, nor can we reason on the two (finity and infinity),
or from one to the other, with the slightest ground of
truth for a basis. Therefore—

PROPOSITION II.

An infinity in minutoness is olways such, that it is
capable of increase ; thergfore, in material things, an in-
Jinaty equals one ultimate particle of maitter, such, that in
the nature of the material or thing under consideration, it
cammot be less.

I propose to demonstrate this second proposition by
the series 4 +2 + 1+ 1 + 1 + § &c., and I say that
this series, infinitely extended, equals 8, minus one infin-
4y, or minus one ultimate particle of matter, such that, in
the nature of the matter or thing considered, it cannot be
less. The demonstration is by numbers, and it proceeds
upon the supposition, that the so-called infinity of mathe-
matics is a point of division deyond the power of num-
bers ; therefore, 4 +2 + 1 + 0.5 4+ 025 + 0.125 +
0.0625 — 7.9875. I have here carried the division to
onesixteenth only, and it is seen that the sum of the
whole is deficient of 8, one part of the last division, and
in order to make the sum of the whole equal 8, the last
addition must be %, instead of 1% ; and the same is seen
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to be the case, to whatever point in numbers the division
may be carried,—two parts of the last division must be
added, to make the sum of the whole equal 8; therefore,
let the number of divisions be the greatest possible;
then, because the number of the terms or divisions is the
greatest possible, and two parts of the last division are
necessary to be added, in order to ‘make the series equal
__ 8, and by the addition of one part only, an equal part is
_ left; therefore, the part left is infinity, which numbers
cannot divide; hence, it is evident that numbers them-
\éélves are infinite,—hence the divisions of numbers equal
infinity,—hence an infinity equals the greatest possible
divisions of numbers,—hence an infinity equals one part
of the greatest possible division of any magnitude—hence
also, by reciprocity, in the above series, an infinity is
such, that by constant doubling, it shall amount to 4;
therefore, an infinity is such, that it is capadle of in-
crease. The proposition is therefore demonstrated.

It will be seen, from the above demonstration, that be-
cause numbers themselves are thus proved to be infinite,
as, indeed, our own perceptlons tell us they are, and be-
cause the series 4 + 2 + 1 &c., can never be made to
equal 8 by numbers, therefore, the assumption that the
series does actually equal 8, or that an infinity — 0, is
absurd, and any demonstration by algebraic formula, to
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the effect that they do, is a pure assumption, contra-
dictory of evidence, and is therefore absolute nonsense.
The general idea which we get of magnitude in the
abstract is, that it is something which entirely fills a def-
inite portion of space. Now if we suppose any definite
portion of space to be divided first into two ‘equal parts,
then four, then eight, and so on to snfinity, it is evident
that the sum of all the parts into which the space is
divided is equal to the whole, and one part equals infin-
ity, but if we suppose that infinity == 0, then each part
=~ 0, and the whole space is annihilated, which is absurd ;
because although we cannot say with certainty that
matter cannot be annihilated, we do say and know with
certainty that blank and abstract space cannot be anni-
hilated. It is evident, therefore, that doth mumbers and
space are infinitely divisible, and no minuteness can an-
nihilate either. ~But material things, or magnitudes
developed to the senses, are governed by laws which the
existence of gpacs or magnitude in the abstract does not
involve. Such developed magnitudes, as for example,
those composed of metals, of wood, water, earth, &c., do
not always, and I think never, fill all the space within
their boundaries. Their parts may be united by cohe-
sion, but the lines which separate their parts, though
infinitely diminished are 'not annihilated. @And the
bodies are filled with porosities which allow of the exist-
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ence of other material elements of nature within them, as
air, moisture, light, heat, electricity, &e. We know also,
that all material or developed magnitudes are formed
from original elements which had a separate atomic exist-
ence, and which have become united by their affinity,
and hence they may be so divided that they cannot be
divided amy further without resolving themselves into
their original elements, or when so divided they may
perhaps, by forming new affinities, take some new form
of existence, by which they may appear to be annihi-
lated; and this we know is the process of nature, by
which all material things are subjected to decay and
_renewal; but there is no such law governing space or
magnitude in the abstract, which is sn‘bject to no decay
or renewal. Therefore it is evident that in material
things magnitudes are mot infinitely divisible in the
" fallest sense of the term Infinity. I would, therefore,
define the term infinity in its application to material
things (of which alone we are cognizant) in a limited
sense, and say that an infinity is one ultimate particle of
whatever material or thing we are considering, such that
it cannot be divided again without resolving itself into
its original elements, and therefore such that it cannot be
. loss.
This, I think, is the only comprehensible meaning
which can be given to the term “ infinity ” in its relation
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to matter, and if we reason from things which are ¢ncom-
préhensible, we reason of things which we know nothing
about, and must fall into error. If we apply the term
infinity in its fullest sense to material things, it will
result, that a drop of water may be divided just as many
times as a square foot or an ocean of water, and we shall
have one infinity greater than another infinity of the
same thing, which is absurd. But if we apply the term
as I have defined it, then no infinity can ewist which is
greater than another infinity of the same thing, and a
most important truth is brought within comprehensible
limits.

I have made these remarks concerning infinity, as
being applicable to the propositions which follow, and to
the difference between a line coinciding with the greatest
limit of the area of any circle, and a line “nclosing the
same circle, which is infinity, in the sense in which I
have defined it.

I shall here lay down as axioms certain truths which
have been proved.

First. The circumference of a circle is a line outside
of the circle thoroughly inclosing it, and of itself forms no
part of the area of the circle. (Prop. v., chap. ii.)

Second. The line approximated by geometers, if it
could be correctly determined, is a line coinciding with



APPENDIX. 165

the greatest limit of the area of the circle, but not inclos-
ing it. (Prop. 1., Appendix.)

Third. The line approximated by geometers is con-
sequently the circumference of a circle whose diameter is
less than one in its relative value to the area of a circle.
(Prop. 1, m., and 1v., chap. i, and prop. 1, Appendix.)

Fourth. The difference between a line coinciding
with the greatest limit of the area of any circle and a
line inclosing the same circle, is an infinity, such that it
cannot be less. (Prop. m., Appendix.)

Fifth. In material things an infinity equals one ulti-
mate particle of whatever material or thing is under
consideration, such that it cannot be less. (Prop. m., Ap-
pendix.) .

Siwth. An infinity is a value, such that it is always
capable of increase. (Prop. m., Appendix.)

I now propose to show, that by the method of geom-
eters, the omission of the difference between the radius
of a line covnciding with the greatest limit of the area of
any circle and the radius of a line ¢nclosing the same
circle, being an infinity, the value of such infinity is in-
creased in the process of bisection, so that it shall always
equal one or more in the sixth decimal place at some
great number of sides of a polygon; and may be in-
creased, so that it shall equal circumference itself.

It will be seen that if the radius of the inscribed line,



166 | APPENDIX,

or line coinciding - with the greatest limit of the area of
‘_ thé clrcle sha.ll equal ﬁ/n/Wy then becanse the difference
between the inscribed and circumscribed lines equals on-
Jinity, therefore the radius of the circumscribed line
equals infinity added to finity. Thevefore let finity—F,
and let infinity added to finity =L F.*

PROPOSITION IIL.

The value of that infinity which s the difference be-
tween the inscribed and circumscribed lines (awiom 4th),
and which is omitied by geometers, is increased in the pro-
cess of bisection of a circumference, so that at soms great
number of sides of a polygon it will always equal one or
more in the siwth decimal place, and may be vnoreased,
unitil it shall equal circumyference vtself.-

I now take Playfair's eighth proposition, first book, of
the Supplement to the Elements of Geometry, in which
he bisects a circamference to 6144 sides of a polygon.

* In examining this proposition, we cannot do better than to place a
glass of water before us, and supposing the tumbler to be & perfect
" cylinder, let us then suppose the radius of the greatest possible line
coinciding with the water ==F, and the radius of the least possible line
coinciding with the interior of the tumbler ==I F, which last is the cir-
cumference of the circle, .
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Let the radius C B PLATE XXX.

(Plate XXX.) equal »

one of thirteen deci-

mal places, that is, C

B—1.0000000000000,

then let C G equal the 4 B

perpendicular on the

chord of the arch of

6144 sides, then C G

—.9999998692723 4

then C B—C G—G P, and G PxA B—D P* and vD
P*—D P, which is the chord of the arch of 12288 sides.
Now let F (finity) equal radins —C B—1.0000000000000,
then F—C G—G P, and G P is seen to equal 1307277—
as follows:

F—1.0000000000000
C G— .9999998692723+
G P— 1807277—
Now let an infinity, such as I have defined it, equal one
in the thirteenth decimal place, then I F' (infinity added
to finity) =—1.0000000000001.—then I F—C G—G P
and G P is seen to equal 1307278—as follows: '
I F=—1.0000000000001
C G— .9999998692723
G P— 1807278—
It is seen that while radius (F and I F) are lines of
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JSourteon figures, or a left hand unit and thérteen decimal
places, G P is a line of only soven figures, or a left hand
unit and s decimal places, and G P—I F—C G is seen
to be greater by one in the sirth decimal place than
G P—F—C G, and because G Px A B—D P* and
vDP*—=D P, and D Px12288 (the number of sides of
the polygon) gives the circumference, therefore G P—
I F—C G will give a circumference ‘greater in the sizth
decimal, place than G P—F—C G, viz,, G P—F—CGxA B
at 12288 sides of a polygon will give a circumference
—3.1415925-+, which is less than geometer’s ratio, and
G P—IF—G Gx A B will give 8.1415948+which is
greater than my ratio. It is evident, therefore, that if
that infinity which is equal to the essential difference in
the properties of straight lines and curved lines, and
which is consequently equal to the difforence between a
line coinciding with the greatest limit of the area of any
circle, and a line #nclosing the same circle, shall equal
one in the thirteenth decimal place of any line of figures,
the omission of the value of that infinity, will, in the pro-
_ cess of bisection, to 12288 sides of a polygon, be an error
in the sixth decimal place of circumference.

Again, let F (finity) equal one of 16 decimal places or
1.0000000000000000, and let infinity equal one at the
sixteenth decimal place, then I F (infinity added to
finity) ——1.0000000000000001. Now let the circum-
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ference be bisected fifteen times, this will give an in-
scribed polygon of 196608 sides, then let C G equal the
perpendicular on the chord of the arch of 196608 sides
of an inscribed polygon, then C G=—.9999999998723363+
and F—C G is again seen to be a line of only seven
figures, or a unit with six decimal places, and I F—C G
is also again seen to be greater by one in the sixth deci-
mal place than F—C G, and at 398216 sides of a poly-
gon, an infinity which had a value of only one in the six-
" teenth decimal place, is increased in value in the process
of bisection, so that it becomes one or more in the sixth .
decimal place of circumference. The error of geom-
eters is here palpable—it does not even require the calcu-
lation to be made in order to demonstrate it,—the num-
ber of figures left when C G is deducted from F' is alone
sufficient to show at what point the periﬁleter of the
polygon found, is less than the true circumference of the
circle; and it is perfectly obvious, that this error arises
from mechanical causes perceptible to our senses; and
from an inherent property of numbers which cannot be
obviated by any method of geometers. It is not a defect
* or discrepancy of numbers, but it is the perfection of
their power, and: is easily understood to have its origin in
. the essential difference in the properties of straight lines
and curved lines. It is perfectly obvious also, from the
examples given, that if we could go on with the process of
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bisection until the perpendicular on the chord of the arch
should equal radius, the error arising from an infinity
omitted at the first, would then equal circumference
itself. It is equally obvious, that at whatever point in a
line of figures we may place the value of infinity by hy-
pothesis, whether at the sixteenth, twenty-fifth, fiftieth or
even at 1000 decimal places from unit, by the process of
bisection the value bf such infinity will be increased, so
that at some great number of sides it will equal one in
the sixth decimal place, and finally equal circumference
itself. I do not say that one in the sixteenth, twenty-fifth
or any other particular decimal place s an infinity ; but
if a little estimate be made of its value, we may form
some conception, whether it may, or may not, be an
infinity, according to my definition of the term.

A difference which equals one in the sixteenth decimal
place, is such, that if the magnitudes be miles, it is less
than one hair's breadth in the distance from our earth to
the sun! and it is less than the fowr-thousandth part of
one hair's breadth in the circumference of our earth!
‘Whether such a difference is equal to an infinity in the
surface of a glass of water (to which I have requested
reference in a note to this proposition; also in a note to
proposition v., chapter ii.), or, in other words, equal to
one particle of water in its least possible natural divi-
sion, and hence equal to the difference between the
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greatest possible line coinciding with the water, and the
least possible line coinciding with the interior of the
tumbler inclosing the water, I leave to the decision of -
those whose perceptions and judgments are more acute
than mine.

The principle shown in the examples given, is a clear
one, and proves conclusively, that if the ocean were
spread out in a circle, and the difference between a line
cotnciding with its utmost limit, ayd a line ¢nclosing it,
should be of the value of one particle of water in its least
possible natural division, the omission of that value
would, in the process of bisection by geometer’s method,
at some great number of sides of a polygon, become of
the value of one or more in the sixth decimal place of
circumference, and finally equal circumference itself.

T'he proposition 1s therefore demonstrated.

Having completely demonstrated in the six proposi-
tions of chapter i, that there is an essential difference in
the properties of straight lines and curved lines, which
has been entirely overlooked by geometers,—having
proved, also, in the fifth proposition, chapter ii.,, that the
circumference of a circle is a line outsids of the circle,
thoroughly inclosing it,—in the first proposition of this
Appendix, that the line approximated by geometers is a
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line coinciding with the greatest limit of the area of the
circle, but not ¢nclosing it,—and by the last proposition,
that the method of geometers is such, that by the differ-
ence in value between these two lines, they are liable to
an error in the sixth decimal place (the point at which
their ratio differs from mine): It would seem as if all
these demonstrations were sufficiently conclusive, and
that no prdfessor of mathematics would, hereafter, object
to my ratio of circumference and diameter, on the ground
that “it differs from their approximation, in the sixth
“decimal place,” unless he can first disprove all these
demonstrations, by some other means than by assuming
to be true, just what has here been proved to be false, a
very common way of repelling truth, and then dignify-
ing it with the name of argument. But I have no idea
that professors will so easily surrender the point. It is
a part of human nature, that men who are joined to
their idols will never let them go,—neither will zhgy.
As I have said in the introduction to this Appendix, “if ‘
“driven from one principle, they will fall back upon
“another; and if beaten from all, they will return again
“ to the first;” and all we can do, is, to reduce them to
this necessity, and there leave them.

In the last demonstration, I have introduced, in a note,
for illustration, the natural lines which are seen in a glass
of water, to show the difference between a line coinciding
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with, and a line ¢nclosing the circle. It will be asserted,
no doubt, as an objection to the truth shown in the last
demonstration, that these two lines (the line of the
water, and the line of the tumbler) meet at a line with-
out breadth, which is the common boundary of both, and
which they hence assume to be the common measure of
both ; in other words, that because the water and the
tumbler are said to touch each other, that they are there-
fore equal. 'We must, therefore, anticipate their resort,
and take away the subterfuge, before they turn to it. If
they would make this objection, and abide by the prin-
ciples it involves, it would be quite sufficient for my pur-
pose, for thereby, they would admit that the circumfer-
ence of the circle is a line outside of it, and it is then
easily shown, that the difference between this line, and
that which they measure, is that infinity for which I con-
tend, and the omission of its value lays them liable to an
error in the sixth decimal place. But they will not abide
in argument, even by the principles of their own objec-
tions, because it is not their purpose to find the truth, but
only to object, lest in finding the truth, they should be
found in error. I shall, therefore, treat the subject on its
true merits, and show that no curved line, or line of cir-
cumference, can be, at the same time, the common boun-
dary, and the common measure, of its two sides.

Before proceedir;%' to demonstrate this principle, I

1
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shall here again lay down as axioms, certain truths,
which have been proved, or are self-evident.

First. Space is infinitely divisible. (Proposition m.,
Appendix.)

Second. Any imaginary line (not a material line),
which shall have breadth, is equal to the same portion of

spaee.

Third. Any such imaginary line is, therefore, infinitely
divisible.

Fourth. Any such imaginary line may, tﬁerefore, be
divided, until each part or division is less than any mag-
nitude which is, or can be, developed to our senses.*

* Theoretic men have a science, which they call the “ science of van-
ishing quantities,” and which, I think, has some affinity to this idea of
the existence of magnitude in the abstract, beyond the means of devel-
opment by any magnifying power. 1 know nothing about it,—I only
know that they have such a science, by which they assume to prove
that a thing may be annihilated, and yet continue to exist. I can well
understand how abstract space or magnitude may be diminished, until
it is entirely beyond our perceptions by any aid which we can control.
And I can well understand how a developed magnitude may, by some
process of nature, become so divided, as to return to its original ele-
ments; or, by forming some new affinities, pass to some new form of
existence, and be seemingly destroyed. But I cannot understand how
a thing can exist, and yet not exist at the same time. The thought
appears to me to have its origin in the same class of abstract absurdi-
ties, which calls an infinity “nothing,” and then, as occasion may
require, seeks to prove that nothing equals something. If asked my
opinion, what is the limit of developed magnitudes, I would answer,
that, so far as I am able to reason, without much reflection on the sub-
ject, the atmosphere we breathe, seems to be the boundary line. Being



APPENDIX. 175

Fifth. At whatever point the division of such a line
may be arrested, because the sum of all the parts is equal
to the whole; therefore, each part must have breadth,
though the breadth of each part may be such, that no
conceivable number of them would form a developed
magnitude.

Siath. One line cannot occupy two places at the same
time; neither can two lines be in one and the same
place, at the same time.

Seventh. Two lines without breadth, cannot exist with

no breadth between them.
 Highth. The existence of shape signifies limit ; hence,
no shape can exist without a boundary line definitely
located, which forms no part of the shape itself, which
boundary is its circumference. '

PROPOSITION IV.

No two lines lying in the same plame, parallel to each
other, and between two other straight lines, which are at

the medium of light which discloses magnitude, it cannot, itself, be
developed to the senses. We can feel its mass, by its own motion, or
its resistance to motion ; but we can neither see, nor feel, its separate
particles, though convinced of its existence in that form, by the evi-
dence of its motion. I should infer, from these facts, that particles less
than those of the atmosphere, cannot be made perceptible to our
senses; and that particles greater than those of the atmosphere, are
within the scope of possible development.
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an angle to each other, can possibly coincide, and be equal,
axvcept they shall becoms one and the same line.

PLATE XXXI.

Now, let A and B (Plate XXXI.) be two straight
lines, at an angle to each other. They are seen to meet
at the point P, therefore, P may be supposed to be the
center of a circle. Now, let C and D be two other lines
parallel to each other, lying in the same plane, between
A and B, and at any angle to A or B. It is seen that C
and D are not equal; that which is farthest from the
center, P (C), being greatest, and that which is nearest
the center, P (D), being least ; and because one is greater,
than the other, therefore, if brought together, they can-
not covncide, but vn part,; and if either C or D be divided
through the center, lengthwise, in halves, the halves can-
not coincide ; and if they be divided thus, to infinity, no
one part of either C or D can coincide with any other
part, because no one part of such division is equal to any
other part,—that which is farthest from the center P
being greatest, and that which is nearest the center P
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being least. So also with E and F, or G and H, and if
either be divided to infinity, none of the parts so divided
can coincide with any other part, because no one part of
such division is equal to any other part, but each part
coincides with, and is equal to itself only. Z'he propost-
tion 18 therefore demonstrated.

PROPOSITION V.

AU lines which have a fiwed and definits locality, must
hawe breadth, whether they be lines of circumference, or
lines of division.

PLATE XXXII.

Let A and B (Plate XXXIL) be two straight lines at
an angle to each other as in the fourth proposition, and
meeting at the point P, which is supposed to be the cen-
ter of a circle. Let A and B form two sides of a devel-
oped magnitude equal to M, and let N and O be two
divisions of that magnitude. Now let an imaginary line
supposed to be without breadth fall on M dividing it
into two parts as at C D. It is known that every part
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of M which is nearer to the center P than such imagin-
ary line, will fall on the inside (O), and every part of M
which is farther from the center P than such imaginary
line will fall on the outside (N), therefore (proposition
1v.), every part of N parallel to C D is greater than any
part of O parallel to CD. And because every part of N
is farther from the center P than any part of O, there-
fore the line C D being a line of division has breadth,
however we may have imagined it, though such breadth
may be a less portion of space than any separate existing
portion of the material or thing divided. 7'he proposi-
tion is therefore demonstrated.

From the demonstration of the last two propositions
and their preceding axioms these necessary deductions
follow :

First. In the illustration of the glass of water, the
water and the tumbler being two materials which cannot
mingle, they therefore occupy two places, and (axiom
6th) “one line cannot occupy two places at the same
“time,” therefore the lines conciding with each (the
water and the tumbler) are not one and the same line.
And (axiom 7th) “two lines without breadth cannot
“ exist with no breadth between them,” therefore the line
between the water and the tumbler has breadth, though
such breadth is evidently less than one particle of water
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in its least possible natural division (see Note to prop.
v., chap. ii.). ‘ -

Secondly. Hvery part of the tumbler is farther from
the center than any.part of the water, hence (prop. 1v.)
the line of the tumbler is greater than the line of the
water, therefore a line between them being greatér than
the inside and less than the outside, cannot be the com-
mon measure of both its sides,—it must be assumed as the
measure of one or the other of its sides, but not of both,
and in this particular it differs essentially from a straight
line. It is the common boundary of both its sides only,
as it limits exfension from the center outward, and dimin-
ution fowards the center inward, which are opposite qual-
ities. ~From the mere fact of its being the common
boundary, it cannot therefore be the common measure of
extension on both its sides.

Third. 'The line between the water and the tumbler
being a line of division which separates all parts of the
water from all parts of the tumbler, leaving one wholly
‘inside and the other wholly outside, therefore (proposi-
tion v.) that line has breadth, and being defined and
considered as having breadth, therefore when we say
that the circumference of the water is the least possible
line of the tumbler, we mean of course, that line which
limits the démsnution of the interior of the tumbler Zo-
ward the center, and which limits the ewtension of the
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surface of the water from the center, and is the common
boundary of both, but not the common measure of erten-
sion in both. But if the line between the water and the
tumbler be defined and considered as having no dreadth,
then the line which would limit the extension of the
water would be a line coinciding with the tumbler and
not interior to it, and the line which would himit the
diminution of the tumbler toward the center would be a
line coinciding with the water and not outside of it.
And because the circumference of a circle is a line out-
side of the circle thoroughly inclosing it (prop. v., chap.
ii.), therefore if the definition of a line shall be that it
has no breadth, then the circumference of the water is a
line coinciding with a part of the tumbler. But if the
definition of a line shall be such that all lines which are
lines of division and have a fixed and defined locality
hawe breadth, though such breadth may be infinitely dim-
inished (axioms 3th, 4th, and 5th), then the line between
the water and the tumbler, having breadth, and being
wholly outside of the water, is the circumference of the’
circle, and it is evident (axiom 8th) that no circle can
exist in nature which has not a fixed boundary or line of
circumference which separates it from all surrounding
things. These differences which grow out of the defini-
tion of a line require to be carefully considered.

Fourth. It is self-evident that contact is not union,
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" and it is a mathematical error to consider them as
ong. 'Therefore if two magnitudes be separated by any
given line or space between them, and if they are then

brought together until they are in contact or seem to

touch each other, the line or space between them is only
divided or diminished—it is not annihilated. And be-
cause space is infinitely divisible (axiom 1st and prop.
1), therefore it may be infinitely diminished, but it can
never be annihilated unless the two sides shall become
one, which is impossible. They may approach so closely
as to exclude all other matter and cohesion may take
place by affinity of the parts, but the lines of contact or
cohesion are still in existence, terminating the boundaries
of the two sides, and hence there is space between them,
and if not, then space is not infinitely divisible. Hence
the water and the tumbler being wholly distinct and un-
mingled there is space or breadth of line between them,
though such breadth is evidently diminished until it is
less than one particle of water in its least possible nat-
ural division. .

The foregoing demonstrations and the deductions from

them, naturally lead to some few remarks respecting the

properties of numbers, and of magnitudes, with the math-
ematical definitions of & line, and a point, and their
application in geometry. !

I will not undertake to say, that because it is proved

/
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that all lines having a fixed and definite locality have
breadth also, that under the circumstances, it is abso-
lutely necessary in all cases to change the mathematical
definition of a line or a point; but I do say, that to
_regard these definitions, in their abstract, arbitrary, and
limited signification as essential to truth, is wholly wn-
. haosssary.

Nature will work in her own way in spite of our defini-
tions, and if in geometry we work according to nature’s
truth, the result will be correct, whether we define lines
as having breadth or no breadth.

The science of mathematics in the most universal sense
in which the term can be applied, is, I think, the science
of numbers, which have infinite capacity, both as to nota-
tion and enumeration.

Algebra means nothing, or it may mean either one
thing or another, as suits the fancy of him who works in
it, until its results are reduced to numbers; and then
there is no value in the universe, either simple, com-
pound, or relative, which some notation, enumeration,
or relative fraction of numbers is not capable of express-
ing. A little examination into the character of numbers,
will, I think, be sufficient to convince us of this truth.
And what are numbers? Have we any definite ideas of
their nature, capacities, origin, or end? Are they a crea-
tion of Grod, existing by his power independent of other



APPENDIX. ’ 183

things ¢ or are they simply the result of a previous neces-
sity which the order of creation only fulfills, and which
" hence follow as a mere consequence of the perceptions
with which the Creator has endowed our minds? I am
compe]led to think the latter, and hence whether in the
material or immaterial world, to our perceptions, num-
bers and existences are identical and inseparable. Before
creation began then, numbers had no existence, except -
in the infinite eternal ONE. But when the first particle
of oﬁgina.l matter was brought into being it constituted
the finite one, and the second particle #wo, and finite and
progressive numbers then had their beginning, and have
ever since, with every succeeding production, been mov-
ing forward towards the mnriNrrE. But our notation of
decimal numbers, is only one of the forms which nature
employs for herself; and it is because they are one of the
forms which nature employs for herself, which gives them
their power, accuracy and clearness; hence decimal num-
bers will be found to have an important part in the order
of created things. But nature also employs other forms
or notations of numbers besides decimals, and whenever
she does 8o, decimal numbers are not accurate, or rather
they have not the power to tell us the exact truth with-
out the loss of some fraction or remainder.
‘We know very well that all notations of numbers
must have their beginning in one, which is less, and their
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end in one, which is greater; thus when we say “one
“thousand,” we simply mean a thousand ones, or if we
consider it in its unity, we mean ong, a thousand times
greater. than the original one. Hence it is plainly
seen that when the first original particles of matter were
collected together and moulded into shape,—when our
earth assumed her opaque body, and when the first star
sprang into existence, it was nothing else but a following
out of the progression of numbers from an original crea-
tion of one less, to the accumulation of one greater. At
least such is the only understanding which our percep-
tions can give us of the order of production in created
things: and it appears to me, that in material things,
truth is nothing more than the perfect agreement be-
tween nature and our perceptions, and error is their dis-
agreement. Hence if we had been differently endowed,
natural truth might have been to us quite another thing,
and to our minds numbers might not have been what

they now are. |
If then this agreement between the order of produc-
tion in nature and our natural perceptions de truth, then
it is self-evident,. that there exists not in the wide
universe, a aingle particle of matter, or combination of
particles into shapes or things, which numbers have not
" told out with unerring exactness ; and what numbers
ace, they can do again. It is evident, there-



APPENDIX. 185

fore, that in the material world, numbers and things,
. that is, shapes and magnitudes, are identical and insep-
arable, and we cannot comprehend one without the
other, therefore, numbers are the legitimate medium of
determining mathematical truth, and no solution can be
__complete until it is reduced to numbers It is an error,
therefore, of mathematicians, to give to numbers the
__inferior place in mathematical seience. :
. The science of geometry, as a part of mathematics,
is generally defined as the science of measure, or of
quantity ; but I think this definition is too limited, and
that it may, with greater justice, be termed the science
of perfect mechanics, by which all forms and proportions
are produced, as well as measured, and their relative pro-
perties and values determined. If, for example, we
would make any shape or form out of brass or other
material, in order that its proportions may be as nearly
accurate as possible, we must first produce it geometri-
cally, and then make one from brass, as near like the
geometrical form produced, as we can. The first is,
then, in principle, a perfect form, according to nature’s
working ; but the second is only an imitation, and is
imperfect, by reason of our inability to measure or detect
so small a quantity of matter as ome original particle,
which is the only perfect standard of measure ; and if the
form of brass shall differ from the true geometrical form
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but one particle, it is imperfect. The first is an operation of
geometry, and is nature’s work ; the second is a mechani-
cal operation, and is the work of the artisan. The first is
the development of the pure principles which govern the
form; the second is only the labor of the workman with
his tools. If) therefore, we separate geometry from me-
chanics, we leave the latter without a science, and
degrade the mechanic arts to the character of a blind
imitation, without rule or principle. The really scien-
tific mechanic is one who constructs his work aécording
to geometrical principles, and the only difference between
his work and his principles is, that his principles are per-
fect, being according to nature’s laws, but his work is
imperfect, from lack of skill to make it more perfect.
‘The power of mechanics is altogether constructive, it is
not creative ; she can fashion things, but she cannot make
them,—we must first furnish her with materials, and she
will then mould them; and being furnished with the
necessary parts of things, she can put them together.
So, also, with geometry ; she can create nothing,—all her
powers are constructive, only; she finds all her propor-
tions in magnitudes and forms, and we have seen that
numbers and magnitudes, or forms, are inseparable.
These, then (numbers and magnitudes), are the materi-
als of geometry, and until she is furnished with these,
she can do nothing. Let it be required of geometry to
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produce a hexagon, and she requires you to furnish her
with six equilateral triangles, and placing them together,
shows you a hexagon ; and in producing this hexagon, ge-
ometry has done no more than mechanically to construct
a form out of other forms, and build up & magnitude out
of lesser magnitudes ; and this is the limit of her power,
because she can create nothing. If you now require to
know the value of this hexagon, in proportion to other
* shapes, decimal numbers will tell you that each side of
the hexagon being one, its value in proportion to the equi-
lateral triangle of an equal side is s#, and in propor-
‘tion to the square, it is the square root of 6.75. If, in
this last, you wish for any more definite expression than
square root, decimal numbers will tell you to go and
acquaint yourself with some other notation, besides deci-
mals, which can give the needed fraction, or otherwise
to sit down in ignorance. Now, let it be required of
geometry to produce a form without the use of magni-
tudes, and she tells you that she can do no such thing,
that form and magnitudé are inseparable ideas,—that
all shapes and forms have both extension and limit, and
are, therefore, finite,—that she deals in finite magni-
tudes, and nothing else,—that abstract space is ‘nfinite,
and if she ever considers space, she considers it only in
finite portions, and in reference to some developed mag-
nitude having the same boundaries; hence, if geometry
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be required to measure any portion of space, she demands
to be furnished with some magnitude as a standard of
measure, or otherwise she cannot do it.

Let it be required of geometry to give a fixed and defi-
nite locality to a line without breadth, or to a point in
space, without magnitude, and she will tell you that lo-
calltyl place, and position, are all of the 8&11'16 import, and
all of them mean a portion of space;—that there can be
no division of space equal nothing (see page 158); and,
therefore, there can be no locality, place or position,
without .I-nagnitude ; and hence, your line without
breadth, and position without magnitude, are fallacies,
both in nature and mechanics, and therefore, beyond her
power.

Ask geometry to measure a form by a line .without
breadth, and if you please, let the form be a hexagon of
uncertain size. Geometry at once answers you, that a
line without breadth has no existence, and if you furnish
her with no other materials she cannot do it,—that mag-'
nitude is only magnitude by comparison with some
standard of measure, and hence things can only be meas-
ured by comparison with other things, and therefore, it
is out of her power to measure something, by comparing
it with nothing. Even a standard of measure (an arti-
ficial standard) is without meaning, only, as it refers to
some other standard ; as, for example, a carpenter’s foot-
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rule is without expression as to quantity, only as we
mentally refer the rule to the foot. When we measure a
thing, therefore, we do nothing but simply determine
its Quantity, in its relation to some other quantity al-
ready determined ; how, then, can relative quantity be
determined, by comparing any quantity with itself, or by
comparing, it with no quantity? But furnish geometry
with a positive magnitude, which shall be her standard

‘of measure, and which she can apply to any part of the
hexagon, and then knowing what the form is, numbers
will perform the rest, and you may imagine your line to
be just what you please—as having breadth, or no
breadth, it is all the same to geometry. Having deter-
mined the extension of the form in one direction, by a
positive magnitude, or line with breadth, and knowing
what the form is, geometry can now determine its exten-
sion in all directions, from any point, and the result will
be correct, and geometry is satisfied ; but without the
help of this positive magnitude, you could never have
known anything of the value of the hexagon.

And now if there be anything in the world to person-
ate common sense, I would ask, has geometry measured
this hexagon by a line with breadth or by one without
breadth? Certainly by one with dreadth, will be the
answer, and by no other means did geometry ever yet

measure anything? It seems therefore that geometry
. 13 :
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can do nothing with a line without breadth independently
and alone—you must first furnish her with a line with
breadth, with which to measure the imaginary one with-
out breadth, before she can proceed one step in her work
towards determining the quantity of any figure. In
proposition v. (this Appendix) I have shown that in
dividing any material or developed magnitude, geometry
does it by a line with breadth, and it has been shown
also, that such a line may exist, and yet be less than any
portion of the material magnitude divided. Let us now
gsee what sort of a line geometers do actually use in
dividing a magnitude. Let the magnitude to be divided
‘be a plate of gold one inch square, and to be divided
equally. 'We know that gold is constituted of original
particles, because it can be dissolved or dispersed and
. its particles collected together again and deposited in a
new place, the particles cohering as before; therefore let
the plate to be divided be of the imaginary thickness of
one original particle of gold. The principles of geom-
etry fix the line where it is to be divided with perfect
accuracy, so that just as many particles shall lie on one
side of the line as on the other. But the geometer not
being able to locate, to perceive, or to understand the
exact place of his imaginary line without breadth, in
order to aid this deficiency of his perceptions, he draws a
line with breadth across the face of the plate of gold at
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the points indicated by geometry ; and knowing that this

ine by its breadth covers a pdrtion of the gold, he pro-
ceeds mentally to diminish the line towards the center,
until its breadth is less than any portion of the gold, or
in other words, until its breadth is equal to the lines of
cohesion which unite the particles of gold. And the
magnitude or plate of gold is thus mentally divided,
without the loss of any portion of its quantity; and .
because the line of contact or cohesion of the particles of
gold has two sides, leaving all the particles of one half
on one side of it, and all the particles of the other half
on the other side, it therefore has breadth, though such
breadth is diminished, until it is less than one particle of
gold, and less than any of our perceptions of quantity.
The particles of gold do nof, by their cohesion, unite, to
become one and the same,—they simply approach each
other within a distance, such as to exclude all grosser
matter, while each particle of gold remains as before
distinct from the other.

And now I think that no geometer who is capable of
examining the nature and extent of his own perceptions,
will tell me, that in dividing any magnitude geometri-
cally, he has ever made use of a line mentally or phys
ically, in any other way than just as I have described
above; and if so, then no geometer has ever yet (except
in name) used a line without breadth in dividing any
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magnitude. As an evidence of the truth of this conclu-
gion, we need only make the attempt, mentally, to fix
the position of a point without magnitude, or the local-
ity of a line without breadth; as we diminish toward
the center, our very thought expires with the expiring
magnitude, and we have neither recollection nor compre-
hension of its exact place.

I have, in another place, explained natural truth to be
nothing more than the agreement between nature and
our perceptions, and error as their disagreement. Now
it appears to me that in the application of lines and mag-
nitudes to geometry, the explanation which I have given
of their use, forms a perfect agreement between the
operations of nature, and the perceptions with which
nature has endowed us; and if so, then it is true; and
the ideas of lines without breadth, and position without
magnitude are misnomers,—mere illusions of the imagin-
ation,—altogether unnecessary,—wholly without use, and
in opposition to all natural truth and evidence.

The mathematical definition of a line,—* that which
“has length but not bre;tdth,” at first strikes the mind as
an absurdity, because it implies quantity of one kind,
and yet it has no existence. But on examining it with
* the application made of it by geometers, it is found to
mean meré distance from one point to another, and where
nothing but mere distance is intended, it is wholly imma-



APPENDIX. 198

terial to the result whether the line shall have breadth
or not. We may consider it an inch wide, or a foot
wide, or as broad as it is long, and no difference will
follow in the result. The definition is therefore exceed-
ingly imperfect, even if true. But it is not true in
nature, and therefore not #ru¢ in geometry, becaunse
nature is the perfection of geometry. Lines in their
practical application in nature, and consequently in
geometry, have a more enlarged use and meaning than
mere distance. They in reality constitute the divisions
of all magnitudes, and the boundaries of all shapes,—
offices which mere distance is incapable of performing.
‘We have seen that shape or form (which is identical
with magnitude), is essential to the first principles of
geometry. We have seen also that no shape can have
any positive existence without lmif, and a boundary
clearly defined, definitely located, and separating it from
all surrounding things. And the proposition is self:
evident that lines which perform these offices must have
a positive exvstence, and therefore must hawve breadth,—
therefore the circumference of a circle must have breadth.
. A definition does not necessarily form any part of
mathematical truth. It is only a part of the method
by which truth is determined, and is not always essen-
tial even to this; as we have already seen, that in cer-
tain circumstances, it is entirely immaterial to the result
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what the definition may be. The chief object of a defini-

, tion is to enable the mind to comprehend a truth when it

is determined, rather than to constitute any part of the.
truth itself. A definition must be conformable to truth

in the circumstances in which it is used. Hence the def-

inition of a line without breadth, being conformable to

truth in such circumstances, is a good definition in all

those cases where distance only is intended, in which it

is entirely immaterial what may be the breadth of a line

or whether it has any at all. But in all those cases in

which a line with breadth differs in value from one with-

out breadth (which it always does in a continuous line of
circumference), the mathematical definition is nof con-

Jormable to the truth of nature, and therefore leads to
eITOT.

I do not say, therefore, that it is absolutely necessary
in all cases, to change the mathematical definition of a
line, but I do say that it is wholly unnecessary to con-
sider the definition as a mathematical truth, which is
fixed and unalterable, and that ¢ 7¢ absolutely necessary
to consider the circumstances in which a line is used, and
to modify or change the definition in all those cases in
which a line with breadth differs in value from one with-
out breadth, as in the circumference of a circle. In such
cases, I would define a line as that which has length and
the least possible breadth with locality, and I would de-
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fine a point as that which has position and the least
possible magnitude with loeality.
_ It will be seen, however, by all who examine the
whole course of my reasoning attentively, that lines
having breadth, is not @ condition on which the Quad-
rature of the Circle is based, but only a conclusion to
which the developments as they proceed inevitably lead
us. The twelve propositions of chapter ii. which em-
brace the whole demonstration of the Quadrature, rest
entirely on the relative properties of shapes, and of
straight lines to curved lines, and are wholly independent .
of the fact whether lines have breadth or not. If, there-
fore, any one should choose for any reason to reject the
idea of lines having breadth and points having mag-
nitude, it cannot in any wise affect the truth of these
demonstrations or the main object of this publication.
We have seen, in the course of the foregoing reason-
ing, that shape or form is essential, both to the princi-
ples of geometry, and to the practics of geometry, and
that form and magnitude are identical and inseparable
ideas. 'We have seen, also, that numbers and things
(which, in the material world, are the same as magni-
tudes) are also inseparable. 'We have seen, also, that
geometry, being the science of gquantity, can only com-
pare indefinite quantity with other quantities which are
known, and definite. 'We have seen, also, that geome-
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try—being, as she is, the basis of pure mechanics—when
she is required to produce a form, she does it by using,
or putting together, other forms, just as we build a ship,
or a house ; with this difference, only, that all her forms
are perfect, but ours, from lack of skill, are imperfect.
And when geometry is required to produce a magnitude,
she does it with the use of lesser magnitudes, which are
her standards of measure, and without the use of both
form and magnitude, it is not in the power of geometry,
either to produce anything, or to measure anything ; she
positively refuses to proceed ome step, either in the de-
velopment, or measurement, of any form, until she is fur-
nished with a positive magnitude, as a standard of meas-
ure, which she can consider, and treat, as oné,; and no
abstract solution of any geometrical problem has any
meaning in it, until the result is compared with some
known quantity of definite form, as a standard of meas-
ure. We have seen, also, that the power of geometry is
limited to finite things, or things having limit or doun-
dary,~—that she considers space, only by comparing it
with finite and definite magnitudes; that infinite space,
or wnfinite magnitude, is entirely beyond her reach or
comprehension ; and that all abstractions are necessarily
infinities.
These conclusions form a perfect agreement between

the operations or developments of nature, such as we can
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understand, and the perceptions and powers of compre-
hension, which nature has given us, and they are, there-
Jore, trus. 'What then becomes of the idea of the exist-
ence of geometry as an abstract and metaphysical sci-
ence? In my opinion, the notion of abstractions in ge-
ometry sinks at once to a level in value with the chimeras
of a sick man’s brain; they are mere illusions, floating in
the mind of the operator, without identifying themselves
with the practical truths of which they are only the men-.
tal images, and, I believe, were never thought of by ge-
ometers, until the introduction of algebra, and its ab-
stract mode of reasoning, which is without use or mean-
~ ing, until it is brought down to the standard of some
definite form and magnitude. I cannot, therefore, do
otherwise, than conclude, that geometry has to do with
nothing but the relations of physical or material things,
and is, therefore, purely @ physical science.

And since all that is known in geometry includes but
a very small portion of either the general principles, or
individual truths, which govern the relations of things to
one another, it is self-evident, that the science, as prac-
ticed, is open to improvement, and capable of progress,
just as much as the mechanic arts, the study of chemis-
try, or anything else; and notwithstanding its many
conveniences, I regard the use of algebra in geometrical
demonstration, as deserving no higher character than
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that of an ingenious invention to supply the lack of a
knowledge of numbers; and I regard the consideration
" of geometry as an abstract and metaphysical science, as
a sort of dgnis fatuus light, which, by blinding the eyes
of the beholder, renders more obscure, everything else
around him, and which, from its first introduction, until
now, has been the chief bar to a rapid progress in the
science, which may be realized the moment this idea of
abstractions is dismissed from our reason.

T'he opposite duplicate ratio of the equilateral triangle
and the circle.

Duplicate ratio is a universal property of ares, hence,
the square being the standard of value, therefore, the
square of diameter is duplicate ratio, and all superficial
magnitudes, of any shape, are to each other of the same
shape, in ratio of area, as the squares of their diameters,
or in duplicate ratio. Explained in its simplest and most
practical form, duplicate ratio of area means only, that
the increase of area in any shape, is in duplicate ratio to
the increase of circumference and diameter; that is to
say, that area quadruples as often as circumference and
diameter double ; hence, because the equilateral trian-
gle and the circle are, in their relations to the square, in
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the opposite duplicate ratio to one another (propositions
viL and 1x., chapter ii); therefore—

PROPOSITION VI

The circls inserdbed and ciroumsoribed about an equi-
lateral triamgle, is in duplicate ratio to the circle inscribed
and circumseribed about a square.

PLATE XXXIII.

Let the areas of the inscribed circles A and B equal
one another; then the diameters of A and B are also
equal. Now, let the side of the square circumscribing A
equal one, then the diameter of A — 1, and because the
diameter of the circumseribed circle equals the diagonal
of the square, therefore, the diameter of the circum-
scribed circle — +/ 2, and because the areas of all shapes
are to others of the same shape, in duplicate ratio, or as
the squares of their diameters, therefore, the area of the
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circle circumseribed about the square, twice equals the
area of the circle ¢nscribed in the same square. Now, the
diameters of A and B are equal to one another; hence,
the diameter of B — 1. It is proved by geometry, that
the perpendicular of the triangle circumscribing B equals
the diameter of B, plus the radius of B; therefore, the
radius of the circle circumscribing the triangle, twice
equals the radius of B, and 2 x 2 — 4; therefore, the
area of the circle circumscribed about the triangle, four
times equals the area of the circle ¢nscribed in the same
triangle. The proposition s thergfore demonstrated.

It is evident from the foregoing proposition and its
demonstration, that the equilateral triangle and the cir-
cle are, in their relations to the square, in some form or
other, in duplicate ratio to one another. In what form
this duplicate ratio exists, remains to be proved, if not
already sufficiently proved in prop. vim. and 1x., chap. ii.
In proceeding to prove this, I will first state certain
truths, which are self-evident, or have been definitely
proved already.

First. Circumference and radius (and not the square
of diameter) are the only natural and legitimate ele-
ments of area by which all regular shapes may be meas-
ured alike and made equal to one another. (Prop. vi.,
chap. ii.) :

Sacond. The equilateral triangle and the circle are
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exactly opposite to one another in the elements of their
construction, which are circumference and radius. (Prop.
von and 1x., chap. ii.)

Third. The equilateral triangle is the primary of .all
shapes in nature formed of straight lines and of egual
sides and angles (prop. vim., chap. ii.), and has the least
number of sides of any shape in nature formed of
straight lines, and the circle is the ultimatum of nature

in the extension of the number of sides. - Therefore,

PROPOSITION VIIL.

In all the elements of their construction which serve to
ncrease or diminish area, the equilateral triangle and the
circle are exactly opposite to one amother in respect to the
greatest and the least of any shapes in nature, and hence
they are opposite to one another in ratio of the squares of
their diameters, or in duplicate ratio.

Now it is one of the plainest principles of geometry
and arithmetic, that if G be greatest and L be least, then
GxL .and LxG are equal, because they are reciprocals.
Hence it would appear on general principles, that the
circle and the equilateral triangle should be equal, be-
cause one has the greatest possible radius and the least
possible circumference of any regular shape in nature,
and the other has the least possible radius and the great-
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est possible circumference of any regular shape, and half
the circumference multiplied by radius are the only le-
gitimate elements of area in each, by which they may
be measured alike. But although this is a general prin-
ciple in regard to reciprocals in numbers, yet it is only
true in geometry when G and L are of corresponding or
equal proportionate values. But in the relations of cir-
cumference and radius in respect to their relative values
in area, radius is greatest, and circumference is least (ra-
dius—1, circumference —4), and because in the reversal
of the order of greatest and least in the circle in its rela-
tion to the triangle, the greatest in relative value (ra-
dius) is also made greatest in relative magnitude, there-
fore the circle and the triangle are nof equal as recipro-
cals of corresponding value are equal, but opposites in
ratio, and the circle is to the triangle in its relation to
the square as Gx@G, and the triangle is to the circle in
its relation to the square as L+L, because GxG and
L~+L are in opposite ratio to GxL or LxG, and hence the
square, or square of diameter, being made the artificial
basis of area, they are opposite to one another in ratio
of the squares of their diameters, or in the proportlon
of square and square root.

The term opposite signifies an intermediate, or & point,
relative to which, the things spoken of are opposite to
one another, and in this case the thing necessary to be
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known is, the point in numbers relative to which the cir-
cle and the triangle are opposite to one another in the
proportion of the square and square root. Therefore let
A be an equilateral triangle, B a circle, and C a square,
each equal one¢ in area.

PLATE XXXIV.

b

0

Now because A is a shape formed of straight lines apd
angles, therefore the value of @ & may be known, but
because B is formed of curved lines, therefore (by hypo-
thesis) none of the parts of B are known, hence the point
in numbers relatively to which the two shapes are oppo-
site to one another must be determined from A alone.
It has been demonstrated (prop. 1x., chap. ii.) that if C
and B are equal in area, then the diameter of C (¢ d) in
its fractional relation to B is in the opposite duplicate
ratio to @ b, and the area of C (¢ d*) in its fractional re-
lation to B, is in like opposite duplicate ratio to @ &°.
Now when the area of A=—1, then @ 4 is found to
equal 1.316074+ and @ b expressed in decimal figures is /
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seen to be an infinite fraction, therefore, a & is an im-
perfect number, and all our ideas of fractions or magni-
tudes in order to be definite must be formed from whole
and perfect numbers or units ; for we cannot conceive of
a fraction unless it shall have reference to some unit:
therefore square @ b, and o 4* isseen to equal 1.7320508+-
which is still an imperfect number, then square it again,
and @ b°xa b*=3, which is a whole and perfect number ;
therefore 3 is the first point in numbers from which the
opposite ratio to @ 4 may be deduced in whole and perfect
numbers. Now because @ b—+/'v/ 3, therefore ¢ d, being
in the opposite duplicate ratio, —37x3? viz., $§x3—9x9
"~ —81, and 81 is seen to be the smallest number which
can be found which is in the opposite duplicate ratio to
a b, when a b is brought to a whole and perfect num-
ber ; hence 81x81__6561, is the smallest whole and per-
fect number by which the fractional area of the circle
and the square are equal to one another when the whole
area equals one. (Prop. x. and x1., chap. ii.) The num-
ber 3 is therefore the point in numbers relatively to
which, the circle and the triangle, in their fractional rela-
tions to the square are opposite to oné_ another in dupli-
cate ratio, or in the proportion of the square and square
root.

The opposite ratio is simply a necessity resulting from
a universal law of nature. The planets could not move’
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forward in their courses without the acti‘on of opposite
forces (centrifugal, centripetal). The north pole could
not exist without an opposite or south pole. A shape or
figure of one side cannot exist without another and oppo-
site side, and no point can be fixed within the bound-
aries of nature which is not capable of opposite extension
to the utmost limits of nature. In fine, no intermediate
can possibly exist without its opposites. Hence the
square being an intermediate shape and being made the
standard of value, its opposites are the two extremes of
nature in the production of shapes. And if we examine
the whole subject in accordance with this universal law,
it will be seen that in the production of shapes, the
opposite duplicate ratio is a pre-existing necesssity. It is
self-evident that shapes, which are thus opposite to one
another in ratio, must, in their relative construction to the
square, form the two extremes of nature in respect to all
their elements which serve to create, increase, or diminish
area, and hence, that not more than two shapes can exsst
at the same time which are thus opposite one another.
The whole course of development in this work shows
conclusively that the equilateral triangle and the circle
are the only two shapes in existence possessing the qual-
ities necessary to render them opposite to one another in
duplieate ratio, or as the squares of their diameters.
The truth of their relation to one another in their rel-
ative value to the ﬁlua.re by opposite duplicate- ratio is
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therefore self-evident. - The square being made ong, it is
an intermediate shape relatively to which the two ex-
tremes in nature are necessarily opposite to one another.
Any other conclusion would, I believe, in the nature of
things be an absurdity.

The reciprocals of numbers by which the parts of the
circle and the triangle may be made numerically to equal
- -one, are to be found by reversing the order of the parts
of each; therefore, if we multiply the greatest in relative
value, by the greatest in relative magnitude, and the
least in relative value, by the least in relative magni-
tude, then the two products ﬁultipﬁed together, equal
one.

PLATE XXXV.

Therefore, if the areas of A and B each equal one,
then, if the radius of B, multiplied by half the circum-
ference of A, shall equal C, and the radius of A, multi-

plied by half the circumference B, shall equal D, then
C x D=1. Also,if the radius of A be divided by
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half the circumference of B, and the radius of B be
' divided by half the circumference of A the two products
will be equal to one another; but if the area of A — 1,
and the diameter of B equal 1, then C x D equals the
area of B. :

This reciprocity of parts, and hence of numbers also,
exists between the circle and all regular shapes whatso-
ever, which are formed of straight lines, when the area of
each equals one. But all other shapes, except the trian-
gle, lack the condition of being opposite to the circle, ¢n
the elements of their construction,in the particulars of
the greatest and the least which are possible in nature ;
h'ence, no other shape, except the circle and the equilate-
ral triangle, can be in the opposite duplicate ratio to one
another, but all other regular shapes, formed of straight
lines, and of any greater number of sides than the square,
approach to the opposite ratio, “ad infinitwm,” in pro-
portion to the extension of the number of sides.

It has been suggested by some friends, that I should
add some examples of my method of deducing arithmeti-
cal truths from the problem of the circle, but this would
extend a work already larger than I intended, and until
my principles of reasoning, and the truth of my ratio
of circumference and diameter shall be acknowledged,
would be productive of no other benefit than the gratifi-
cation of curiosity.



REVIEW OF MR.SMITH’S NEW ELEMENTS OF GEOMETRY.

SiNce the foregoing work was written, and with slight emendation,
was prepared for the press in the form in which it now appears, a work
has been published by Mr. Sesa Smith, entitled “ New Elements of
Geometry,” which has excited some attention and some discussion.

As Mr. Smith remarks in his preface to his work, his attention to the
subject of Geometry was first excited by his examination of my demon-
stration of the Quadrature. About four years since Mr. Smith was, for
a year or more, a close student of my papers, of which this work is only
8 portion in a condensed and regulated form. In his “ New Elements”
Mr. Smith has simply taken the general principles which I have de-
veloped, and applied them as he no doubt believes, to making further
discoveries in geometry ; and in some particulars his success is beyond
a doubt.

The chief principles he has made use of different from the commonly
received Elements, which are contained in this work, and which were all
fully developed and set forth in my original papers of which he was the
close student, are these :—First, All definitely located lines necessarily
have breadth. Secondly, Lines and areas are therefore equal to one
another. Third, Shapes are legitimate elements of mathematical reason-

_ing. Fourth, The circle is the natural dasis of all area; and circumfer-
ence and radius are the only natural elements of area in all shapes alike.
Fifth, In geometry, all expressions of numbers are expressions of mag-
nitude. Sizth, That geometry is therefore a physical and not a meta-
physical science ; and with these general principles Mr. Smith proceeds
to demonstrate what the breadth of a line is, which he makes to be
always unit, or one of the magnitudes in use, whatever the magnitude
may be.
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Although as I have remarked, Mr. Smith was for more than a year &
close student of my papers, and derived all the principles of his reason-
ing from their examination, and in frequent discussions with him it was
explained and vindicated, that the principles which were there set forth
were capable of universal application to every part and department of
mathematical truth; and although under the circumstances, I might
justly have claimed a consultation, yet, I never saw any portion of his
work, and knew nothing whatever of its contents, until it was published.
And as Mr. Smith has spoken in his preface of my work as forthcoming,
—and has taken up the identical principles which I have developed as
the basis of his reasoning, with the acknowledgment, only, that in the
demonstration of the Quadrature, I have proved that lines “have
breadth,” while at the same time he has seen fit in some essential partic-
ulars to differ from me in his conclusions, it seems to be proper that I
should have something to say on the subject. I hold the right therefore
at all times to exercise an imp;rtial criticism over his work.

In the first place, then, Mr. Smith defines a point to be *just what
the books make it,” i.e., “position without magnitude.” But it will be
obvious to any one, I think, that if a point can exist without magnitude,
then a line may exist without breadth, and the mathematical definition
becomes a positive truth, and there is no necessity for understanding any
other line ; and if his definition of a point be true, then the basis of his
whole argument is at once destroyed.

Secondly. No doubt whatever exists in my mind that the lines which
Mr. Smith demonstrates, are the true lines which Nature employs in the
extension of angular forms,—the truth appears to me to be self-evident,
and as I'have said that nature is the perfection of geometry, they are of
course the true geometrical lines, and they are also the true lines which
geometers have always used, whatever definition they may have chosen
to affix to them. But it has been seen in the course of Ihy work, that
in practical geometry, lines have other uses besides the measurement of
extension, and it is self-evident, that Mr. Smith’s lines are incompetent
to fulfill all the uses required, any more than the imaginary lines of ge-
ometers without breadth.

It is self-evident also, that Mr. Smith’s lines adapt themselves to the
properties of straight lines, and nothing else ; and to those circumstances,
and those only, in which it is entirely immaterial to the result whether
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lines have breadth or not. They are, therefore, just as good, and no
better, than the imaginary lines of geometers without breadth, which
adapt themselves only to the measurement of angular forms, and by
which mere distance is implied. Nothing, therefore, can be gained, and
much inconvenience would be realized from the adoption of kis proposed
change of definition. Notwithstanding, therefore, that I agree with him
entirely in respect to the truth of his demonstration, as far as it goes,
yet I cannot agree with him in respect to the proposed change, or alter
my own expressed opinion in respect to definition ; because, I am well
satisfied, that no single definition is capable of expressing all that is ne-
cessary to be understood respecting lines in geometry.

Thirdly. The discovery, (if it can be deemed a discovery,) that lines
having breadth, such breadth is necessarily ‘one at some point of value,
is not Mr. Smith’s—that point was reasoned and distinctly stated in my
papers, which he examined.

Fourth. That the units of which straight lines are composed are
cubes, is not Mr. Smith’s discovery. It is a necessary consequence of
lines having breadth, and right angles being made the standard of quan-
tity. While that is the case, there can be no other unit than a cube;
and' this point was also distinctly stated by me to Mr. Smith, in discus-
sions upon the subject. The condition, however, applies to lines which

are the measure of angular shapes, but not fo culgzm,_ﬁv'_lljch have no

angles, either right or otherwise, and which can, therefore, only equal a
cube, but can never be made a cube in form, without altogether changing
the character of the lines.

Fifth. The whole of Mr. Smith’s propositions, from the eighth to the
forty-ninth, inclusive, being nearly two-thirds of all that are in the book,
are based on oxz single principle, or pure element of geometry. That one
principle is contained in my first proposition, chapter ii., as follows:
¢ All regular shapes formed of straight lines and equal sides have their
“areas equal to half the circumference by the least radius which the
“gshape contains (which is always the radius of an inseribed circle),
“than which every other radius contained in the shape is greater, and
“the circle has izs area equal to half the circumference by the radius to
“ which every other radius contained in the circle is equal.” This pro-
position Mr. Smith examined in my papers, and there is no other
“ element of geometry,” contained in the whole forty-two propositions
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above referred to, which is not contained in this oNe. It will be seen
at once, that the diameter of a shape being the diameter of an inscribed
circle, and its area being half its own circumference by the radius of
such inscribed circle, therefore the propositions of Mr. Smith running
through the whole catalogue of shapes to prove the general principle,
that when circumference equals two, the area equals half the diameter,
and when diameter equals two, the area equals half the circumference,
&e., &c., &c., are simple truisms of arithmetic based on the one elemen-
tary proposition above given. They are very well as examples of a
method of demonstration, but no element of geometry is contained -in
any one of them.

Sixth. A large share of those truisms, relating to plane figures, which
Mr. Smith calls the “ Harmonies of Geometry,” are of the same class,
and most of them based on the same elementary truth. I have
examined them all a hundred times over, before Mr. Smith ever
thought of them, explained many of them to kim, before he began to
write his book, and some of those contained in his book are expressed
precisely in the language in which he received them from me. They are
all harmonies, it is true, and very beautiful ones, too, as every truth of
nature is, but they are not elements, and I never should have thought of
advancing them as such; nor did I ever imagine that they were so new,
as to be unknown to every practical and clear-sighted mathematician.

If I am justified in these remarks, by the facts, which will speak for
themselves, it will be quite apparent that Mr. Smith has misled himself
into the belief, that most of his propositions are “new elements” of
geometry, which are only simple geometrical truths; and under this
self-deception, in respect to their newness and value, he has indulged in
a too hasty, and not quite excusable ambition, to be considered the au-
thor and discoverer of new principles which should revise and improve
the whole of mathematical science.

The method of demonstrating plane and solid figures, by lines having
breadth, is one of Mr. Smith’s own arrangement, and for which he should
receive due credit. It is entirely simple, perfectly conclusive in respect
to angular forms, and by me would be adopted in preference to the
method of Euclid. His argument that there is but one kind of quantity,
and one kind of mathematics, is, I think, sustained, and is, therefore, en-
titled to a candid, careful and respectful consideration. But the chief
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merit of Mr. Smith’s work is contained, I think, in his fifty-second pro-
position, as follows: “In all triangles whatever, the whole circumference
“bears the same proportion to the base, as the perpendicular of the
“ triangle bears to the radius of the inscribed circle.” This proposition,
so far as I know, is entirely new—it is purely elementary—embodies a
vast amount of geometrical truth—is clearly and lucidly demonstrated,
and, I think, when its capacities are proved, will be found to be of great
use; and, therefore, the solution of this problem alone, apart from all
others, should be sufficient to entitle Mr. Smith to a high consideration,
as a valuable contributor to geometrical science.





