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PREFACE. 

THE present edition of this work is not published for sale, and 

no copy of it will be sold with the author's consent, at any price, 

as the author claims other privileges than a simple copyright, in 

respect to the alleged discovery. A small edition only has been 

printed for free distribution to such practical and scientific men 

as desire to look into the subject, and will give it a thorough, 

careful and unprejudiced examination. 

This work has been written several years, and now appears 

almost exactly as originally written for publication. It has been 

delayed in its appearance from motives of interest, and probably 

would riot have appeared now, but that some circumstances seem 

to have made it necessary for the author to preserve his identity 

with the principles advanced. It is now submitted for examina

tion, merely, in order that the truths advanced may receive 

the scrutiny of other minds, and if they are truths as the au

thor affirms, that they may receive the acknowledgment due to 

their importance. The author, however, seeks no satisfaction for 

himself; in that particular he trusts to his own examination and 

judgment. But if the things herein set forth are true, in order 

to be acknowledged, they must first be known. And with the 

view of making them known and having them acknowledged, 
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the author has taken the . trouble, and incurred the expense, of 

collating from a mass of demonstrations and printing, that which 

is now offered as a demonstration of the quadrature. 

If this work should receive any attention at all, it will no 

doubt excite some discUBBion and some criticism, and as a bant

'ling of the author's, he will, no doubt, be expected to defend it. 

But the subject is one, which, if the demonstration be true, will, 

in the end, defend itself, better than any one can defend it : and 

if it be not trne, then no defense can make it outlive the influ

ence of time and scrutiny. It will not be expected, therefore, 

that the author should notice the objections of caviling minds, or 

the criticisms of partial and interested judges, who prove by 

what they say that they have not understood the subject. Nor 

will any criticism which reiterates the principles which have been 

disproved in the work itself be deemed worthy of an answer, 

or anonymous communications be noticed at all. The author's 

time is too constantly employed, and too valuable to himself, to 

allow him to indulge in such unprofitable correspondence or 

controversy. 

The points of _difference between the author and the schools, 

which hold that the Quadrature of the Circle is impossible to be 

demonstrated, are few and easily stated ;-they are principally 

these:-

Filrst, between straight lines and curved lines there is an 

essential .difference in principle and property which has been 

entirely overlooked by geometers in their approximation. 

&c<>ndly, The circumference of a circle is a line <mtsiik of the 

circle thoroughly inclosing it. 
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TMril, The line approximated by geometers is a line ccnn

ciding with the utmost limit of the area of the circle, and if it 

could be correctly determined would be exactly equal to the cir

cle, but could not Vnclose it or contain it. 

F<>Wrth, By this difference, with their method of approxima

tion, geometers make an error in the sixth decimal place. 

Fifth, The circle and the equilateral triangle, in their frac

tional relations to the square, are opposite to one another in 

ratio of the squares of their diameters . 

.Aily criticism which meets these point.a understandingly and 

fairly, showing that the writer has himself understood the sub

ject, will be entitled to an answer; but anything which does not 

meet these point.a cannot be considered as being relevant to the 

points at issue, and therefore cannot be considered as worthy of 

a reply. 

I am not aware of any errors in the book which can mislead 

any one in regard to the principle or result intended to be shown 

by the various calculations in figures. It is quite possible, how

ever, that in transcribing for the press, some errors may have 

occurred ; but if any exist, I think they can be only such as 

the reader will be able to understand and correct for himself. 

The work, such as it is, is commended to the examination and 

candid judgment of all those who may feel interested in the 

de\'"elopment of truth. 

THE AUTHOR. 





THE QUADRATURE OF THE CIRCLE. 

INTRODUCTORY REMARKS. 

CHAPTER I. 

To FIND the exact quadrature of the circle, was, from 

the first establishment of mathematical science, and for 

many succeeding centuries, a principal desideratum with 

the mathematicians of those times ; but failing in their 

effort.a to anive at the certainty, and the importance and 

value of the discovery being, aa is generally supposed, 

greatly diminished by the very close approximations 

obtained by modern analysis, it haa long since ceaaed, in 

a great meaaure, from being an object of research. Nev

ertheless, being an elementary truth, and consequently 

the relations existing between the circle and the square 

being among the fundamental principles necessary to be 

considered in mathematical scienee, particularly in respect 

to astronomy and navigation, the deficiency of an exact 

knowledge of the quadrature has never ceased to be a 
i 
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cause of some perplexity, requiring explanation, and 

necessarily, also, a cause of more or less error in these 

most important of sciences. 

Unfortunately, but very much like other men in simi

lar circumstances, the professors of the schools, unable to 

demonstrate the truth, and unwilling to acknowledge 

their deficiency, have thought it necessary to explain 

away their error, and in doing so, they have taken the 

opposite ground, and concluded, that what they lu:uve been 

wnable to att,ain, i,a '11/TUUt,ainal/le by hu'llUJ/11, intellect. 

Hence the college lectures on this subject, published and 

unpublished, abound in learned speculations and hypo

theses, tending to place the quadrature of the circle 

without the range of demonstrable mathematics. 

All geometrical truth whatsoever, in nature, rests on 

two simple things-the properties of straight lines, and 

the properties of curved lines,-difference of angle and 

difference of curve are but modifications of the same 

principles. Of the properties of straight lines, geome

ters have long supposed themselves to be perfect mas

ters, but of the properties of curved lines, and their rela

tive value to straight lines, geometers have yet known 

nothing whatever, except by approximation. To find 

the quadrature of the circle, is simply to determine the 

relative value of straight lines and curved lines,-and in 

view of these facts, to an unprejudiced mind, .it sounds 
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equally strange and ridiculous to hear the profeBBors of 

an exact science, condemn a.s U8ek88 the solution of a 

problem, which 1-8 in itailf an e~tary truth, and 

involves, w aay the leaat, one lwl,f of all, the f!e<>rMf!rical 

truth im naf!wre. 

Without any disrespect to the learning and general 

intelligence of those who have adopted the conclusion 

that it is impOBBible to find the exact quadrature, (and it 

seems to be general among the profeBBors,) I may be 

allowed honestly to doubt both its truth and its rea.son

ableneBB. It may be admitted, if it pleases them, that it 

can never be done by any principles at present known or 

taught in the schools ; but this proves nothing more than 

a deficiency in knowledge of the principles which govern 

it. To prove satisfactorily that it can never be demon-· 

strated by any meaJM, it is necessary, forat, to prove that 

no principles (](J,n be true im 'fl.attwre, but such a.s are al

ready known to science. To this, however, no mathema

tician will for a moment pretend, and for aught any one 

can hnuw, there may be other principles in· nature, as 

yet unknown or untaught, and which are equally true 

with any that are known, by which, when understood, 

the demonstration may be made. To reason otherwise; 

is to 88Bnme that we are already acquainted, with all the· 

principles which th~ Creator brought into action in redu

cing matter to form,-an assumption equally presunip.-
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tuous and improbable. That an essential and fundar 

mental principle which governs the exact relations of 

straight lines to curved lines doea ewiBt, is self-evident, 

and there can be no good reason for saying tha:t it can 

never be found : and we have the eviden~e of abundant 

experience. in other things, to show, that wnen found, it 

may be as pl.a.in, as simple, and as comprehensible as any 

truth at present within the range of human intelligence. 
I 

l ha:ve been told of Dr. Bowditch, who to his great 

learning, added great practical skill, and a long COUl'86 . 

of practical experience, that he was so well sat~fied of· 

the existence of m:u.nel,'ous principles as yet unknown to 
mathematical ·science, but which might hereafter be. 

available for purposes of demonstration, that he would 

never give his opinion on any original question from 

what had been previously written or understood on the 

subject, withou.t first examining carefully, wha~ver was 

advanced th~t- Wi88. . new~ There . are other mathem&ti

cians, however, of far-less note than Dr. Bowditch, who 

do not hesitAte to condemn witlwut 6'JJUlmlination, what

ever conilict.s with their precqnceived, opilnlUml!, and this 

too in the face of any number of facts which may be pr& 

sented. For myself, I am content to believe that new · 

diScoveries of pri;ncip"leB, as well as new discoveries of · 

truth, are yet to be made, and among· others, that which 

v governs the. exact relation of one circle to one square. I 
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cannot understand how limited and circumscribed matter 

is made inilnite with respect to other limited and circum

scribed matter by the mere influence of shape. It may 

be true in respect to decimal parts, and consequently in 

respoot to dechnal figures in their decimal relation to / 

one, but it 1s not true on the broad principle, and there

fore it ill rwt ~in respect to the circle and the square. 

While, therefore, I am ready to admit that the quadra

ture of the circle can never be demonstrated by any 

means yet adopted for that purpose, I am still · compelled 

to regard the reasoning which places it beyond the reach 

of demonstration, as containing more theoretic learnin~ 

and speculation than shnple truth, and those who really 

believe it to be among impossibilities, as more credulous 

of mystery than sound in their judgment. 

By a course of reasoning on the mechanical properties v 

of numbers, I have adopted a ratio of circumference to 

diameter of OM cilrcle, which I believe and affirm to 

be t'M 'true am,d eaxwt ratio which nature employs in 

every circle, and which, therefore, in order to distinguish 

it from all others, I denominate the primuury ratio of cir

cumference and diameter. The numbers expressive of 

the value of each are 20612 parts of circumference to 

6561 parfis of diameter. Diameter being OM, these num

bers will give a decimal circumference -= 3,141594 + 
which will be seen to be greater by one and more in the 
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sixth decimal place, or about ~· • !, ••• greater than Play
fair and Legendre's so called perimeter of a circum

scribed polygon of 6144 sides. Consequently, before I 

can claim attention to my ratio as likely to be the true 

one, it is necessary for me to show Playfair and Legen· 

dre's liability to an error, equal to the difference. I 

shall proceed to do this by the selection of a few from a 

mass of demonstrations which are before me to that 

effect. In the pursuit of this object, and throughout the 

following work, my course of reasoning will be altogetlw 

fffigiruil. I shall ~ake no quotations, and refer to no 

authority, for in fact I never consulted an author on this 

subject, until long after I had substantially finished my 

demonstrations. Everything, therefore, contained in the 

reasoning which follows, is, so far as I am concerned, 

purely original, and every ti:uth illustrated and proved, 

even to the measuring of a triangle, is as much my own 

discovery as if it had never been known before. The 

extent of my acquirements in geometry at aohool, was to 

learn that the hypothenuse of a right-angled triangle is 

greater than either side ; there I stopped, went to busi

ness, and from that time to the present, a period of 

nearly forty years, I have been the originator of my own 

system of mathematics, independent of any instruction 

but such as has been suggested to my own mind by 

obseryation of natural truth, and an examination of the 
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powers and properties of numbers. The following work, 

therefore, is entirely the production of my own mind, rea

soning from nature and nature's laws only, and no other ' 

mind has, to my knowledge, either contributed or influ- t 

enced a single truth or idea illustrated in it. On the 

contrary, I have, with scrupulous care, rejected every 

thing suggested by any other. person, even though the 

suggestion might have been beneficially improved. 

My reasoning, I think, will be found to be perfectly 

conformable to nature, yet not confined to the rules of 

art; and as· all original reasoning necessarily involves 

some new truth, or a handling of old truths in a manner 

not before practiced, I have found it both convenient 

and necessary to adopt such terms and forms of expres

sion, as, in my judgment, would best convey my own 

meaning and suit my own purpose, without regard to 

their common scientific application, preferring always 

the attainment of truth, rather than elegance. Thus, 

for example, the term "circumference," when it will best ' 

suit the idea intended to be conveyed, is often applied 

to the square, the triangle, to p0lygons, and other angu

lar shapes, and is synonymous with perimeter. " Diaffi v 

eter " is also applied to triangles and rectangular figures, 

and diameter, when not otherwise explained, always 

means twice the least radius (which, in all regular 

shapes, is always the diameter of an inscribed circle) 
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when a :figure is to be meSBured by circumference and 

radius; but in the equilateral triangle when it is to be 

measured in the usual way of meSBuring angular shapes 

from half its side by the perpendicular, then the perpen

dicular from the base is the diameter. This seeming 

indiscriminate use of terms will, I think, be better under

stood by the reading, and will not be objected to except 

by those who reason for elegance rather than truth, and 

those, who, for lack of reBBon, confound terms and defini

tions with principles. 

DEMONSTRATION OF ERROR 
IN THE 

APPROXIMATION OF GEOMETERS TO TH& CIRCUMFERENCE OF A CIRCLE. 

PROPOSITION I. 

The eilrcwmferenoe of a <Yi-role i8 greater than any num

ber whatever of m.ean proportWna18 from an iMcribed 

8traight line. 

PLATE I. 
We have here a 

section of circum

ference with an in

scribed and cir

cumscribed perim

eter of a polygon. 

The circumference 

itself gives ocular 

demonstration, that 
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it is greater than any number whatever of mean propor .. 

tionals, as the straight lines a 'h, or o c, from the inscribed 

Btr&ight line a c ,· because, as all such mean proportionals 

must forever continue ~ be imaorilJed straight lines, they 

can therefore never equal the circumference; and without 

this quality the circumference cooJ,d, Mt he a peif ect cwrve. 
TM prupoWMm, ia therefore derrwna'f!rated. · 

From the above proposition it is evident, that, if we 

approach the circumference of the circle by any scale of 

proportionals whatever between the. inscribed and cir

cumscribed lines, other than that which is a true and 

exact relat;i;ve to the circumference, we shall inevitably 

bring the circumscribed lines within the circumference, 

or carry the inscribed lines without the circumference, 

just in proportion as the scale of proportionals used is , 
greater or less than the true and exact relative to the 

circumference; and because, as already seen, the circum· 

ference is greater. than ant/I rvumlJer wltateVer of mean pro

portionals from an in8C'l'i1Jed straight line, therefore 11.ny 

number of mean proportionals which may bring the in· 

scribed and circumscribed lines to agree with each other 

in whole or in part, will necessarily make them to agree 

at a point of value withm tM value of cir<YUmference: 

And the approximation being carried to a large number 

of figures, you will have an approximation within less 

than one in the last decimal place of a line of figures, Mt 
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of a full dUilrMU!r, but of a diameter which, in its ratio of 

value to circumference is also less than, one. I say, it is a 

diameter which is less than one by 100!!000• And what

ever may be the scale of proportionals used, if it be any 

other than the true and eaxzct relatVve to circumference, 

there must necessarily be a point in a line of figures rep

resenting the circumference of one diameter, where the 

error of the scale used will amount to one ()1" m<>re, and 

that point will be forever the same, by whatever form 

or process the calculation is carried on. 

Here then is a plain foot, of which we have ocular 

demonstration, depending on the plainest laws of num

bers and geometry, and which needs only to be admit

ted, to prove, that .the approximations of geometers to 

the circumference of a circle obtained from inscribed and 

so-called circumscribed straight lines Ui le8e tJw,n the ~ 

val;u,e of cilrmumf ererw6. In a future demonstration I 

shall show that the perimeter of the so-called circum

scribed polygon of geometers, is not a circumscribed 

polygon, but that at any number of sides the perimeter 

at the center of each side rests within the area of the 

circle, and at an infinite number of sides is brought 

wluifJ;y within the area of the circle. (See prop. L, Ap

pendix.) 

It follows therefore that whenever the true ratio of 

circumference to diameter is found, it will disagree with, 
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and be greater than the approximate ratio of geometers, 

and greater than the so-called perimeter of a circum-. 
scribed polygon_ obtained in the manner which it is. 

It matters not that some have had the patience to carry 

the geometer's approximation to 50 or even 150 decimal 

places, the more the worse; they do not approach any 

nearer to the true circumference by so doing. On the 

contrary, from the point in a line of figures where the 

error in the scale of proportions used amounts to one or 

more, and where they necessarily pass to the "inside of 

the value of circumference, all effort to gain any nearer 

approach to it, is nothing more than an effort to arrange 

a vulgar fraction of remainder into a line of decimals, 

which because it is not of decimal value makes a line of 

figures without end. 

I have stated the case in such general terms as that 

the error of geometers shall be seen to apply, as it really 

does, to e1.1ery method i;n, uae for finding the approximation 

by means of straight lines, or by any fluxionary series, 

the basis of which is the value of straight lines ; and in 

order that we may understand it fully, we will now look 

further at the mechanical causes which can have this ' 

influence. And 

First. Between curved lines and straight lines there is 

an essential difference in principle and properties, as is 

evident from the fact, that if two shapes be formed, one 
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with straight lines and the other with curved lines, and 

-0f equal magnitude or area, their circumferences will be 

totally different, and again if their circumferences &l'e 

equal, their areas will be totally different; and this dif

ference of principle or property, is therefore seen to oon

aist chiefly in the different powers of the two descrip

tions of lines to inclose area; therefore, 

PROPOSITION IL 

~ area of a circ"6 i8 ~ t/wm, tM area of o;n,y 
ilwpe f f»WUJd of aflraiglU U'M!J amd of 8lj'U(Jl cilrcwmf erf!M8, 

amd ~ greater tltam, t'M ~ of o;n,y pol'!fuoo of any 
poaaihle 'll!UITfliJer of afdea, amd hamnu t/"8 aame cilr<nernr 

f (fl'(J'JU)8 with t/"8 cirde. 
PLATE II. 

p 

In the figure (Plai!e 

II.), let C be the cir

cumfe.rence of a circle, 

and let P be the per

imeter of a polygon, 

and let C and P be 

equal to one another 

in length. It is evi

dent that C is a per

fectly curved line, and 

that P is composed of several straight lines.- It is known 

also that all regular shapes formed of straight lines and 
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equal sides, h&ve their are~ equal to half the circum

ference, or half the length of all its sides, multiplied by 

the Zea8t radius which the shape contains, than which all 

other radii contained in the shape are. greater; whereas, 

the circle has itB. area equal to half the circumference 

by th8 'l'adiRuJ, to which every other radius contained· in 

the. cirele is equal. (prop. 1., chap. ii). It is evident 

that the r&dillS of C is less than the greatest, and 

greater than the least radio& of P. It is evident also, 

that so long as P shall have the pr.operties of straight 

lines, to whatever number its sides .. may be. increased, 

it shall always. have a greater and a lesser :radius, and 

its area always equals half the circumference by the 

lea8t radius; while C has never but one radius, which: 

is always greater than the least, a.nd less than the 

greatat radius of P; and since C and P are-known to 

be, equal in length, therefore C multiplied by radius, is 

greater than P · multiplied by ka8t radius. Therefore 

while P shall continue to have the properties of' straight 

lines it can never equal C in area, though the number of 

its sides were infinite, or the greatest possible. But if 

the . number of sides · of P shall be infinite or the greatest 

pol!ISible, then P shall approach so nearly in area to C, 

that the difference CIJ/Tl/IU)t he leaa. And in material 

things, arvg di.ff ererwe such that it cannot be less, is one 

ultimate particle of whatever material or thing is under 
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consideration. (For ultimate particles of matter see 

explanation, prop. rr., Append.ix). TM p<Yp08itiml, i8 

tMref <>re iiernon8tr-ated. 

By proposition 1. it has been shown, that the circum

ference of a circle is greater than anything which can 

be reached by mean proportionals between inscribed and 

the so-called circumscribed straight lines at the point of 

value where the two agree. And by proposition rr., it 

has been shown, that the area of a · circle is greater than 

any area which can be contained within any possible 

number of straight lines having the same aggregate 

length of the circumference of the circle. It is evident 

therefore that in attempting to find the value of the ch·

cumference by means of straight lines, we shall always 

arrive at results wh'ich are less than the truth: and 

g8()'TMf,,era have 'IU1Ver u8ed anythimg il8e 'Uut atr'aight 

lim,ea. It is evident, also, that if we reason wholly on 

the properties of straight lines and the principles which 

govern them, we leave wholly out of the account the 

properties of curved lines and the principles which 

govern them. And because the two differ essentially 

from one another, we therefore determine nothing by it 

of their relative value, further than to arrive at an ap

proximation ; and there is still an error 'IJ!TlM(J(YUntea f <>r, 

which stands aik/titi<>nal., to all the errors arising from 
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quantities neglected or lost in the usual mode of finding 

an approximation. 

When we look for a mechanical cause which can make 

the circumference of a circle greater than any number 

whatever of mean proportionals from an inscribed 

straight line (as a h or h c from the inscribed straight 

line a c, prop. L) we see that nothing is adequate to 

that purpose, but the infusion into circumference, of 

some additional value after all mean proportionals have 

ceased; which is, when the inscribed and circumscribed 

so-called have become thoroughly equal; and whatever 

the amount of this infusion may be, it is evident, that 

there must be a point in the expression of numbers, 

where its value becomes faed, and where it shall amount 

to rnuJ or 'ITUYre ,· and because this infusion into the value 

of circumference, is a fixed and unalterable law of na

ture, by which the two descriptions of lines are made 

essentially to differ, therefore, whenever we attempt to 

find the value of circumference by the properties of 

straight lines alone, we shall always fall short of the 

truth, at that point in the expression of numbers, where 

the value of this essential difference equals one or more. 

To get rid of this essential differe.nce of property in the 

two descriptions of lines (for they are not ignorant of its 

existence) geometers have assumed that it is " Infinity," 

and therefore call it nothing 1 but I shall show, that 
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whatever an infinity may be, it is always such, that in 

material things it is capable of Vrwrea88, and is therefore 

a value wt w 'be tkr<Y1JJ11, OJW<11f. 

&c<mdf;y. The perimeter of a circumscribed polygon 

of any number of sides, is a proportion to the ilTwJcril>ed of . 
an equal number of sides, in precisely the same ratio as 

the radius is to the perpendicular from the center to the 

chord of the arch. Now, therefore, if the circumference 

. be . greater than ooy '1lllllml.Jer w~ of mean propor

tionals from the inscribed, as we have ocular and mathe

matical demonstration in proposition 1. that it is, and 

without which it could not be a perfect curve, then it is 

evident again, that the circumscribed, is to the inscribed, 

in. le.ta 'IYJiA,o of va"IJue than the circumference. Here 

again we see a mechanical necessity of any proportions 

between the inscribed and the so-called circumscribed 

lines, other · than such as are exact relatives to the cir

cumference, necessarily bringing the two to agree with 

each other, at a point of value within the value in ar~ 

of the circumference; therefore 

PROPOSITION Ill. 

TM peJrimet,er of alll1I pdygrm wlw8e cilrC'IJ!mf erence or 

tluJ lengtJ, of whoae aide8 ilJ equ<it w tM cilrC'IJ!mf erence of 

a.cilrde, ilJ al!w<11f8 eiwh tJuU if the pol;ygrm 'be placed or 

ilrO!Um upon tk dR-old, the point or angle formed by tM 
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h'!fpotlten;u.ge of each right angw which the polygon crmr 

tairWJ, lie8 wholly outside of the cVr(JWfnfererwe of the 

circw. 
Let the perimeter, f, 

d,g(Plateill.), equal the 

semicircle over which it 

is drawn, i. e., let the 

length of the straight fct------?,.~---~ 

lines, f, d, g, equal half \\ 
the circumference of the ~ 

circle. It is seen that 

the point or angle g, 

formed by the hypothenuse c, g, from the right angle c, 

i, g, lies wholly <:YUtaide of the circumference of the circle, 

and although this extension will be. greatly diminished 

by increasing the number of the sides of the polygon, 

yet so long as the circumference of the circle, and the 

perimeter of the polygon are equal, to whatever number· 

the sides of the polygon may be increased, the point or· 

angle, g, shall always lie wholly <:YUtaide of the . circle. 

The propo8ition i8 therefore demon8trated. 

But it is seen that the hypothenuse c a, formed by the 

right angle c, h, a, lies wholly withiln the circumference 

of the circle, it (the right angle c, h, a,) being part of an 

irWJcrihed polygon ; and it is evid.ent, that so long as it 

shall remain an inscribed polygon, to whatever number 
3 
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its sides may be increased, the angle of hypothenuse, or 

point a, can never extend beyond the circumference of 

the circle. It is self-evident, therefore, that any scale of 

proportionals which shall bring the sides of an inscribed 

and circumscribed polygon to agree with each other after 

the manner of geometers, within less than any 8$ignable 

quantity, and which does not carry the angle of hypothe

nuse outside of the circumference (which the method of 

geometers does rwt do), is less than a true and exact 

relative to the circumference, and it is equally evident 

that the circumference of a circle is in greater proportion 

to the inscribed perimeter, than such inscribed perimeter 

is to the perpendicular on the chord of the arch ; and 

because the inscribed and circumscribed, so called, are in 

proportion to o;ie another as the perpendicular on the 

chord of the arch is to radius, therefore, the two are 

·brought to agree with each other at a point of value less 

than the circumference of the circle. It will be seen, 

also, from the illustration (Plate III), that if the sides of 

any polygon shall be equal to the circumference of a 

circle, the polygon shall have a diameter greater than 

any inscribed polygon, in the proportion as c, i, or c, g, 

is to c, h, or c, a, and to whatever number of sides the 

polygon may be carried, whether 6000, or 6,000,000, the 

sensible difference of diameter will still be in the same 

proportion as c, i, or c, g, is to c, h, or c, a, in a polygon 
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of six sides. This difference will be greatly diminished 

by any increase of the number of sides, but can never 

be exhausted, and hence, as stated in the demonstration 

to my :first proposition, any approximation found by 

geometer's methods, by proportions between the in

scribed and so-called circumscribed perimeter of a poly

gon, which brings the two to agree· with each other 

within less than any assignable quantity, and which 

Me8 not carry the angle of hypothenuse out.side the cir

cumference, is an approximation not of a full circum

ference, but of a circumference whose diameter w le8s 

than one, in its ratio of value to the area of the circle : 

therefore--

PROPOSITION IV. 

If the perifm:eter of any pohf gon be brought into the 

form of a <Wrcle, both the diameter and area of the cilrcle 

are greater tluun the ddameter and area of the pohf gon. 

By diameter of a polygon, I mean always its least 

diameter, or that which, being multiplied by one-fourth 

of the peri~eter, or its half multiplied by half the peri

meter, gives its area, which is always the diameter of an 

inscribed circle. 

By proposition 11., it is shown that if P be the perime

ter of a polygon, and C be the circumference of a circle, 

and P and C are equal to one another in length, then P 

shall always have a greater and a lesser radius, and the 
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PLATE IV. 

r 

radius of C shall alw.ays 

be greater than the 

least~ and less than the 

greatest radius of P, 

therefore, C multiplied 

by radius is greater than 

P multiplied by least 

radius. It is evident, 

therefore, as seen in 

Plate IV., that if the 

perimeter of any polygon be brought into the form of 

a circle, both diameter and area are increased by the 

transition of shape. The propo8ition i8 therefore demon-

8t'rated. 

Now, it is known that geometers regard a many-sided 

polygon as equal, to a circle, to the extent to which two 

polygons (the inscribed and circumscribed, so called) 

agree with each other ; and with them, to the same 

extent, diameter is treated as having a .faced and equal 

val!ue, whether the shape may be a many-sided polygon 

or a circle. Let us then examine the effect of considering 

the two shapes as equal to one another, and each having 

the same .faced dimneter. Let P (Plate IV.), be the peri

meter of a polygon, and let C be the circumference of a 

circle, and let C and P be equal to one another in length. 

It is already known that the area inclosed by C is much 
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greater than the area inclosed by P. If, therefore, the 

diameter of each, C and P, be considered as feed, and 

treated as one! then, in order to give such expression to 

the circumference of the circle as that its half being mul

tiplied by 150 , or half the diameter, the result shall 

express the whole area of the circle, we must add to the 

length of C an amount equal to f owr tim.e8 the difference 

between the area inclosed by P and the area inclosed by 

C, which would make C to be much greater than itself, 

and the idea is absurd. But it is self-evident, that what 

is here so manifestly true in the transition of a perimeter 

of a polygon of six sides to the circumference of a circle, 

is equally true, though in less proportion, in the transi

tion of shape of a polygon of 6000 sides, or of any other 

possible number, and to regard them as equal is just as 

absurd in one case as in the other. Yet this effect of the 

transition of shape is entirely disregarded by the geome

try of the schools in :finding their approximation to the 

value of circumference. 

· The difference between a polygon of some thousands 

of sides, and the circumference of a circle of only one 

or two inches in diameter, like the common diagrams in 

use, is a difference inconceivably small. But in order to 

realize the importance of the principle contained in the 

transition of one shape to the other, it is necessary for us 

to enlarge our ideas of magnitude as we increase the 
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number of sides of the polygon. Therefore, let the 

earth's orbit be a polygon of 6000 sides, then each side 

will be a straight line of more than ninety thousand 

miles in length-the difference between the least radius 

of the polygon and the radius of a circle having the 

same circumference will be ten miles or more-the mean 

will be, say five miles, and as but a small portion of the 

area of the polygon lies outside of the circle, the diffe~ 

ence between the area of the circle and the area of the 

polygon will be nearly equal to a belt, say four to five 

miles wide, and five hundred and eighty millions of miles 

in length, an area several times greater than the whole 

surface of our globe; and if the number of the sides of 
\ 

the polygon be increased a thousand times, the difference 

of area will still equal an empire in extent. Again, if we 

take a radius equal to the distance of one of the fixed 

stars, and again increase the number of sides of a poly

gon by millions, yet there, the difference of area between 

a polygon, and a circle having the Bame cVr(fU!mf(fl'ence, 

will again exceed the whole surface of our globe a thou

sand times. Yet this is that infonif!y arising from the 

transition of shape, and increa.sed with the increase of 

magnitude, which (as I have said in proposition n.) the 

geometry of the schools regards as nothing, and there

fore throws it away ! ! and this, also, is that infinity, 

which, in solving the problem of the circle, we mu.Qt 
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grapple with,-grasp it, and hold it fast within our com

prehension and control, so that nothing can escape our 

notice, which is capable either of increase or diminution. 

By proposition II., I have shown that the area of a 

circle is greater than the area of any polygon having the 

same circumference, or length of perimeter with the 

circle. Therefore 

PROPOSITION V, 

If the area of any polyuon ihall equal the (]//'ea of a 

circle, the perimeter of 8UCh polyuon Bhan lie wholly fYUt-

8ide of, and Vru:lo8e a polyuon, who8e cir(JUmf erence equa"8 

the circumference of the oircl,e. 
This proposition is already proved by the demonstra

tion . of proposition II., and needs not to · be repeated, 

because, if the area of a circle is greater than the area 

of a polygon having the same circumference as the circle, 

then by reciprocity, if the area of a polygon shall equal 

the area of the circle, then the circumference of such , 

polygon shall be greater than the circumference of the 

circle, and shall be able to inclose another polygon, 

whose circumference equa"8 the circumference of the 

circle. 
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PLATE V. 
We have then, 

in Plate V., three 

polygons, one 

whose perimeter 

rests on the per

pendicular e, and 

which differs from 

an inscribed poly

gon less than any 

assignable quanti-

ty, and which, therefore, equals the approximation of 

geometers, at six sides of a circumference. Another, 

whose perimeter (d) rests on the perpendicular, f, and 

which equal8 the oircwmfererwe of the circle ; and still 

another, whose perimeter rests on the perpendicular, g, 

and which incloses an area equal to the (]//'ea of the circle. 

Between these three polygons, at six sides of a circum

ference, t~ere is a very sensible difference .of area and 

diameter, and to whatever number of sides these poly

gons may be bisected, they can never be brought to 

agree with each other, but there will always remain a 

positive difference of area, and a difference of diameter, 

which is more than three times equalled in the circum

ference. It is known, and I have proved (in proposition 

.xn., chapter ii.), that the true ratio of circumference to 
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diameter of all circles, is four times the a;rea of one 

circle inscribed in one squa.i'e for the ratio of cir

cumference, to the area of the circumscribed square 

for the ratio of diameter ; and since it is proved that 

the area of a circle is greater than the area of any 

polygon of any possible number of sides, and having 

the same circumference with the circle, it is therefore 

evident, that if we would find the ratio of circumfer

ence which shall express the full value of the area of 

the circle by proportions between the perimeters of an 

inscribed and circumscribed polygon, we must seek it 

between the inscribed, and one circumscribed, which 

stands to the square of radius, in the proportion as the 

square of the perpendicular, g (Plate V.), stands to the 

square of perpendicular, f, and unless we do this, we 

leave wholly out of the account that essential difference 

between the properties of straight lines and curved lines, 

which enables the latter to inclose more area than any 

possible number of straight lines in any shape, and of 

the same aggregate length with the circumference of the 

circle. It is evident, that between two such polygons 

there will l>e a point in the expression of numbers, within 

which they can never be brought to agree with the 

inscribed, but for bisecting two such polygons, or for 

finding such a circumscribed polygon, the analysis of 

geometers affords not the slightest means ; and by their 
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method, they aim only at the value in area of the peri

meter resting on perpendicular, f, which is less than the 

area of the circle by the essential difference in the pro

perties of straight lines and curved lines. It must not · 

be forgotten, that this error of principle in geometer's 

methods of :finding an approximation, is aildimonaZ to all 

the errors arising from quantities neglected or lost in the 

calculation, which being errors of each side of the poly

gon, are, by the increase of the number of sides, made 

of great aggregate value in the circumference ; and what 

is here so manifestly true, at six sides of a circumference, 

is equally true, but in less proportion, at any possible 

number of sides; how much more then is it true at a few 

thousand sides, to which only geometers have carried the 

bisection. 

These remarks and illustrations might be extended 

almost without limit, but if I am understood in what I 

have already said, I think it quite sufficient to show, that 

the analysis of geometers of the value of curved lines, 

and the equality of the area of a circle to a square is 

erroneous in principle, and therefore without merit, 

except as a near approximation, and in the absence of 

any exact knowledge of the truth. It will be equally 

certain, also, that the true circumference, when found, 

will be greater than the ratio of geometers at no very 

remote point from unit. Whether it is as much greater 
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as I have affirmed it to be, remains to be shown by the 

direct propositions which shall prove it. 

I had s-µpposed until recently that I stood alone in 

my views respecting the quadrature, but in looking over 

Playfair's Notes on his Supplement to the Elements of 

Geometry, we are there informed, that Ton·elli, a learned 

Professor of Oxford, who had then recently published an 

edition of the works of Archimedes with comments, had 

taken the ground that by their modern analysis, geome

ters prove nothing whatever respecting the properties of 

curved lines; which is precisely the thing I have here 

shown. 

H all I have said be true, then I have effectually and 

mecluunlUxJlly shown the utter impossibility of ever squar

ing the circle by the application of straight lines, or by 

any method now in use, and I am as completely satisfied 

on that point, as the skepticism of any modern Professor 

respecting my solution of the problem could desire. But 

this does not prove that the circle is incapable of being 

squared, or that no equality exists between the circle 

and the square, which I shall presently show by direct 

propositions doeB e«Ji8t; and unless it can be shown on the 

other side, that no principles in geometry can be true 

but ·such as are already known, I have yet hopes of 

arriving at the quadrature. That when ever it is reached 

it will be greater than the approximation of geometers, 
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and greater at no very remote point from unit, than the 

so-called perimeter of a circumscribed polygon which is 

made to agree with the inscribed _within less than any 

assignable quantity, I think already established; if not, I 

think additional facts will not be wanting to place my 

position beyond a doubt. 
PLATE VJ, The value of the 

area of a circle, is the 

value of a straight 

line a b (Plate VI.), 

equal half the diam

eter, multiplied by the 

value of the curved line o b, equal half the circumference. 

The value of the curved line o b is, as we have s'een, 

greater than the same length of straight line at any 

possible number of sides, and by my ratio of circum

ference to diameter, which I affirm to be the true one, 

the expression of numbers by which circumference and 

diameter are made equal, is 2tJ612 parts of circumference 

to 6561 parts of diameter, or a b-3280.5 and o b-10306, 

which I now propose to prove. 
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t.' 
CHAPTER II. 

THE QUADRATURE OF THE cmcLE DEMONSTRATED. 

l:N the attempt made in the preceding chapter to show 

the existence of fundamental errors in the analysis of 

geometers, we have seen, very clearly, I think, that 

there is an essential difference in the properties of 

straight lines and curved lines, which has been entirely 

overlooked in the approximations heretofore made; but 

the knowledge gained by these examinations thus far, is 

only of a negative character, showing us only what is '!Wt 

true respecting the properties of curved lines, and thus 

disabusing our' minds of a preexisting error. We are 

now by a course of direct propositions to inquire and 

determine what iY true: and in this inquiry the re'latilve 

p1·upertie8 of straight lines and curved lines demand our 

first attention, that we may t~ereby be enabled to dis

cover their re"latilve value; therefore, 

PROPOSITiON I. 

OM of the relatilve prfY_pertie8 between straight line8 

and a perject owrve 01· circle i8 8UCh, that all regU/a;r 
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8hape8 fo1"1'1Uil of 8traight line8 and equal 8ide8_, have · 

their area8 equal w half tM circumfer~ mdt~ 
lYy tM least radiU1J whwh tM Bhape <x>rlli<J/VJUJ ( whwh u 
al!wayB tM radiUIJ of an in.wribed circle) than whwh 

every other radiUIJ contaVMd in tM ihape i8 greater, and 

tM circle ha8 its area equal w half tM circumf er~ mid

tiplied lYy the radius, w whwh every other radilu8 contaline<l 

ia tM circle i8 equal. 

PLATE VII. 

~-----• 

e 

\. 
,, 

It is not necessary formally to demonstrate the above 

proposition to any mathematician. I will therefore only 

state that in the above figures (Plate VII.) the area of 

the equilateral triangle equals the lines a o c x d e, or half 
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the circumference by the least radius which the triangle 

contains, which is always the radius of an inscribed 

circle, and it is ·evident that every other radius contained 

in the triangle is greater than the least. In like manner 

the areas of the square and the hexagon are equal to the 

lines a b o (half the circumference) by the line de which 

is the least radius either shape contains, than which 

every other radius contained in either shape is greater. 

But the area of the circle equals the line a b o, half the 

circumference, by the radius d e, to which every other 

·radius contained in the circle is equal. Tlie prOJXJ8ition 

is therefore dernon.strated. 

Here then is a relative property between straight 

lines and curved lines, showing us conclusively, that 

since straight lines have been made the basis of area in 

mathematical science, some compensation must be made 

to the circumference of the circle for this difference of . 

'l'elati!Ve prrYperty, if we would give to the circle the full 

expression of its value, by the properties of straight 

lines, whwh is tlie thing demanded lY!f tlie qw.draf!wre; and 

a future demonstration will show what this compensation 

shall be. 

The next relative property of straight lines and 

curved lines which I shall notice is ~ontained in the 

following proposition. 
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PROPOSITION Il. 

The <JirC111mf er(fMe of any circle being gilven, if that cir

C111mf er(!Me he "!Yrmtght imto the frmn of a 8quare, the area 

of that 8quare i8 equal to the area of a;nother circle, the 

<Jirm1lrM<Yt'ibed 8quare of which i8 equal m area to the area · 

of the circle whoBe cirC111mf er(fMe i8 fo'8t given. 

ExPLANATION.-In the figures E, F, G and H, Plate 

VTII., let the circumference of the circle E be given,

let it be for example 36 (or any other number), and let 

the circumference or four sides· of the square F be also 

36, then one side of F-9, and 9 x 9-81, which is the 

area of F. Now let the area of the circle G-81, then 

by the proposition the area of the square H circum

scribing G equals the area of the circle E whose circum

ference is 36. 

PLATE VIII. 

E 

My own mode of demonstrating the foregoing proposi

tion is simply to test the principle by more than one 

ratio of circumfetence and diameter. If it be true of 

these, then it is a general principle, and true of every 
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ratio of circumference and diameter which can be used, 

which is the fact of all general principles applied to the 

properties of the circle. 

Therefore, let the circumference of the circle E equal 

. C ; then if the geometrical approximation be taken 88 

tM ratio of circumference, and the diameter of F-1, 

then the circumference of E (C) will equal 3.1415926+ 

and the area of E will equal .'1853981 +. The area of F 

will equal H and the area of G being equal to the area 

of F, therefore the area of G--¥:, and if G-H, then the 

area of H equals .7853981 +which is also the area of E; 

and the diameter of G-v'.'1853981 +. But if rTll!J ratio 
be taken 88 the 'l'atio of circumference to diameter, and 

the diameter of ~1, then C-3.1415942+, and the 

area of E-.'1853985+: the area of Fi:, and if the 

area of G-~ then the area of H-.'7853985+ which is 

also the area of E, and the diameter of G-v'.7853985+. 

The proposition is therefore demonstrated to be a gene

ral principle which is true of every ratio of circumfer

ence to diameter, and is therefore necessarily true of tk 
true 'l'atio. But being a general principle and wholly 

independent of any particular ratio of circumference and 

diameter, this proposition does not of itself demonstrate 

what the true 'l'atio of circumference to diameter ia, nor is 

it in the power of any general principle to do so. An

other demonstration will show that the circumference 
4 
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and diameter of one circle is the basis of all general prin

ciples relating to the extension of area, and, therefore, 

the relation of circumference to diameter is of it.self, a 

pa;rti<Yldar /act, depending on pa!J'ti<Yldar f act8, and not on 

general principles of which it is itself the basis. Yet 

numberless arithmetical and geometrical problems may 

be based on this proposition, which are entirely new in 

mathematics, perfectly simple, and may be made in the 

highest degree useful. 

One point, however, and that an essential point, and 

the first point necessary to be shown, has been gained by 

this last . proposition, viz., the existence of a perfect 

equality between the circle and the square has been 

clearly shown. For if the circle and the square, or what 

is the same thing, if the circumference and diameter of a 

circle be really Vrwom'llUJ'M'llll'ahw as geometers have af

firmed, then no circle and square can be exactly equal 

one to the other; But when it h~ been demonstrated 

as has here been done, that a circle and a square may 

be exact.ly equal one to the other, then it is demonstrated 

also, that the two are rwt irwom'llUJ'M'llll'ahle; and with 

this demonstration the whole theory of mathematicians 

respecting the non-existence of any expression . of num

bers by which the circle and the square are made equal 

is proved to be fallacious. 

The inverse of .proposition rr. will read thus: Any 
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square (H) is such, that its inscribed circle (G) is equal 

in area to the area of another square (F) whose circum

ference equals the circumference of another circle (E) of. 

equal area with H. And in this view of the proposition 

let it be particularly noticed, that nothing is assumed, 

and the result is subject to no conditions as in the direct 

proposition, which is conditioned on the equality of G 

toF. 

This 2d proposition is not only wholly original with 

me, but is, I believe, entirely new in mathematics; and 

certainly it is very beautiful as showing the principles 

and the manner in which the areas of circles and squares 

unfold and display to each other. It was discovered by 

me 6 or '1 years since by the method of demonstration 

here given, and it has since been frequently demon

strated by ~gebraic formula; but I forbear to insert any 

of these demonstrations and give as a . reason for this 

omission,--for8t, that I never make use of algebra in 

demonstration, and 8econilty, that, although the p~

ciples of algebra aided by geometry 8.re amply capable 

of d~monstrating the proposition when dia<X>V(fl'ed amii 
8tat,ed, it yet to my mind embodies no principles or pro

cess of reasoning by which the discovery ()(J!flJ 04: ma.de. 

It is not in the power, I think, of algebra alone, by the· 

same formula, and without the aid of numbers or geome

try, to contemplate the transition and alternation of 
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shapes necessary for the discoyery of this proposition. 

And hence I attribute to the almost exclusive use of 

.algebra in the schools, and the little attention paid to 

the mechanical properties of numbers, that this relative 

property of the circle and the square, or of straight lines 

and curved lines, has so long remained unnoticed and 

undiscovered. 

The following proposition is, I think, appropriate here 

to the course of my reasoning. 

PROPOSITION m. 

TM <Wrcle i8 the natwraJ, bMi8 or hegilnning of all a;rea, 

amil the 8q'U(JJl'e being nuuk 80 in mathematical, ~' i8 
a;rtiflcial, amil a;rbiflra;ry. 

PLATE IX. 

By proposition L it has been shown, that all regular 

sh~pes have their areas equal to half the circumference 

by the radius of an inscribed circle, w hi.ch is the least 

radius the shape contains ; the circle is therefore the 
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basis of area in all such shapes. If we examine the fig
ures A and B (Plate IX.) we see that the square and 

the triangle have each a greater and a lesser radius, 

which is true of all other s~apes formed of straight lines. 

We see also that the circle described on the least radius 

of either shape is less than the shape. We see also that 

neither shape can be so diminished, but that a circle 

described upon its least radius, will be less than it. 

Therefore if either shape shall be diminished to infinity, 

so long as it shall have magnitude or area, it shall also 

have a greater and a lesser radius, and a circle described 

upon its least radius will be less than it. . The circle is 

therefore the least of all possible magnitudes, and, as all 

extension must be from the least possible magnitude to 

that which is greater, therefore the circle is the begin

ning of plane extension, and is hence the natural basis or 

beginning of all magnitude or area, and the square being 

made so in mathematical science is artificial and arbi

trary. The pr<>p0~tion ill therefore dern.uMtraucl. 
Now, therefore, because the circle is the nativral, basis 

of alt a;rea, and the square is made the artificial basis, 

and because proposition rr. is a relative property between 

the circle and the square, and between straight lines and 

curved lines, and is also a gen~ral principle applicable to 

all ratios of numbers; and because the square is a reg

ular shape formed of perfect straight lines and of equal . 

• 
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sides and angles, therefore proposition n. is a relative 

property between the circle and alJ, regida:r e'/uqJe8 what

sover, which are formed of straight lines and of equal 

sides and angles. Therefore, 

PROPOSITION IV, 

TM cilrcwmf er(ffUJ6 of atnl/I cilrole Oei,ng given, if t/UJi, cilr

cwmf er(ffUJ6 be b-rmtght Vnto any other shape formed of 
8f!raight WnM anui of equal 8UJ,ea anui angle8, the (JJl'f,(J, of 
that in.ape ill equal to the (JJl'ea of .a;nother cilrcle, wMch 

cilrcle being cilrcurMcril>ed by a;nother anui similar shape, 

· the (JJl'ea of . 8'UCh 8hape cilrCUrMoriUng the l.a8t named 

cilrcle ill equal to the area of fhe cilrcle who8e drcwmf er
ence ill given. 

PLATEX. 

c 

Let the circumference of the circle E (Plate X.) equal 

3, then the area of E (by my ratio of circumference and 

diameter) -.'n83315+. Now let the three sides of the 

equilateral triangle F-3, then e~h side of F-1,-the 

perpendicular or diameterofF (a b)-v.'l5 and ,,1.'15x,5 

(half the side of F)-.433012'1+ which is the area of F . 

• 
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Now let the area of the circle G-.4330121 +(-F) then 

the diameter of G (by my ratio )-v'.551328+, the per

pendicular or diameter of H ( c d)-v'l.240489+ and 

the side of H-v'l.653985+ and v'l.240489+ x half 

v'l.653985+ gives the area of H-.11~3315+ which is 

also the area of the circle E whose circumference is 3. 

PLATE XI. · 

F 

Also if F and H (Plate XI.) be hexagons,-then if the 

circumference or 6 sides of F shall equal the circumfer

ence of E, and the area of G shall equal the area of F, 

then the area of H will also equal the area of E, and the 

same is true of an octagon or polygon of any possible 

number of sides and of every ratio of circumference and 

diameter of a circle which can be used. The examples 

given will enable any one to prove the truth by figures 

for themselves. TM pro:p08'ition i8 therefore denum

atrated. 
It is a remarkable fact, that among all the modern 

attempts at analysis of the circumference of the circle, 

there is not one which gives to circumference a fixed 

and definite locality, and I have never seen the man 
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among the mathematicians of the schools, who, on a 

circle being placed before him, could point to the posi

tion of circumference and say, it is there, in that place, 

simply because the imaginary line without breadth, 

having no exis~ence, it can· therefore have no fixed and 

definite locality, either .~ fact or in imagination ;-being 

in itself a mechanical fallacy, it can never be mechan

ically applied, and for the present purpose is therefore 

useless. The laws of geometry are undoubtedly the law:s 

of perfect mechanics, and any thing which can have no ex

istence, such as an ideal line without hreaflth, is a meclu:un

U:al, /allacy,-and it is a mechanwal, truth, that nothing 

can have a definite and fixed locality, or occupy a def

inite and fixed position in space, without magnitude. 

The definition therefore " position without magnitude," 

whether applied to a line or a point, means nothing else, 

and cannot understandingly be made to mean any thing 

else, but the p'laoe of a magnitude without the developed 

magnitude itself. The existence of any shape signifies 

Umiit, and it is evident that a circle, in order to he a 

cir<ile in nature must have limit, and a boundary def

initely located, and ffiechanically defined, which boun

dary is its circumference ; otherwise a circle cannot exist 

in nature, not even in imagination, if imagination be 

definite. It is evident then that the circumference of a 

circle having a fixed and definite locality, it is therefore 
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a mechanical line which limif'8 the extension of the 

circle, forming a perfect boundary, and separating it 

from all surrounding material, and therefore it 'ffl!U8t have 

breadth, even though such breadth may be less than any 

material portion of the circle developed; such, for ex

ample, are the lines which make·the points of cohesion 

in the diamond, or in metals ; and such also are the lines 

which separate the particles of water and enable them to 

:ft.ow by each other ;-being positive lines they must 

necessarily have breadth, though such breadth is ev

idently less than . any particle of the water, the diamond, 

or the metal which can be divided again without the 

parts so divided losing their character aa wa'te'r, as a 

diamond, or as metal,-in other words resolving them

selves into their original elements (see remarks on mag

nitude and infinities preceding prop. m., Appendix). 

It would seem as if the definition of Euclid was suffi

ciently explicit to show us the position of circumference, 

and the term circumference would seem to mean neither 

more nor less than a line circ1U/TM~ and ilncloaing 

the :figure. But t~e approximation of geometers is not 

a line inclo8im,g or cuntaining the :figure, but a line coimr 
ci<Wng with the greatest diameter of the :figure, and is 

therefore (3(J)Q,()tl;y eq_uaJ, to the :figure (proposition L, 

appendix), and if it have breadth, it is a part of the 

area of tM figure, and therefore inc'loaea or contai;n,a leaa 
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than the wlwle .figitre, because no line can contain itself, 

and all that is within it: therefore-

PROPOSITION V. 

TM oilrcwmference of a oilrcle by the 'fM(UflJ!re of which 

the oilrcle and the &qua're are mmle equal,, and by 1which 

the propertie8 of &trai,ght line& and cwrved line&. are mmle 

equal,, Ui a line out8ide of the oilrcle,.wlw"tl;y <Jiroum8aril>ing 

it, and tlwruug!Wy iMw&ing the wlwle area of the oilrcle, 

and hen<Je, wliether it &hall have llreailth or rwt, f <>rm8 rw 

part of the <Yi'rcle. 

The demonstration of proposition v. is by the in verse 

of proposition 1v. By proposition IV., it has been shown 

that if E (Plate XIT. ), be a circle of any certain circum

ference, and F be a polygon of' any number of sides, and 

of equal circumference with E, G, a circle of equal area 

with F, and H a polygon circumscribing G, and of an 

equal number of sides with F, then the area of H equals 

the area of E. The inverse of the fourth proposition is 

therefore as follows. A polygon of any number of sides 

(H) is such, that the area of its inscribed circle (G) is 

equal to the area of another polygon (F), whose circum~ 

ference equals the circumference of another circle, E, of 

equal area with H. 
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PLATE XII. 

r 
F· 

Now, therefore, E and Hare equal in area, but E is 

formed of curved lines, and controlled by theilr proper

ties, and H is formed of straight lines, and controlled by 

t1uWr properties; but it is evident, whatever may be the 

number of sides, that His greater than G, and because 

G equals F in area, therefore H is also greater than F; 

and because H is greater than F, and F is a polygon of 

the same number of sides as H, therefore the circumfe

rence of H is greater than the circumference of F ; and 

because the circumference of F equals the circumference 

of E, therefore the circumference of H is also greater 

than the circumference of E, and if brought into the 

form of a circle, will wholly circumscribe E. But the 

circumference of H will constantly approach more nearly 

to Eby any increase of the number of sides of H, yet so 

long as H shall have the properties of straight lines, 

though the number of its sides were the greatest possi

ble, its circumference shall always be greater than the 

circumference of E (proposition 11., chapter i. ), and if 

brought into the form of a circle, will wholly circum-
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scribe E, though the difference may be such that it <X1llV 

not be leaa. And in material things, any difference such 

that it cannot be less, is one ultimate particle of what-
• 

ever material or thing is under consideration, which is 

also the ess~ntial difference between the properties of 

straight lines and curved lines. TM propoaiti<>n iii there

f ()'l'e ilemonatrated. 

By this demonstration, it is shown, that in order to 

give to the circumference of a circle the full expression 

of its value by the properties of straight lines, it is not to 
be measured as angular figures are, and after the manner 

of geometers, by a line coinoiiling with the greatest 

extent of diameter, but by a line ootaide, wholly inclos

ing the diameter, and the difference between the two is 

the compensation due to the circumference of the circle, 

to answer to the relative difference of property shown in 

proposition 1., this chapter.* 

• A very fine illustration from nature, of the difference between the line 
approximated by geometers, and the true line of circuniference may be had, by 
placing a glass of water before us. If we suppose the tumbler to be a perfect 
cylinder, then, the surface of the water it contains will be the area of a circle. 
Now, the line of circumference approximated by geometers, is a line, lying 
wholly inside of every part of the tumbler, and coinciding with the outer limit cf 

• the UXJt.er. The line which I say is the true circumference is the interior of the 
tumbler not coinciding with the water, but lying wholly outside of it, and incloa. 
ing the whole area of the water. It is evident that erery part of ~e interior of 
the tumbler is farther from the centre of the circle than any part of the wat.er, 
consequently the least possible line of the tumbler is greater than the greatest 
possible line coinciding with the water, because the one wholly inclolu the 
other. It is evident, also, that the difference between the two lines ia auch, that 
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But this is not all the compensation which is due to 

the approximation of geometers, in order to make that 

equal to the true circumference ; for in supposing the 

difference to be such " that it cannot be less,'' or only 

one particle, or least division of whatever material or 

thing is under consideration, I have only considered the 

difference between a line coinciding with, and a line 

inclosing the extreme diameter of a perfect circle. But 

geometers consider a po'{;ygon as equal to a circle, to the 

extent to which the sides of two polygons ·are brought 

to agree ; and I have shown (proposition n., chapter i.), 
that it is not equ<il. I have also shown (proposition rv., . 
chapter i ), that if the circumference of a polygon be 

brought into the form of a circle, both diameter and area 

are il!wre<Med, and if diameter be considered as feed, as 

it i8 by geometers, then, in order to give to circumfe

rence the full expression of its value in a circle, compen

sation must be made to the approximate ratio of geome

ters obtained from a polygon, of fowr time8 the difference 

of area between a polygon and a circle having the same 

circumference, and lxJth the8e difference8, which are errors 

"it cannot be leis t' because, in the nature of the wat.er, it would by its own 
gravity adjuat its particles to fill the whole circle, until there is not room in the 
wne plane for one particle more in its least possible natural divisions. If 
therefore, the standard by which circumference is measured should be water
particlea, then the difference between the least possible line of the tumbler, and 
the greatest possible line of the water, would be one particle of water in its least 
poaible natural division. 
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of principle, are adduimuil to all the errors arising from 

quantities neglected or lost in reducing their method to 

the calculation of :figures. And both the errors of prin

ciple, and errors of quantities neglected or lost, are 

irwreaaeil in value by increas~ of magnitude, as shown in 

proposition IV., chapter i 
A portion of my papers were lately in the hands of a 

learned professor for examination, who returned for 

answer the very unphilosophical reason, that because 

" my ratio of circumference differed from the approxi

" mations of geometers in the sixth decimal place, he 

"therefore thought I must be wrong." In answer to 

such unworthy objections, and to aid in the development 

of the truth, I here add the sixth proposition, as follows : 

PROPOSITION VI. 

The cilroumf ererwe of a cilrck, 8'UCh tliat ita half bei;n,g 
miiltiplid "l1y railiU8, to which all other radii are equaJ,, 

Bhall eaYJY1'8BB the whok area of the cilrck, "l1y the prUj>(fl'tiea 

of Bf1raight lineB, i8 greater in value in the mth ilecimui/, 

place of fig'Wl'ea th.am, the Bame cilroumf erence in Olfll!I pol,y
gon of 6144 aiileB, and greater ako th.am, the approaJirTuJ,.. 

ti<:>n of geometerB at the Bame decimal, place in Olfll!l line of 
fig'Wl'ea. 
· The foregoing proposition partakes of the general 

principle demonstrated in proposition n. and IV. Like 
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them, therefore, it is true of every 'l'atio .of circumference 

and diameter which can be used, the approximate as 

well as the true ratio. For illustration, I will take the 

approximation of geometers as a ratio of circumference, 

viz., 3.1415926535 +,and let this be the circumference 

of a circle, and of a polygon. 

PLATE XIII_. 

I 

I 
\. 

\ ...... 
Let the diameter of the circle E - 1 ; then the cir

cumference of E, by the above approximation, - 3.141-

5926535 +,and the areaofE-.7853981633 +. Let F 

be a polygon of 6144 sides, in which the line a, b, is a 

perpendicular from the centre to either side of the poly

gon, and let the circumference or perimeter of F equal 

the circumference of E; i.e., let it_ 3.1415926535 +. 
Now, the perpendicular, a, b, mathematically determined 

after Playfair and Legendre's method, is found to equal 

.4999f 9~.34636, and the area of F (half the circumference 

by a, b), - .'18539806072+, which is seen to be less in 

the seventh decimal place, than the area of the circle E, 
having the same circumference. It has already been proved 
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(proposition n. and IV.), that if G be a circle .equal in area 

to F (Plate XIII.), and H a polygon of 6144 sides, cir

cums~ribing G, then the area of H equals the area of E. 

Now, therefore, let us see what is the circumferP,nce and 

diameter of H, which is equal in area to E. By the 

same approximate ratio of geometers (viz., the circum

ference of one diameter - 3.1415926535+), if the area 

of G equals the area of F, th:en the diameter of G -

.999,999934636 +, and the radius of G - 4.999,99967318 

+, and the radius of G is seen to be the perpendicular 

on either side, or least radius of H ( o, <l). If then, a, h 

(figure F), give for circumference 3.1415926535 +,then 

o, d, will give 3.1415928589+, which is the circumfe

rence of H, and half 3.1415928589+ x o, d, - .785398-

1633+ ~ the area of H, which is also the area of E. 

Now, let it be remembered that the circumference of F 

equals the circumference of E, and the a;rea of H equals 

the a;rea of E, but the circumference and diameter of H 
is greater than the circumference and diameter of F, by 

.0000002054+, which is in the seventh decimal place of 

circumference, and by .000900.06536 +,which is in the 

eighth decimal place of diameter. And if the diameter 

of F be considered as feed, and the whole expression of 

these values be given to circumference, in order to make 

F equal in area to E, then F should have a circumfe

rence - 3.141593+, which is seen to be greater than the 
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approximation of geometers in the sixth decimal place of 

circumference, and greater also than the 80-CUlled peri

meter of a circumscribed polygon. 

TM pr~ i8 therefore demmwltJrated. And it is 

evident that if a circle, and a polygon of 6144 sides (the 

number to which Playfair carries his bisection) shall have 

the same circumference, the area of the circle is greater 

than the area of the polygon in the sixth decimal place; 

and because the circumference of one diameter must be 

four times the area of the circle, therefore, by the tran

sition of shape to a circle, the true value of circumfer

ence is greater in the sixth decimal place than any 

appracimation which wn be obtained frfYm a po'bygon of 
6144 llidea, whether inscribed or circumscribed. 

This part of the subject is entitled to a more enlarged 

treatment, ·but wishing to make my preliminary demon

strations as brief as is consistent with my purpose of 

carrying conviction to the mind of any candid and care

ful examiner, I omit it here, and direct the reader to 

propositions 1. and m. (Appendix), for a more extended 

examination of a many-sided polygon, and the errors to 

which it is subject. 

It will have been perceived ere this time, that I am 

fulfilling my first promise, that my reasoning would be 

"wholly origi;n,aJ,," and it will be perceived also, that my 

mt>de of reaa<milng, differs somewhat ·from the schools, in 
5 . 
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ita elementary basis,-that, whereas, they reason wholly 

from the properties of straight lines (angles are ·a mere 

property of straight lines), I have taken up the proper

ties of both straight lines and curved lines, and have 

introduced elwpea as a new element of mathematical rea

soning. I am authorised to do this by truth and nature, 

for it will readily be perceived, that the first step of 

nature in material creation, is, the production of elu:rpea, 
and lines are nothing more (the ilnaginary lines of 

geometry) than the dimensions, boundaries, and divisions 

of shapes ; therefore shapes are prVmary thiru;e, and 

hence a fJrue lxMi8 of mathematical, reaeowilng. 

I have already shown (propc>sition m. ), that the circle 

is the prVmary shape in natwre, and hence the basis or 

beginning of all area, and that the square is only made 

the basis, by an arbitrary rule. I here add, as necessary 

to the course of development, another proposition, as fol

lows:-

PROPOSITION VII. 

BecalU8e the ciJrcle U/ the j>'l"ima'l"!f elwpe in natwre, am.d 

hence the lxMi8 of Mea; aru1 hewuee the <Ji/role U/ 'IMaHIJ!red 

by, aru1 U/ equal to the equa;re on'Vy in ratW of half U8 

<Ji/r(!U!mference by the raililue, therefO'l'e, <Ji/r(!U!mference aru1 

raJiU8, a!1id rwt the eq:ua;re of dUumeter, Me the rml!y nat;u,. 

Nd aru1 Zegit;i;mate ~ of Mea, by which all reg'Ukw 

ehapea Me made e<J.t«Il to the equa;re, aru1 6fJ.'t«1l to the <Jilrcli6. 
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PLATE XIV. 

On examining the shapes one within another (Plate 

XIV.), it will be known to all mathematicians, without 

the necessity of a particular demonstration in each case, 

that the areas of any two or more equilateral triangles, 

squares, hexagons, or circles, are, to each other of the 

80/TTUJ shape, in ratio of area, as the squares of their 

diameters; but no triangle, square, hexagon, or circle, is, 
to either of the other ilwpe11, in ratio of area as the 

squares of the diameters of each. Therefore, the nega

tive part of the proposition, that the square of diameter 

is wt the natural and legitimate element of area by 

which different shapes are made equal to one another, is 
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proved. Referring to the :figures again (Plate XIV.), it 

is seen, that any triangle, square, hexagon or circle, has 

an area equal to half its circumference by the railiU8 (the 

Ua8t radius in all those shapes formed of straight lines), 

and consequently, they are all, to one another, in ratio of 

area, as hal,f theVr m'l'<YU!mferenc8 by theVr railiU8. 

The pruposiUon is therefore demoMtrated; and cir

cumference and radius are seen to be the only legiti

mate elements of area, by which all shapes, and all areas, 

are in like ratio to one another; and by which they are 

made equal to one another. 

PROPOSITION VIII. 

The equilateral, triangk is the primary of atl 8MfH3.fJ in 

nature f 01med of Btraight UneB, and of equal, &ide8 and 

O!nf!'le8, and it ha8 the 'lea8t railiU8, the 'lea8t area, and the 

greate8t cilr<YWmfererwe of 01n1f po88W'le Blu:Jpe of equal, 8ide8 

and angleB. 

PLATE XV. 

B 
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It will be seen that the triangle A (Plate XV.) has 

three equal sides, formed of three equal lines. Now if 

we suppose a shape formed of only two lines, as B or C, 

if such shape shall have breadth or magnitude, then it 

must have more than two sides, and if mo~e than two 

sides, then it is formed of more than two lines, and if it 

has three sides, then it is a triangle. But if such sup

posed shape formed of only two lines has neither breadth 

nor magnitude, then it is not a shape, and is without 

existence. It is evident therefore that no angular shape 

can have less than three sides, and hence the triangle is 

the first production of nature, among shapes formed of 

straight lines, and, therefore, the equilateral triangle is 

the primary of all 8Mpe8 formed of straight lines and 

equal 8ide8 and angles. 

It is known that if the circumference of the triangle A 

be bisected at each side so as to form a hexagon in 

shape, the area of the hexagon will be greater than the 

area of the triangle. In other words, if the circumference 

of the triangle _ be brought into OITll!/ other alwpe, such as a 

square or a hexagon, the area will be increased as the 

number of the sides is increased, and the radius is also 

increased in like proportion, circumference always re

maining the same. It is therefore known that because 

the triangle has the least number of sides of any possible 

shape, it has also the least radius and the least area of 
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any possible shape formed of straight lines of equal sides 

and angles and of the 8(JJJ'JU <WrcwmffJT'trne6. And heca;u,ae 

the equilateral triangle has the least radius and the least 

area. of any possible shape formed of straight lines, of 

equal sides and angles, and of the same circumference ; 

therefore by reciprocity it is known, also, to have the 

grea!Mt <Wrcwmf ertrne6 of any possible shape of equal 

sides and angle8 and of the same area.. 

TM propoeition i9 therefore derru.YMtJrateil, and it is 

thereby manifest, that because the circle and the equila

teral triangle are the primary of all shapes in nature, one 

formed of curved lines and the other of straight lines, 

. that therefore, the prVma;ry difference between straight 

lines and curved lines, and hence their equality <>M t<> tM 
other, is to be found in the relations between the cilrcle 
and the equUaWra/, 'ttrW;n,gle. 

PROPOSITION IX. 

TM <Wrcle and the equuatqral 'ttrW;n,gle are opposite t<> 

<YM OllWther in all the elements of their <X>'Mf!ructWn, and 

Mrw8 the fractWna/, <liarneU!r of <YM <Wrcle, whwh i9 equal, 

t<> the <liarneU!r of <YM 8quare, i9 in the ~ dmplUxa6 
ratW t-0 the i/;i,a,meter of a;n, eqwilaU!ra/, 'ttrW;n,gle who8e area. 

is one. 

By diameter of the triangle, the perpendicular is here 

meant, as explained in the introduction to chapter i., or a. 
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line passing through the center of the triangle, and per

pendicular to either side. 

PLATE XVI. 

Let it be supposed that the areas of the equilateral 

triangle A and the square C each equals r.YM. 

It has been shown (proposition vm.), that the triangle 

has the least number of sides of any possible shape in 

nature formed of straight lines ; and the circle is the 

ultimatum of nature in t!ie extension of the number of 

sides. In this particular therefore they are opposite to 

one another in the elements of th~ir construction. By 

proposition vn. it is shown that circumference and 

radius are the only natural and legitimate elements of 

area by which different shapes may be measured alike, 

and are made equal to one another. By proposition vm. 

it is shown, that the triangle has the kaet radius of any 

shape formed of straight lines of equal sides and of the 

same circumference, and by prop. n. and IV. chap. i. it is 
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seen, that the circle has the greate8t radius of any pos

sible shape of the same circumference. By the same 

propositions the triangle is shown to have the greate8t 

circumference and the lea8t area of any shape formed of 

straight lines and equal sides, and the circle is shown to 

have the leaBt circumference and the greate8t area of any 

shape. By a well known law of numbers and geometry 

by which the greatest product which any number or 

any line can give, is, to multiply half by half, it will be 

seen that if we take the aggregate of circumference and 

radius in each shape, it is most equally divided in the 

circle, and the most wnequally divided in the triangle, of 

any possible shape. In every case, that which is greate8t 

in the triangle is lea8t in the circle, and that which is 

lea8t in the triangle is greate8t in the circle, and in every 

particular the two shapes are at the extreme and oppo-

8ite b~ of nature, being the fl'1'eate8t and the lea8t 

that i8 po88ible. They are therefore opposite to one 

another in all the elements of their construction. There

fore the square being made the artificial basis of area 

(prop. vn.), if the diameter of the circle B (Plate XVI.) 

shall equal the diameter of the square C, then, in the 

fractional relations of B to C such diameter shall be in 

the opposite duplicate ratio to the diameter of A corre

spondingly situated. The diameter of A correspond

ingly tiituated with the diameter of B to C, it will be 
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seen, is a line drawn across the center of A perpendicu

lar to either side ; therefore the diameter of B in its 

fractional relation to C is the opposite duplicate ratio to 

the perpendWular or diameter of A. And no other 

result is possible in the nature of things (see prop. VII. 

Appendix and remarks following). The proposition 

i.rJ theref ()'1'8 ilem,Q1u1t1rated. 

PROPOSITION X. 

The fractional, dia11neter of one circle which i9 equal to 

the diameter of one square being in the OJY]JOait8 ratio to 

the diameter of the equilateral triangle who8e area i9 fYIU, 

eq'l.U.il8 81. 

PLATE XVII. 

B 

Let the area of the equilateral triangle A (Plate 

XVII.) -1, and let the area of the square B also equal 

one, then the diameter of the circle C, which is equal to 
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the diameter of the square B, also equals <YM. And it 

has been demonstrated that in their fractional relations 

to the square, the diameters of A and Care in opposite 

ratio to one another. (By the diameter in the triangle 

it is known that the perpendicular is here meant, as in 

prop. IX.) Now if the area of the equilateral triangle A 

shall equal one, then the diameter of A (a b), is found 

to be equal to the square root of three twice extracted, 

or ,; ,/.3. Hence the fractional diameter of C, being in 

the opposite duplicate ratio (which is the square of 

diameter) shall equal 3 twice squared or 311 x311 and 

s x 3-9 x 9-81. TM prupo8'ition i8 theref O'l'e ilem.on-
8fll'at,ed. 

Under the head of " The opposite duplicate ratio of 

the equilateral triangle and the circle," embracing prop. 

VI. and VIL (Appendix), will be found a more pa~icular 

examination of the points contained in the above demon

stration, to which the reader is referred for his more per

fect satisfaction. 

PROPOSITION XL 

The fr(J,(JtWnal, area of <YM 8qU(J!l'e which i8 equal to the 

area of <YM oilrck, equal8 6561; and the area of :the circ'UJ 
inscribed in <YM 8q_U(J!l'e equal8 5153. 
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PLATE XVIII. 

E 

It has been proved (prop. x.) that the fractional 

diameter of the circle C, which is equal to the diameter 

of one square (B) whose area is one, being in the oppo

site ratio to ab (iigure A), equals 81; hence the area of 

B-8lx81~656l; therefore B equals one, of 6561 equal 

fractional parts. Now let B equal H in area. It has 

been proved (prop. n.) that H-E in area, and if H-1 

then E-1, and if H-6561, then E_6561. It has also 

been proved (prop. rr.) that if the circumference of F 

equals the .circumference of E, then F and G are also 

equal in area. And because one circle which is equal to 

one square (the area of the square being one) is in 6561 

equal fractional parts, therefore aml!J circle which is equal 
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to UJnl!l 8qua;re (the diameter of the circle being a whole 

number) shall be in some definite and certain number of 

~ parts. Hence the areas of the circles C and G· 

(their diameters being each 81) are some definite and 

certain number of 0'6S'i" parts of B and H. It is proved 

by the approximations of geometry obtained by the pro

perties of straight lines, that C and G are each greater 

(much greater) than !!!~ parts of B and H, and less 

(much less) than ! ! ! ! , therefore ( Reiluotio ad alJ8Wl'iJlwm) 

they ahall be each ! ! : ~ because they oa;n, be rwthing etae, 
there being no other~ part between 5152 and 5154. 

TM propoaiti<m i8 theref O're demcm,attrat-ed; and the 

fractional area of one square which is equal to one circle 

(the area of each being one) is 6561, and the fractional 

area of one circle i!MorilJed in such square is 5153. 

It will now be.seen that having determined two parts 

of each C and G, i. e. having determined the fractional 

area and diameter of each, if we divide the area by one

fourth the diameter, it will give us the circumference of 

each. And because the diameter of each C and G-=81, 

and the area of each --5153, therefore 5153+20.25 

( ! the diameter) --254+ with a remainder forever. It 

is evident, therefore, as has always been the case with 

othei:s, that I have not yet reached a circumference 

which may be expressed in a whole number, and in 
' 
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decimal :figures, without a remainder. I therefore add 

another and fond pr(l/XJ8itinn, as follows. 

PROPOSITION XII. 

TM true ratio of oilrcwmference w dimmeter of all 

<Jitrcke, i8 four times the area of fYM oilrcle iMoril>ed in 

<me aq'UQ;T'e /(YI' the ratio of oilrcwmfer(J'M(3, w the area of 

the cilrcum8arWed aq'UQ;T'e /(YI' the ratio of diameter. And 

lumce the true and primary ratio of circwmf er(J'M(3 w 
diameter of all oilrctea i8 20612 part8 of oilrcwmference w 
6561 part8 of~. 

PLATE XIX. 
}J 

It will be known that if the di

ameter of the circle G inscribed in 

H (Plate XIX.) - 1, then the area 

of H also ~1. It will be known 

also, that the area of G equals half 

the circumference, multiplied by half the diameter, and 

i x ~ -~ ; hence the diameter of G being fYM, then the 

area of G equals ~ its circumference, and vice versa, the 

circumference of G equals four times its area. And the 

diameter of G being one, it therefore equals the area of 

H, because the area of H - 1. Therefore, the first part 

of the proposition is demonstrated, and four times the 

area of any inscribed circle for a ratio of circumference, 
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to the area of the circumscribed square for a ratio of 

diameter, is seen to be a true ratio of circumference to 

diameter of all <Wrcla. 

It has been proved (proposition xi.), that by the pri

mary relations existing between straight lines and curved 

lines, as developed by the opposite ratio of the equilate

ral triangle and the circle, the fractional area of H -

6561, and the area of G - 5153; tMrejfYl'e, the true 

and prirrw;rtJ/ ratio of circumference to diameter of all 

circles ~ 4 G for the ratio of circumference to the area 

of H for the ratio of diameter; and since G = 5153, 

and H ~ 6561 ; tlwrejf»'e, the tNuJ and prirrw;rtJf ratio of 

circumference to diameter of all circles -. 5153 x 4 -

20612 parts of circumference to 6561 parts of diameter. 

Thd propoaition i8 tlwrejf»'e <itmwruJf!rated, AND THE 

QUADRATURE OF THE CIRCLE IS DEMON

STRATED!! 

--
NOTE TO CHAPTER H. 

IT will be seen by any one who has carefully examined 

the propositions in chapters i. and ii., that the whole 

demonstration of the quadrature rests on the last four 

propositions of chapter ii. All the others are only pre

liminary, to show the errors of the received mode of 

demonstration, and to open the way to this. The remark 
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following the eighth proposition, chapter ii., is, I think, a 

conclusion fully warranted, viz., "that because the equi

" lateral triangle and the circle are the primary shapes 

"in nature (propositions m. and vm. ), one formed of 

"curved lines, and the other of straight lines, therefore, 

"the primary difference between straight lines and 

"curved lines, and hence their equality one to the other, 

"is to be found in the relations between the circle and 

"the equilateral triangle." 

This most natural and conclusive inference, drawn 

from proposition vm., and those preceding it, leads our 

reason at once, to examine the relative properties of the 

equilateral triangle and the circle, and this examination 

again leads us at once to the ninth proposition, viz., 

"that the equilateral triangle and the circle are ~t,e 

"to one another in all the elements of their construction, 

"which are concerned in plane extension, and hence the 

"square of diameter being made the artificial basis of 

"area (proposition m. chapter ii.), therefore the equilat

"eral triangle and the circle are opposite to one another 

"in ratio of the squares of their diameters." 

This, then, is the only question of doubt to settle. If 

the equilateral triangle and the circle are opposite to 

one another in all the elements of area which enter into 

·their construction, then are they also opposite to one 

another in ratio of the squares of their diameters . 

• 
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But if they are not opposite to each other in ratio of 

the squares of their diamet~rs, then are they not oppo

site to one another in the elements of their construction. 

This question, the examination of proposition IX. settles 

conclusively. And that proposition being proved, all the 

serial and algebraic formula in the world, or·even geo

metrical demonstration, if it be subject to any error 

whatever, cannot overthrow the ratio of ckcumference 

and diameter which I have established! So long as it 

remains a. truth, that the equilateral triangle and the 

circle are opposite to one another in the elements of their 

construction, that ratio of circumference and diameter 

will stand forever against all argument and all demon

stration by the properties of straight lines which can be 

brought to disprove it, and time will show all the efforts 

of geometers to disprove this, to be just a.s idle as all 

their efforts to prove. the value of the circumference of a 

circle by the properties of straight lines have been. 

These (the opposite elements, and opposite ratio) are the 

pa,rticvkur fact& which govern the circumference of the 

circle in its relation to the properties of straight lines, 

according to the idea given out in proposition 11., and 

which make the circumference of th~ circle to be a par- ' 

ti<Jukur fact llko, and not a general princip~e, though 

true to every thing that is a general principle ; because, 

• 
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it is itself the basis of all U8'M'l'al prirwi,pk8 in relation 

to magnitude or area. 

Having therefore arrived at that point where, by the 

natural conclusion of the course of reasoning adopted, the 

quadrature of the circle is demonstrated, I may now be 

allowed some freedom of remark, in respect to the credit 

due to those opinions, which for the last half century 

have condemned the quadrature as a useless question, 

which it was impossible to solve. 

In respect to the utility and value of the quadrature, 

I think it will be sufficient to say, what no one will dis

pute,-that from the earliest time in the history of 

geometry, np to the close of the last century, it was con

sidered by every mathematician, geometer, or astrono

mer, of eminence, to whom the world owes all that is 

known on these subjects, that the quadrature of the circle 

waB, and i8, an elementary truth, ~e88all"!J to be known 

for the perfection of mathematical and astronomical sci

ence. In the course of the preceding demonstrations, I 

have shown _clearly, I think, that all geometrical truth 

what.soever in nature, rests on two simple things, viz., 

the properties of straight lines, and the properties of 

curved lines, and that the relations of these to one 

another are controlled by the circle and the equilateral 

triangle as primw;ry 87uipes ;-the circle, and consequently 

curved lines, being primw;ry of aa other8; thus sustain-
6 
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ing, and being sustained by, the opinions of all ancient 

geometers, that the quadrature of the circle lies at the 

foundation of all geometry, and hence it is an elementary 

. truth, necessary to be known for the perfection of mathe

matical science. Under these circumstances, therefore, 

when I hear a learned professor of an exact science, stig

matize the quadrature 88 " a useless question," and one 

in which an approximati9n is "near enough," I am led to 

conclude, either that he does not understand the nature 

of the subject, or that his declaration is made to console 

a wounded pride, in not being able to reach it himself. 

Foremost among those who have thrown discredit on 

the pursuit of the quadrature, has been Legendre, the 

eminent French geometer; and I confess to an abundant 

surprise at finding, that the professors of our own day 

and in our own country particularly, have received what 

Legendre and a few ot~e1'B have said, 88 68WJlitihed /~, 

and have adopted their opinions without investigation. 

A distinguished professor of one of our own distinguished 

eolleges, to whom I sent some of my original papers, once 

wrote me in reply ; and ref~rring to ·Legendre's note on 

the subject of the quadrature in his elements of geome

try, added, "that after seeing what that great geometer 

"had said, he presumed I would think no more of the 

"subject." 

In the note in question, Legendre, after having finished 
, .. 

, 
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a bisection to 8000 sides of a polygon, asserts that he 

has determined the quadrature as accurately as the root 

of any imperfect square can be determined to the same 

number of figures; and after concluding that the perfect 

quadrature is impossible to be found, he adds, in sub

stance, "that no one having the least pretension to geo

"metrical science will ever make the attempt" I I ! 

What consideration is due to these declarations of 

Legendre, may easily be seen. He did not even attempt 

to measure the exact circumference of a circle ; and he 

did not in tM leaat consider the properties of curved 

lines, notwithstanding that it had long been known that . 
curved lines do possess properties essentially different 

from straight lines; yet Legendre, by his method, tacitly 

admitted that he knew nothing about them. He simply 

bisected the perimeters of two polygons on a given 

radius, until he brought their sides to agree with each 

other to a certain extent, and these polygons be then 

considers as equal to a circle, to the extent to which 

their sides agree I ! But I have demonstrated (and any 

one may know the fact, almost without a demonstration), 

that a circle is greater than a polygon having the same 

circumference at any possible number of sides (proposi

tion n., chapter i.); especially is it greater than a poly

gon of only a few thousand sides. The conclusion of 

Legendre is therefore manifestly erroneous. He mea-
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sured nothing but polygons, and judging from what he 

has said, he neither understood nor regarded the effect 

of transition of shape to a circle. (See remarks follow

ing proposition IV., chapter i.) 

Again, it will be obvious to all, that by Legendre's 

method, his errors from quantities neglected or lost in 

the course of his calculation and reduction of his result 

to numbers, are errors of ea.eh Bide of the polygon, and 

consequently while in that result, he can have but one 

error in his diameter, he has 8000 errors in his circum

ference, and he could not tell whether the sum of these 

errors was plus or minus ! ! And again, these errors are 

not errors in the circumference of a circle, but in tM 

perimeter of M~ pO!;ygoo, which is of less value than a 

circle having the same circumference (propositions rr. and 

IV., chapter i.), and hence they stand additional to the 

errors &rising from the essenti~l difference in the proper

ties of straight lines and curved lines, which he has 

wholly neglected. Yet in the face of these facts, which 

he must have known if he understood his own work, Le
gendre has seen fit to declare that he has determined the 

circumference of a circle " as accurately as the root of any 

imperfect square can be determined." And who, I ask, 

will, after su~h a declaration, feel his pointed rebuke, or 

trust what he may' say on this subje.ct, without first satis

fying himself of its truth~ For my own part, I cannot 
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but believe that Legendre's reputation as an eminent 

geometer, great though it deservedly is, would have 

been more enduring if he had left the note in question 

out of his work entirely. 

Playfair of Edinburgh was nearly contemporary with 

Legendre, and his and Legendre's Elements of Geometry, 

or rather their editions of Euclid, have for a long time 

been standard works in the English language on these 

subjects. Playfair admits that his and Legendre's 

method of determining the value of circumference 

(which was also the method of Archimedes 2000 years 

ago) is de/f3!Jtime, but modestly says, that geometers 

"know no better method." Still, however, Playfair is 

supposed to have sided with Legendre in thinking that 

the exact solution of the problem was unattainable. 

Legendre and his coadjutors were members of the 

Academy of Science in Paris, and Playfair and his 

coadjutors were members of the Royal Society of 

London. 

About the era of the publication of Legendre's work, 

the Academy of Science in Paris, instigated perhaps by 

Legendre hhnself, passed a resolution, that, in order to 

discourage such futile attempts, the Academy would not 

thereafter receive or consider any paper purporting to 

be on the subject of the quadrature ! And within a few 

years thereafter the Royal Society of London passed a 
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similar resolution ! ! And under the iniluence of these 

tyrannical proceedings it soon became disreputable in 

learned circles for any one to talk of finding the quadra

ture. But these resolutions of Academies and Royal 

Sooieties needed some support, and Montucla generously 

comes to their aid in his HiYtury of the QumlraJJwre, 

which, so far as I can judge from such portions of it as 

have been brought to my notice, appears to have been 

written for the purpose of pandering to the prejudice of 

the French school, rather than to do justice to the 

many ingenious but ineffectual attempts which have been 

made to solve the problem. He remarks with an air of 

compl~ency, which he seems to think is a conclusive 

argument, " that he never knew a man who thought that 

"-he had discovered the quadrature who would ever be 

"convinced of his error, however clear the argument 

"might be against him." In this remark he seems to have 

forgotten the possibility that he and his associates were 

aiB.icted with the same hmilan infirmity,-an unwilling

ness to be found in error ; but if we examine into . the 

history of the progress of science we shall :find, that the 

great stronghold of this mental disorder has always been 

found within the walls of the academy. If this remark 

needed any evidence to sustain it, I might instance the 

·almost uniform and steady resistance with which the 
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schoolmen have received the 'first introduction of every 

great discovery in modern times. 

Here then is a brief history, and the whole merit, of 

that popular prejudice which for the last fifty years has 

condemned the quadrature of the circle as a useless ques

tion which it waa impossible to solve, and the only very 

remarkable thing about it is, that the really intelligent 

portion of the mathematical world should so long have 

bowed in meek submission to the tyranny. 

The only demonstration ever made or ever pretended 

to be made, by any body, of the impossibili~y of find

ing the quadrature, is only a demonstration that the 

thing is impossible to be done by means of straight lines 

alone, and geometers have never used any thing else but 

straight lines. I have never disputed nor even doubted 

the truth of this fact,-far otherwise, and so plain and 

simple is it, that it hardly needs a demonstration, but 

may be eaaily understood by almost any one of only 

moderate mathematical perception. And any one who 

thinks that there is necessarily any disagreement be

tween what I profess to have proved and what has been 

proved by the properties of straight lines, or any thing 

contained in Euclid, will find himself, upon a full exam

ination, to be greatly in error. 

I also have demonstrated the same thing, and not only 

so, but my demonstrations show clearly, I think, that no 
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straight line, nor any number of straight lines im, a d1·

cwmference, can in any possible shape or position, be 

equal in relative value to the same length of curved line. 

Hence, instead of pursuing the quadrature as all others 

have done, by reasoning wholly on the value of straight 

lines, I have :first turned my attention to discover by 

means of shapes, some of the relative properties of 

curved lines to straight lines, and then I have made use 

of these properties to determine their relative value,-a 

· mode of proceeding, I believe, never before adopted in 

any attempt to solve the problem; and few, I think, 

will disagree with me in believing that this is the only 

practicable mode. Some may, and no doubt will, :find 

fault with it. I expect this, from the influence of that 

prejudice, of which I have just given _the brief history, 

for it is hard, for scientific men above all others, to yield 

a fostered prejudice. But there are many men, even 

among the most learned of mathematicians, whose power 

of reasoning is limited to the rules which they have 

studied, and any thing which comes not within theae 

'l'1lile8 is, to their minds, not mathematical. Such men are 

often heard to say, that " the science of mathematics is 

"perfect, and that there can be no change or improvement 

"in it; because," say they, "mathematics are true and the 

"truth cannot change." But such men, I think, confound 

the writtmi 8dence with the truth,-they substitute a 
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mere method by which truth is determined, for the truth 

itself, when in fact there is only an affinity between 

them. 

Nature never follows the rules of mathematicians, 

though she is in fact a much better mathematician than 

any of them ; she arrives at the same results however by 

methods of her own, and the nearer our methods ap

proach to hers, the more simple and perfect they are. 

The whole written science of mathematics is, to my 

mind, nothing more than a process of inductive reason

ing, wherein by laying hold of certain primary and 

self-evident truths, we thence deduce other truths, and 

from these again yet others, constantly widening the 

basis of our reasoning and always ascending from the 

lower to the higher. In geometry the primary truths 

adopted, are, simply, a straight line and a given angle, 

which form the starting points, and from these, all sub

sequent deductions are made. The whole course of 

geometrical reasoning therefore which is known to geom. 

eters, is based wholly on the properties of straight li:nes, 

and all circul~ or spherical measures as yet known or 

used, are, only approximations of straight lines, which 

in circular or spherical magnitudes are both erroneous 

in principle and· subject to error in reducing their 

value to numbers. Other systems of geometry might 

have been formed which would have been equally 
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accurate, yet based on other shapes, and other truths, 

but whatever might have been adopted as a basis of 

r~oning, nnmbers in some one of their infinite capaci

ties of notation and combination, and not straight lines 

alone, would lie at the bottom of all truth. It is not 

necessary, therefore, in order that our re~ning should 

be strictly mathematical, that we should follow the rules 

laid down in the written science for reasoning on the 

properties of straight lines. It is only necessary that we 

should abide by the 8a!m(} prilMiplee which are la.id 

down for that purpose, viz. ro eeelc foret fr<>m natwre some 

primary and self-evident truth from which to deduce 

other truths; and then it is only necessary, that the 

truths deduced, should be 'IUJCM8aJl"!I re8'lilte of the pri

mary truth which forms the ha.sis of our reasoning, and 

if we abide by these principles then our reasoning is 

IJtrWf};y matluimatMxil. 

Hence whether we reason from the properties of num

bers or magnitudes, shapes or areas, lines or angles, or 

from all of them together, if our deductions are neces

sary results of premises founded on the truth of nathre, 

then such deductions are mathematica/,'{;y WUIJ. Hence I 

am justified in speaking of a line and an area as equal to 

one another (prop. XII.). Hence also I am justified in 

introducing shapes a.s an element of mathematical reason

ing independently of lines, because shapes are prima!rg 
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tk~a to which lines are only seco~dary, and of which 

they constitute the divisions, dimensions, and boundaries, 

as stated in the remarks preceding prop. vrr. ; but with

out shapes lines could have no existence and would 

become wholly inoperative. 

Every step which I have taken and every conclusion 

at which I have arrived in the course of these demonstra

tions, will be seen to be founded in, and a necessary 

result of, some primary and self-evident or demonstrable 

truth, and therefore the result oa!flllwt fail to be 'flrue. 

In mathematics there is no room for opinion; what a 

man demonstrates by unerring principles he either krunoa 

to be true, or he does not understand his own work; and 

believing that I have understood mine, in submitting 

these demonstrations to public examination and criticism, 

I do not ask whether the result is true or not, but 

I assert that it i.e 'ftru.e, and I hold myself ready to 
s11Stain it. Fortunately, however, for my time and in

dustry, the truth, if such it be, being once known, will 
be able to sustain it.s>elf without my aid. 

It is proper in connection with this note to remark, 

that the method of demonstration which I have here 

used, is not the only method by which I have arrived at 

the same result, nor is it the method by which the ratio 

of· 20612 to 6561 was first discovered. That ratio was 

first discovered by reasoning wholly on the properties of 

numbers, independently of lines or shapes, and assuming 
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as a primary truth, forat, that in the material creation, 

numbers and things (magnitudes or shapes) are identical 

and inseparable. Secorully, (as has here been demon

strated) that the circle is the beginning of all magni

tudes or areas (prop. m. chap. ii.), and hence the begin

ning of lfllUlfflbera <ilao; and thir<lly, that consequent 

upon these primary truths, numbers themselves are 

constructed upon the circle, and hence by reciprocity, 

the truth of tM <Wrol,e iii tM baa-ill of lfllUlfflbera. Reasoning 

from these premises, I arrived at the conclusion that the 

circle in its relation to the square (the area of each being 

one) is composed of 6561 parts, and taking advantage of 

approximation I inferred, " reductio ad absurdum," that 

the ratio of circumference to diameter is 20612 to 6561. 

In conformity with the premises above assumed it will 
be seen, that the fraction 6561 divided into its own root 

(81) produces a repetition of the digits to infinity, the 

number eight being always missing in consequence of our 

use of decimal numbers in dividing. Also if v'6561 (81) 

be divided into one, the product is the same-a repeti

tion of the digits to infinity, th~ conclusively showing 

that this fraction is a basis of the digits used in the con

struction of decimal numbers. 

The second method by which I arrived at the same 

result was by dissecting a circle and a square into the 

<>rigitnal, whol,e and BlljXlA'ate parts necessary to form a 

circle and a square in shape and Mea, as follows : 
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PLATE XX. 

Let us suppose that the circle and the square (Plate 

XX.) are equal to one another in area, that is each -1. 

It will be seen that the parts necessary to form a circle 

in shape and area are three, viz., it has one continued line 

for circumference, and therefore its circumference is one, 

-it has but one diameter (all other diameters in it 

being equal) and therefore its diameter is MUJ (of a 

circle )-the square of its diameter is also MUJ (of a 

circle) making in all three O'l'igVruit whole and BtpMate 

parts ; and these are seen to be all the parts that are 

necessary to form a circle in Blwpe and area, and without 

these parts a circle cannot be formed. 

The square is seen to have four distinct and separate 

lines for its circumference, and therefore its circumfer

ence is fowr. It has two diameters, viz., A B and C D 

(the greatest and the least) and therefore i~ diameters 

are two. The squares of its diameters are three (of a 

square) viz. A B11-1 and C D 9-2, making in all nine 

urigitn,aJ, whole and 8epa;rate parts, and these are seen to 
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be al,l the parts necessary to form a square in Bhape and 

area, and without these parts and in these exact propor

. tions a square cannot be formed. 

In the two shapes, however, these parts are, in their 

relation to one another, wholly incongruous in quantity. 

Their equality to one another is therefore to be found 

by the following method. 

! 
c 

t-+--1 

E 

PLATEXXI 

D 

Let us again suppose that the circle 

A, and the square B (Plate XXL), 

each equal one in area.. It has been 

seen that the circ~e is composed of 

three original, whole and separate 

parts, and the square of nine parts. Now, let us sup

pose that there are three magnitudes contained in A, of 
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any shape, and of incongruous quantities, and that there 

are nine other magnitudes contained in B, of any other 

shape, but individually and relatively to one another, 

and to the magnitudes contained in A, wholly incongru

ous in quantity, but the sum of the three magnitudes, 

and the sum of the nine magnitudes are each equal to 

one another ; and for illustration, let these magnitudes 

be represented by the areas contained in the lines drawn 

on A and B. It is now required to :find the perfect 

equality of these incongruous magnitudes in the parts of 

the square. Therefore, because A- 3; therefore A' -

9; and we have the figure C equal to the circle A, equal 

to the square B, and equal to the nine magnitudes con

tained in B, but the individual magnitudes contained in 

C and B are unequal to one another; therefore, because 

B - 9, then Bs - 81 ; and we have the :figure D 

equal to the circle A, equal to the square B, and equal 

to the whole of C, but the separate magnitudes contained 

in C andD are unequal to one another; therefore, because 

C - 9, then cs - 81; and we have the figure E, equal 

to the circle A, equal to the square B, and equal to D, 

and all the separate magnitudes contained in D and E 

are equal to one another im, th8 pa;rt8 of th8 square. 

Now, therefore, because 81 is the smallest number · 

by which the unequal magnitudes of incongruous quan

tity contained in A .and B can be made equal to one 
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another in the pMt8 of the Bqua;re; therefore, 81 is a 

diameter by which the fractional area of B equals the 

area of A, and hence the fractional area of A, in its rela

tion to B, ~ E•, and the fractional area of B, in its rela

tion to A, - D', and because E and D each - 81, there

fore the fractional area of A and B each - 81 x 81 -

6561. Therefore it is demonstrated that the fractional 

area by which one circle is equal to one square (the 

whole area of each being one), is in 6561 equal fractional 

parts. 

Now, therefore, since B = 6561, by proposition .xr., 

chapter ii., it is proved that the area of a circle inscribed 

in B ~ 5153, and by proposition xn., it is proved that 

the true ratio of circumference to diameter of all circles 

is four times the area of the circle inscribed in B for a 

ratio of circumference to the area of B for a ratio of 

diameter ; therefore, the true ratio of circumference to 

diameter of all circles is 20612 parts of circumference to 

6561 parts of diameter. Q. E. D . 

.. 
In proposition m. (chapter ii.), I have demonstrated 

that the circle being the primary shape in nature, is 

therefor,e the natural basis or beginning of all area, 

and the square is the artificial basis created by science. 

From this conjunction of facts, it will be seen, that 

because one shape (the circle) forms the basis of nature, 
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and the other shape (the square) forms the basis of art, 

therefore, in the elements of their construction, or in the 

component parts necessary to form a circle and a square 

in shape and area (the area of each being one), the 

original whole and separate parts of the two shapes ahall 
olao 'he equal, or the part.a of one shape shall be the root 

of the parts of the other shape. Therefore, it is seen in 

the foregoing demonstration, that because the circle is 

prima;ry, therefore the parts necessary to form a circle in 

shape aJ?.d area are the root of the parts necessary to 

form a square in shape and area ( v'9 - 3 ), and although 

these parts, in their relation to one another, are origi

nally anq individually wholly incongruous in quantity, 

yet because one is the root of the other, their perfect 

equality is readily found, as in the demonstration. 

It will be perceived by any one who has read with any 

care, that this method of showing the relations between 

the circle and the square to consist of 6561 fractional 

parts, has no similarity to, or dependence on the oppo

site duplicate ratio; on the contrary, it is entirely dis
similar, and wholly independent of it in its principles 

and operation. I consider it perfect in itself, yet I do 

not advance it here as any part of my argument, byt rest 

the decision of the truth entirely on the opposite dupli

cate ratio of the equilateral triangle, and the circle as 
'1 
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explained and demonstrated in the twelve propositions 

of chapter ii. . 

I have introduced these two last methods of :finding 

the quadrature only into this note, and have forborne to 

treat them at length on their merits, lest I should make 

my work too large. I would remark, however, that I 

hold a mass of papers and correspondence in respect to 

this last method (which was the second in the course of 

discovery), and which I may make use of at some other 

time. I consider one metlwd BUjficient, and I have pre

ferred the method of demonstrating by the opposite 

duplicate ratio of the equilateral and the circle, which 

was the third in the course of discovery, as being to my 

present views the most full and complete. But it is due 

to the merits of the second method, by dissecting of the 

parts, to say, that it was the examination of the subject 

by this method which revealed to me many of the pro

perties of curved lines, and led to the discovery of the 

third from the opposite duplicate ratio. 

The methods which I have used may doubtless be 

somewhat improved upon, and there -are various other 

methods which may be used . for the purpose with equal 

effect,• but if we have found the truth, it is useless at pre

sent to descant upon these. 



CHAPTER ill. 

PRACTICAL QUESTIONS. 

IT will be understood, from what has been said in the 

preceding chapter and note, that I claim for the ratio of 

circumference and diameter which I have established, 

that it is the pimuJ!ry rati<r-that which is O'M in natwre, 
and on which all other true 1ratwa depend. Itherefore 

denominate it, "the prima'l"!J cilr<YUmfereTW(J," and a circle 

having its component parts, as a prima'l"!J circ"le. 

All circles are of themselves and in their own nature, 

primary circles, because all circles, without regard to 

magnitude, have the same relative and constituent parts, 

-that is to say, a small circle contains within itself the 

value of just as many angular spaces, and haB the 

same ratio of circumference to diameter, which a larger 

circle has, the ·only difference being in the magnitude of 

those parts. But when we set aside any limited and 

d~finite ciuantity, calling it one, and set that up as a stan

dard of measure by which to determine other qu.antities, 

then all other circles either greater or less than such 

standard, cease to be primary in their relations to that 

standard. 
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In introducing practical questions here, let it be un

derstood, that it is not my object to write an elementary 

book of instruction, but only to test the applicability of 

tM pri;ma;ry 1·atw of circumference and diameter to prac

tical purposes, and at the same time to test the truth of 

that ratio by applying it to other prirruury truthe in 

nature, the sole object and value of the discovery being 

its applicability to practical purposes. 

In adapting the ratio of circumference and diameter of 

a circle to mechanism of any sort, it is evident from the 

almost inappreciable difference between my ratio ~d 

that of geometers, being scarcely equal to one hair's 

breadth in any arch ever constructed by men, that the 

only application of it which can b~ made to any natural 

truth as a test of its accuracy is, to the great astronom

ical circles, in whose vast magnitude alone, the value of 

the difference becomes important or even perceptible. I 

therefore proceed·to make the mechanical application of 

my ratio of circumference to these great circles, upon the 

principles of mechanical motion, and in a manner which 

I think is peculiarly my own, but which I believe to be 

undeniably correct and a demonstration in itsel£ But 

in order to be understood, and to fix the attention of the 

examiner on the points necessary to be considered, I 

must first state a few preliminaries as follows. 

FirBt, Time (or perhaps I should be better under-
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stood by saying the standard by which time is measured) 

is nothing else but the relations existing between light 

and motion. Therefore time is al,tof!ethe-r 1·dative, and 

the motion of the revolving bodies by which time is 

measured, being measured by time, is fi,8o rdative. 

&oorul1;y, Time and space are, for all purposes of cal

culation with respect to motion, one and the 8ame thifnu, 

because the measure of time is the circumference of a 

circle, and itB length or duration is the revolution of a 

circle. Therefore the circumference or area of one circle 

may be reduced to time, and the length of a day or a 

year may be ·considered and treated as circumference or 

area. 

The area of one primary circle (5153) being reduced 

t.o time ( corre.sponding with the revolution of one solar 

day) until it is without remainder, is 23h. 5r 23" 20"'. 

One siderial day, or the revolution of the earth on 

her axis from opposite a :fixed star to opposite that :fixed 

star again, is 23h. 56' 4" 6"'. 

The length of one solar day is exactly 24 hours, and 

for convenience I will call these a ciroUlar ila;g, a 8ide

rid day, and a 80Wil' ila;g, the solar day being greatest, 

and the ciroUlar ila;g least of all the three. 

Reduced to their lowest denominations, these three 

days stand as follows : 

The length of 1 "Circular day" is 5153000"'. 
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The length of 1 Siderial day is 5169846"'. 

The length of 1 Solar day is 5184000"'. 

CIU.P. m. 

The difference between 1 Circular and 1 Solar day is 

8' 36" 40"'. 

The difference •etween 1 Circular and 1 Siderial day 

is 4' 40'' 46'". 

The difference between 1 Siderial and 1 Solar day is 

3' 55" 54'". 

The erJJCM8 of difference between 1 Circular and 1 Side

rial, and 1 Solar and 1 Siderial day, is O' 44" 52'". 

Let it now be understood, that in computing the mo
tion of a circle by time, we ~re to bring it at . last to 

80lar time. 

ThirdVg. All natural periods of time are, I think, (in 

accordance with the above table) greater than one 

primary circle, because all the heavenly bodies by whose 

motions time is measured, or whose motions are mea

sured by time, are themselves also in motion. For 

example, the earth is more tha!n 24 hours in revolving on 

her axis from the moon to the moon again, so as to bring 

the same meridian exactly opposite. But the earth re

volves on her axis from the sun to the sun again in 24 

hours exactly, and a lunar day is greater than a solar 

day, therefore the moon is in motion, and the earth per

forms on her axis more than a complete revolution in 

space in turning from opposite the moon's center to 
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opposite that center again. But the earth revolves on 

her axis from opposite a fixed star to opposite that fixed 

star again in 23h. 56' 4" 6"', and a solar day is greater 

than a siderial day, therefore either the earth or the sun 

is in motion in an orbit, and in either case the earth per

forms in space more than a complete revolution on her 

axis in turning from opposite the sun's center to opposite 

that center again. But the difference between a circular 

and a siderial day is greater than the difference between 

a sideria.l and a solar day, therefore 'both the ea;rth am.d 

the 8Wn are in motion in an orbit.* 

The above are mechanical truths, easily proved, and 

if they be true, as I affirm, then the relative motion of 

the sun and of the fixed stars, so-called, may at length 

be found and demonstrated by the ratio of one prVma;ry 
ci'rcwmjerence ! ! 

Before proceeding to apply the ratio of circumference 

to the astronomical circles, it is necessary, first, to solve 

the problem of three gravitating bodies. I therefore 

submit the following proposition. 

• The evidence of this fact does not depend on the truth of my ratio 
of circumference, and if the geometer's ratio wers true, the difference 
would be greater still._ 
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PROPOSITION I. 

TM r68'pooti!ve and relative 'IJU)tiun, of three gravUating 

'/xxlietJ revoVving wgether and ahout ea,ch other, i8 aa f rnur 

to three, or one and <YM-thiril of one primary circum

ference. 

I have always considered this proposition as self-ev

ident on the face of it, and that no mathematician would 

deny it and hazard his reputation on sustaining the de

nial with proof. But as I shall perhaps be called on for 

proof, I add here, at some length, the solution of the 

problem, after my own method, as follows: 

The problem of three gravitating bodies revolving 

together and about each other, is one, which, like the 

Quadrature, has hitherto bafHed all attempts of math

ematicians to•solve it. But since this, like others of the 

kind, is of itself a problem, which is daily performed and 

consequently solved by the mechanical operations of na

ture, t~e failure of mathematicians to reach the solution 

proves nothing but the imperfection of the reasoning 

applied to it. 

It is a principle I think clearly demonstrable, that 

whatever can be constructed by mechanics out of given 

magnitudes, can be exactly determined by numbers, and 

that which cannot be constructed by mechanics out of 

any given magnitudes, cannot be exactly determined by 
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numbers, having the same relation as the magnitudes one 

to another. It is for this reason, and for this reason 

only, that we cannot oot of the 80/fM m.agnitude8 con

struct a square which is just twice as big as any other 

perfect square, neither can we :find the perfect root of . 
such a square by decimal numbers. If this reasoning be 

true, then, because the. problem of three gravitating 

bodies is a mecha~cal operation daily performed in 

nature, it is hence a thing capable of being proved by 

numbers. The great difficulty of this problem has 

arisen, I think, from the impossibility of its full display 

by diagram, and the difficulty of embracing in any form

ula., all the conditions contained in its elements. The plan 

of exacting a display by diagram of all geometrical prop

ositions is eaf e, and perhaps it is the only plan by which 

the yet untaught mind can be initiated into the truths of 

geometry, . but is it always ·necessary in every original 

demonstration 1 Are there not other means equally true 

and equally 8afe in the hands of one accustomed to ex

amination, and acquainted with the properties of numbers 

and of shapes ? I think there are, and without taking 

the least unwarrantable latitude, or departing from the 

clearest perceptions of reason, I think this problem may 

be easily and accurately solved. 

The thing required of every demonstration is, that it 

shall give a 8'Ujficient reaeon for the truth which it as-
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serts. But in order that a reason may be 8Ujftcient, and 

the conclusion drawn from it 8afe, it is necessary, not 

only, that the relations of cause and effect sh8ll be made 

clear to our perceptions, but also that the conclusion 

when <lraW'n, shall abide the test of practical application. 

Any demonstration which does less than this cannot be 

relied on, and no demonstration ever made has ever 

done more than this. 

We know very well that things are possible or impos

sible to be done, only in proportion as the means applied 

are adequate or inadequate to the purpose. We know 

also, that because different principles exist in the various 

forms of matter, therefore it is impossible to demonstrate 

every thing by the Bame 'lMOlfl,8 or 8ame principk8. It is 

a narrow-minded prejudice, therefore, which exacts that 

every demonstration shall be made by the prescribed 

rule.a of science, as if science already embraced every 

principle which exists in nature. Yet none are more 

frequently guilty of this narrow-mindedne8s than mathe

maticians, who often require that things shall be done by 

the means which the written science affords, well know

ing at the same time that such means are inadequate. 

Such has always been the case in respect to the quadra

ture of the circle,-mathematicians have demanded that 

it should be demonstrated by the properties of straight 

lines, knowing at the same time, that straight lines are 
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inadeq_uate; therefore ( amd thm-ej<»'e only), the thing haa 

been found impossible, and all other demonstrations are 

rejected, because they cannot be shown by straight lines. 

I do not consent to such unreasonableness of decision, 

but in every proposition where the aujfioient rea11on is 

manifest, I hold the proposition to be demonstrated until 

it can be disproved. 

In entering upon the solution of the problem of three 

gravitating bodies, we must first examine and see of 

what elements the problem is composed. 

The elements which I shall consider in this caae, will 

not be such 88 . a mathematician of the schools would 

think it necessary to consider. They will be . far more 

sim.ple,-more conclusive (for such as the schools can 

furnish, have yet decided nothing), and I think, more 

comprehensible, yet equally true to nature (for I consult 

nature's laws only, and not the method or opinions of 

any other man), and equally accurate and precise with 

any which can be given by any other method. 

And fl-rat, each revolving body is impressed by nature 

with certain laws making it susceptible of the operation 

of force, which being applied, impels motion. These laws 

may all be expressed under the general term f <»'cea, 

which, though various in their nature, possess an equal

izing power, controlling each other in such a way, that 

neither can predominate beyond a certain limit ; and, 
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consequently, these bodies can never approach nearer to 

each other than a certain point, nor recede from each 

other beyond another certain point. Hence these forces 

are, at 80'TJ1,.6 'llUJ(JJfb point, made perfectly eq_uaJ,, and there

fore they may be considered 88 but one f or<M, and hence 

but <YM element in the problem. 

&<xmdJ,y. These . revolving bodies have magnitude, 

shape, density, &c., which affect the operation of force in 

producing motion. These properties of revolving bodies 

have all the same inherent power of equalization 88 

forces. For example, if density be greater in one than 

another, then magnitude will be relatively less, force 

will be less (the direct force)! and the momentum. from 

velocity greater, but the whole shall be equal On the 

other hand, if magnitude be greater, and density less, 

then force will be greater, and velocity less, but the 

whole shall be equal. The second element of this prob

lem may therefore be comprehended under the term 

magnitwk, which shall include shape, density, and every 

other quality or condition which affects the operation of 

force in producing motion, and the whole constitute but 

one element in the problem, which I term magnitwk, 88 

referring to the bodies themselves rather. than to any 

of their qualities, 88 density, gravity, or otherwise. 

The thi'l'd element in this problem is diawnce, by 

which I would be understood to mean the c/wa(ffb dia-



CHAP. DI. PBA.O'l'IO.AL QUllSTIOlfS. 105 

'lances from one another, at which these bodies perform 

their revolutions in space. It is well understood, that 

from the nature of the case, these revolving bodies must 

take up their mean distances from one another in exact 

proportion to their respective magnitudes and forces, and 

in proportion 88 these are greater or less, the distance 

from each qther will be greater or less. Hence it is seen 

that the same inherent power of equali?.ation exists in 

respect to distances 88 in respect to the forces and mag

nitudes, and whether their distances from each other be 

greater or less, equal or unequal, they still constitute but 

one element in the problem. 

The fowrth and la8t element in this problem is motimi, 

or vebx:Uy, by which distances are to be performed or 

overcome by revolution. And here again it will be seen, 

that because the distances to be thus performed by revo

lution depend entirely on the c'lwaen di8tance8 from one 

another, and these again depend on magnitude and force, 

therefore, the same equalizing power exists in regard to 

rnotimi or velocity, 88 exists in regard to all the other ele

ments, and therefore this also constitutes but one element 

in the problem, which I will term velocity, as including 

momentum, and every other quality, condition, or effect 

of motion. 

These, fowr in 'lllU!TlllJer, are all the elements necessary 

for the m,echa;n.ical, performance of the problem, and con-
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sequently all that are necessary for its ikt,eJ·miilruJtign, by 

lfllU!flWer8, and it has been seen, that such is the nature of 

· the problem itself, and the power of these elements over 

one another, that every other quality or C9ndition affect

ing either, is equalized by, and held in subservience to 

these, and these again are equalized by, and held in sub

servience to <YM another, and all controlled by magnitude, 

so that the whole constitute but <YM probkm or mechani

ool, operation, in which f owr elernent8 are concerned. 

The difficulty of reducing impalpable things to a pal

pable standard of measure is generally conceded, but in 

this case, I think the difficulty does not exist., and that 

these elements may all be as truly represented by num

bel's and magnitudes, as if they were palpable things in 

themselves, having the qualities of length, breadth, and 

thickness. For example, let ~ stone be a magnitude 

having shape, bulk, density, &c. Now, a force which 

can raise this stone one foot from the ground, and hold it 

suspended there, is, in its relation to the magnitude or 

stone, exactly equal to <YM foot of measm·e, and because 

the stone is held suspended, and does not descend again, 

nor rise higher, it is evident that the force and magni

tude have become equa.l at that point of e~ation, and 

therefore, vice ver8a, the magnitude or stone is, in its 

relation to the force, exactly equal to <YM foot of mea

sure, and consequently distance and motion are each also 



CB.U'. DJ. PBAOTIOAL QUl!BTIONB. lO'l 

seen to be equal to one foot ; and the same principles of 

applicability to measure exist in three bodies suspended 

in space, and made to revolve about each other, by forces 

inherent in themselves. It matters not that other and 

disturbing forces exist outside or inside the space in 

which these bodies revolve, because, if another and dis

turbing force be considered, then it ceases to be a prob

lem of three gravitating bodies ; and also, because such 

disturbing forces, if they exist, operate proportionally on 

all three of the revolving bodies, and in the course of a 

revolution, and consequent change of 1·elatilve po8ition, 

these disturbances muat fond their perfect equality. 

Now, let us suppose that we have here, thi·ee bodies 

revolving together in space by their own gravitating 

power, and let the magnitudes of these bodies be exactly 

equal to one another,-then their forces shall be equal, 
PLATE :XXII. 

~-·- · · - --··----=--~-= . . 
' 

. . 

. . . 
' : 

.A. 

* 

their distances equal, 

and their velocities 

equal, and it will be 

seen that they coonot 

revolve ahout e(J()h 

other, but must f o"fr. 

Ww 8(],()°h,_ other round 

! a common center, and 
I • ;______________ their relative motion 

a 

in respect to any point in space (as the point or star A), 
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must. be on the value of the circumference of the circle 

B, which passes through the center of each body, as in 
Plate XXII. 

Now, let us suppose that each of the element.s con

tained in the problem of three gravitating bodies, is an 

equal portion of the area of the circle which these bodies 

describe in a revolution; then the circle will be divided 

from the center into four equal parts, as at the point.s a, 
h, c, d, and let each part equal rme. It will be seen, that 

in each relative change o:f position, each revolving body 

passes over an area equal to rme and rme third. In other 

words, their relative motion is as /<nJ/I' to three. So also, 

if each element shall be an equal portion of the circum

ference of the circle B, or an equal portion of the square 

of the diameter of B, the same result is manifest, and the 

relative motion of each revolving body is, as f <nJ/I' to tlvred 

of such magnitude as is made the standard of measure. 

Again: 

&conilly. Let the area of the circle i!M<Jrihed in the 

equilateral triangle, whose sides make the distance be

tween these revolving bodies, be one, as in the marginal 

Plate XXIII. It is seen that the circle B, whose circum

ference these bodies describe by their revolutio11:, is four 

times greater than such inBmibed circle. (See illustra

tion, Plate XXXI., Appendix. Hence again, their rela

tive change of position is seen to be as f <nJ/I' to three, or 
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one and one-third of the 

primary magnitude which 

is made the standard of 

measure, and (proposition 

PLATE XXIII. 

~-------·-·-~·~-.._.............,_,, . . . 
i 
: 
I . 

109 

L, chapter ii.), it is . see~, ~t---4k't----t---+--~i£ 
that the circle inacril;ed in . 

: 
the triangle as above, forms 1 

the basis of the area of that : .. 
I 

triangle, when it shall be ' 

measured by circumference and radius, ~hich are the 

only legitimate elements of area in· all shapes alike. 

Again: Thircl/,y. It is seen that the equilateral triangle 

(Plate XXIV.), whose sides make the distance between 

these revolving bodies, is an angular shape, and being 

measured in the usual way of measuring angolar shapes, 

its area equals the perpen

dicular, P, <l, by half the 

side. Now, let the per

pendicular, P, <l, equal <me. 

Then it is seen that the di-

a.meter of the circle B, 

which these bodies de

scribe in a revolution, is 

one-third greater than the 

PLATEXXIV. 
c 

bl-----"14-~---+----4----:;;..,_ 

perpendicular. Hence, in performing a complete revolu

tion, these bodies describe a circumference equal to MN 
8 
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and <YM-third the circumference of ~ di.amlMJr. In 
other words, their relative motion is again seen to 'be as 

fqwr to tlvre,e of ~ prima;ry circumference. 

FfAJ!rt/Wy. These bodies, which are revolving together, 

are known (by hypothesis) to be equal to one another in 

magnitude, and consequently, equal to one another in all 
the elements concerned in their revolution. 

PLATE xxv. Now, let us suppose 
;--------------· --··-·------··-··: that their distance from 
! . . . ' . : . 
I ' 
! . . . 

each other equals UM. Thai 

distance is seen to be the 

i1--_..a::+---1---1----=~,a, 8ide of an equilateral tri

a 

angle inscribed in the circle 

B,whosecircumferencethey 

describe in one complet.e 

revolution. (Plate :XXV.) 
Now, the side of an equilateral triangle inscribed in a 

circl~, equals the perpendicular from the base of an equi
lateral triangle, wlwee 8ide equals the diameter of the 

aforesaid circle ; and therefore, because the 8<J.'UOll°6 of the 

side of any equilateral triangle, equals one-third added 

to the aquare of its perpendicular, and because the 8<J1Ulrd 

of the side of the equilateral triangle inscribed in B 
equals ~, therefore the 11quatre of the diameter of B 
equals ~ amd <»UJ-tltir<l. Hence the area of B equa1s 

one and one-third the area of a circle whose diameter is 
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one. Hence, in describing the circumference of B, the 

relative motion of these three revolving bodies shall be 

as f owr to thr86, or <me amil Olfl.'6-thilrd the MfA, of a circle 
whose diameter is <me. 

By proposition XII. chap. 

ii. it is shown that the true 

and primary ratio of cir

cumference to diameter of 

all circles, which can be 

expressed in whole num-

bers, is f owr tfm,e8 the MfA, 

of one circle im8criJJed in 

'JllUJ 8q_'lUJll'e for the ratio of 

PLATE XXVI. 

J.L-~~~~+-~-+-~-=-6 

. ' ' . 
: . 
i : 
: i :. ............... ~ .. -. -L--.~---······-··-4 

eircumference, to the arfA, of the circwm8C1'ilHJil 8q_uare, 

For a ratio of diameter. Therefore it is evident, that if 

the circumference of B shall be resolved into such pri· 

mary parts, as shall express the circumference of <me 

diameter in whole numbers, and in it.a exact relation to 

area and diameter, without a remainder in either, then 

the circumference of B, shall equal <me and Une.thilrd 

of one primary circumference, such as may be expressed 

in whole numbers; because the area of the square circum-
8Cri1Jing B, equals <me amil <YTUJ-thilrd, when the side of the 

equilateral triangle im8criJJed in B equals <me. 

Fifth amil la8tl;g. These revolving bodies must he 11up

poeed to revolve upon a value, in which diameter and 
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area form exact and equal portions, and the only circle 

in nature whose diameter and area are equal to one 

another, and identical in numbers, is a circle whose cir
cumference is f <YWr; hence the relative motion of three 

bodies of equal magnitude, revolving together, cannot be 

otherwise than one and one-third of 8UCh p<lll'tlJ. 

It is evident from all the foregoing demonstrations, 

that, if we suppose the elements of which this problem 

is composed, to be magnitude8, and take tlwm as a stand

ard of measure, whether such magnitudes shall be equal 

portions of the a'l'ea of a circle, or of its CVrC'IJ/m,f (J'l'enc8, 

or of the 8fJ.UOll'e of its diamet(J'l', or whether we take as 

our standard of measure, 'the di8tance between these re

volving bodies, which makes the 8iile of a triangle, or the 

perpendicukvr of such triangle, or its iMcNJJd cilrc"le~ in· 

all cases, and in every case, the relative motion of these 

three revolving bodies mU1Jt be as f ou'l' 'to th'l'ee, or one 

and <YM-thilrd of 8UCh 'TIW1!ni~ a11 i8 made tM 11talndr.urd 

of rruJalJ'Ulre, and there is no other standard of measure 

which Can be mathematically assumed in the premises, 

which I have not here considered. 

TM pr<YpOIJiti<>n i8 theref O'l'e demonllflrated, that three 

gravitating bodies of equal magni~, revolving to
gether, their relative motion 11halt he as f <YWr 'to tlvr66, or 

one and one-thi'l'd of one prVrn,a;ry circumference ! I 

It will be obvious to any one, that in the foregoing 
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demonstration, I have assumed, that the magnitudea of 

the revolving bodies are all equal, to <>ne another, and 

hence their forces, distances, and velooities, are all equal, 

to O'IUJ another; consequently, they all revolve on the 

same circumference, as shown in the several Plates, from 

XXII. to XXVI. ; therefore, they cannot revolve a/Jotut 

each other, but must follow each other round a common 

center. But in the problem of the revolution of the moon 

about the earth, and the earth and the moon together 

about the sun, the magnitudes are all unequal, and hence 

their distances from each other, their forces and velocities, 

are a.ll unequal, and they are known not to follow each 

otlu!r, 88 in the foregoing demonstration, but to revolve 

about each other in the order above stated. 

It may, perhaps, therefore be inferred that the forego

ing demonstration is not applicable to auch fl"·avitating 

boi/i,ea. But it must be observed, also, that the EQUALIZ

ING POWER of all the elements of the problem, are in /Ull 
forC8 ood operation here, 88 well as in the problem just 

solved, and that the chosen distances, forces and veloci

ties, are in exact proportion to the relative magnitudes 

of the bodies revolving ; and hence their relatwe motion 

sha.ll be 11ti1l tM 8ame, with this difference only, that 

because the moon revolves about the earth, and the 

earth and the moon together revolve about the sun, 

tlufrejorlJ their relative motions being expressed by time 
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(which is also relative), the following proportions en

sue: 

Fir8t prfY]XHtirm. As <me primo;ry <Yi!rfJ'IJ!mf el'e'IW6 of a 
<Wrde U/ t<J the rruxm,' 8 time alx>ut the earth, ao UI tltd 

rruxm,'8 time alx>ut the earth t<J the earth'8 tilme olxJ'Ut ths 
~n ! (See the practical application in propositions n. 

and m., which follow in this chapter.) It must be home 

in mind, however, that in the above proportion, reference 

is had to the revolution of the earth and the moon over 

the value of a ~t8 <Wrcle, and rwt to the full sidereal 

lunation or mean year, each of which are grea;ter than 

<me <Wrde. (See introduction to this chapter.) Also, the 

time here meant is <Wrcul,a;r tilme, or one revolution of the 

earth in space. (See table of time in the introduction to 

this chapter.) It must also be borne in mind, that in 
the above proportion, reference is had only to the rtila

timul of ilecirruil 'W1111lll>er8, and no reference is made to any 

geometrical standard of measure in the revolutions of 

either body. But because magnitlude is the controlling 

element in the problem, with the powei: of equalizing all 

the rest, therefore, the first proportion as above given 

being true, a 8ec<md prfY]XHti<rn f oll<YuJ8, which is strictly 

geometrical in its character, and which makes the whole 

definite. It is as follows: TM 8fJ1Ullr8 of the ddalmete!' of 

the rruxm, i8 to the 8q_U(lll'e of the dia/rnetel' of the earth, a8 

the rruxm,' 8 time 'IYYUnd the earth, i8 to the earth' 8 tim6 
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MJmiJ tM 8U/fl,,-tM timie Mr6 '11UJallit bei;n,g cilrcul.ar Ume, 

a8 befure. 
The calculations showing the method a~d the result 

of these proportions, will be found in prop. IV. and. v. 

which follow in this chapter. 

The true and prima;ry ratio of circumference to diam

eter of all circles, as shown by the twelve propositions of 

chapter ii., is 20612 parts of circumference to 6561 parts 

of diame.ter; and by the solution of the foregoing prob

lem it is shown, that the relative motion of three grav

itating bodies, as of the moon, the earth and the sun, is 

as f uwr t.o tlvree, or one and one-third of one prima;ry cilr

tn11mf ererwe. 
With the solution of these two problems, and keeping 

in mind the preliminary remarks made at the commence

ment of this chapter, we are prepared on simple, original, 

and ~ha;ni<JaJ, principles, to reduce to numbers, the 

great circles performed by the revolution of these grav

itating bodies. 

The fo'8t, and to us relatively, the prVmary orbit of 

nature, which is fulfilled by these revolving bodies, is a. 

sidereal lunation, or the passage of the moon round the 

earth from opposite a fixed star to opposite that fixed 

star again,-first because the motion is directly around 

our earth, and secondly, because the fixed star so-called, 

• 
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has the least apparent or to us relative motion, of all, the 

heaveilly bodies ; therefore, 

PROPOSITION II. 

TM momi' a <>rl>it ( <>r momi'a tV!M) rownd the earth m a 

8iiJerMJ, lwnati<m, ooer the value of a cC>mplete cirde, i'8 <nuJ 

anul 01UJ-third of rme prima;ry <Jilrcwmf erence. 
The ratio of circumference and diameter being 20612 

to 6561, the moon's orbit -20612xli -2'1.48266666+, 

which pointing off ~ :figures to the left for days, (because 

the :first :figure or left hand unit of diameter being 6 

(6,561) therefore circumference has two left hand places 

of units) I say is the exact time of the passage of the 

moon round the earth, over the value of a complete 

circle, the time being in circular days of 23h. 51' 23" 20"' 

each, and therefore 2'1.48266666+ X5153000"' (the value 

of 1 circular day) -141618181.3333+ -:-5184000"' (the 

value of 1 solar day) equals 2'1.3183220164+ which 

reduced to the proper divisions of solar time -2'ld. 'lh. 
38' 23" 1"' 20"", which I say as before is the exact time 

of the passage of the moon round the earth over the 

value of a complete circle. 

But because, as has been shown, all natural periods of 

time are greater than one circle, and because a sidereal 

day, or the revolution of the earth on her axis from 

• 
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opposite a :fixed star to opposite that :fixed star again, is 

greater than a cilroul,a;r day or one revolution of the 

earth on her axis in apace, the difference being 4' 40" 

46'", and because by the moon's passage round the earth 

she gains or performs one motion of the earth, therefore 

the dllference between one cilroul,a;r day and one sidereal 

day is to be added to the moon's motion to complete 

the lunation, and therefore 2'l'd. 'lh. 38' 23" 1"' 20"" 

+4' 40" 46"', -27d. 'l'h. 43' 3" 47'" 20"", which I say is 

the exact period of a sidereal lunation, the only . error 

being the astronomical error in the length of one sidereal 

day (in adding the difference 4' 40" 46"'), which by long 

observation is known to be less (much less) than one

tenth of one second.* The error therefore is less (much 

lees) than one-~nth of one second of time in a lunar 

month!! 

When I say that the above is the exact period of a 

sidereal lunation, I must be understood that it is the 

'fM(JJfl, pmWd which the moon observes through all time. 

Whether the moon's motion is or is not sometimes accel

erated for a long period and again diminished as much1 

does not touch this demonstration, but is a question· 

standing by itaelf. It should be observed, however, that 

the period of a sidereal lunation as given by me above, is 

nearly <.JM-fifth of a 8ecmul in a lunar month, less than 

* It is less than one hundredth part ox one second. 
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the period given in astronomical time ; and the differ-- · 

ence applied· to the time of eclipses which happened 

before Christ, is fotind to agree exactly with the amount 

of acceleration which the moon is supposed to hav.e: 

received hi . the last . two thousand ye81'8 ;. and hence my 

period is known to be the trtie period of the moon1s 

motion round the earth. 

The second orbit fulfilled by these three revolving 

bodies, is that o~ the earth and the moon together, 

revolving about the 'sun. This revolution, in conse

quence of all natural periods of time being greater than 

one circle, becomes a little more complex than a luna

tion. Acco,rding to the main proposition of three grav

itating bodies, however, it proceeds upon the e&me 

principles and is equally mechanical, but with this :dif
ference, that instead of the sun pBBBing round our own 

earth as the moon actually does, the earth as the centre 

of the moon's orbit moves round the sun carrying the 

moon with her, while the sun appea;ra to move round 

the earth and the moon together in the same period 

of time. 

In the solution of the problem of three gravitating 

bodies I have shown the existence of the following pro

portion between the motion of the earth and the moon, 

viz., "That as one primary circumference of a circle, is to 

" the moon's time round the earth over the value of a 
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" complete circle in space, so is the moon's time round the 

" earth to the earth's time round the sun over the value 

" of a complete circle in sp~e." Hence, in calculating 

the earth's orbit round the sun by the relative motion of 

three gravitating bodies, we must take the moon's orbit 

(or moon's time) as our primary circumference, or stand'.' 

ard of measure; therefore, 

PROPOSITION ill. 

TM earth' 8 titme rowru/, tM 8Wfl, ooer tM val!ue of a CUTllt" 

Jilet6 cilrcle in 8J.X1C6 i8 ae four to three, Q1' one and one

third the m<>on' 8 titme rowru/, the earth ooer the val!ue of a 

complet,e cilrcle in 8J.XIC6· 

Therefore the moon's time round the earth, being 

2'1.48266666+, therefore the earth's time round the sun 

-2748266666+ xH-366.4355555+, which pointing 

off three figures to the left for units, for the same reason 

that two figures are pointed off in a lunation, viz., because 

diameter has become such that circumference has three 

places of unitS, I 8a!!/, is the exact time of the earth's 

motion round the sun over the value of a complete 

circle in space, the time being in circular days of 23h. 

51' 23" 20"' each, therefore 366.4355555+ x.5153000'" 

(the value of one circular day) -188824211.7'l777+ 

+5184000"' (the value of 1 solar day)-364.244293552+ 

which being reduced to the proper divisions of solar time 
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-364d. 5h. 51' 46" 5'1"' 46"". But bec&nse a sidereal 

day is greater than the mean between a citrmdar day and 

a solar day, by an excess of 44" 52"' (see table of time, 

· page 98), which difference necessarily belongs to the 

sun's motion in his relative position to the earth and a 

:fixed star so-called, therefore we are to add the above 

period 44" 52"' x11-59" 49"' 20"" and 364d. 5h. 51' 46'' 

. 57'" 46"" +59" 49"' 20"" -36~d. 5h. 52' 46" 4 7"' 6"". 

Now also because the earth in passing round the sun 

from opposite a :fixed star to opposite that star again, 

gains one revolution on her axis from opposite that star 

to opposite that star again, or one sidereal day, therefore, 
we are to add to the above period one sidereal day to 

complete the mean year. Therefore 364d. 5h. 52' 46" 

4'1"' 6"" +2'3h. 56' 4" 6'"-365d. 5h. 48' 50" 53"' 6""' 

which I say is exactly the period of the mean year, the 

only errors being 21 the amount of error in the astro

nomical time of the length of one sidereal day, viz., once 

in adding the sidereal day gained by the earth's motion 

round the sun, and once and one-third in adding the 

difference, 44" 52'", xl\. And as such error is known 

to be less (much less) than one-tenth of one second of 

time, therefore the· sum of the errors in the above period 

are less (much less) ·than two-tenths of one second in the 

mean year!! 

H from the above period of the mean year, we deduct 
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the excess of difference between one circular and one 

sidereal day, and one sidereal and one solar day, viz. 

44" 52"' ; or, if instead of adding one sidereal day for 

the motion which the earth gains in passing round the 

sun, we add <m8 ci;r<JIU,ar day and the difference between 

one sidereal and one solar day, we shall then have the 

period of the solstitial or solar year, viz. 365d. 5h. 48• 

6" 1'" 6"", which is the known truth within the smallest 

appreciable divisions of time. This also is a mechanical 

necessity of the whole principles advanced, because as it 

will be seen that the earth gains exactly one motion on 

her axis while performing the value of a complete circle 

in space while passing round the sun, therefore the 

amount of the sun's precession of a fixed star shall ex

actly equal the excess of difference between a circular 

and sidereal and a sidereal and solar day. 

I have several methods of determining from the above 

periods the amount of a solar lunation, or the moon's 

synodical period, and by every method I :find the exact 

period to be 29d. 12h. 44' 2" 50"' 31"", which also agrees 

with the most exact time of her conjunctions as observed 

by astronomers for any number of centuries past. 

I have thus, without the use or help of observations of 

any kind, but with the aid only of the solution of the 

Quadrature and the problem of three gravitating bodies, 

and operating only with the simple properties of num-
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hers and with perfectly mechanical principles, deter

mined what the periods of/uwr great astronomical circles 

SHALL BE, viz. a sid6real and a solar lunation, the mean 

year and the solar year. And these periods, though dif

fering very minutely from astronomical time as given, 

are found, nevertheless, upon examination, to agree ex

actly with the conjunctions of nature without correction 

or a\lowance. H the same calculations be made by 

geometers' approximate ratio of circumference to dimJi. 

eter, the result is more than one second of time in a 

lunar month and near fifteen seconds in the mean year 

lea8 tluJln, the hrwwn truth, and will agree with no natural 

period of time whatever. H therefore the solution of 

the problem of three gravitating bodies h.e t'rl.UJ, then it is 

certain that the geometers' ratio of circumference to 

diameter is not true, but that it is less than the truth, as 

I.have demonstrated· both by inverse and direct proposi

tions, chap. i. and ii. And if the solution of the problem 

of three gravitating bodies i8 'flrue, then it is equally 

certain that my ratio of circumference and diameter i8 

true ako, because it agrees with the truth of nature, in 

the revolution of these great circles. It alters nothing, 

and matters not in the least, that these revolving bodies 

do not move exactly in circular orbits, because by the 

well known law, that they "describe equal areas in 

equal times,'' their orbit motion is made 6fMCt/;g equal to a 
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cird6. H therefore geometers admit the solution of the 

problem of gravitating bodies, they must admi~ my ratio 

of circumference and diameter al..ao, or they must deny 

the truth of these astronomical periods, which .are estab

lished by long and the minutest possible observations of 

time as shown by the conjunctions of nature. And if 

they reject my ratio, they must dispro.ve both the quad

rature and the problem of gravitating bodies, neither of 

which can they do, by any show of reason, which cannot 

be proved to be .,µnsound and false. 

It must be observed, that astronomers have arrived at 

their great accuracy in time, not by a simple mathemati

cal problem, as I have done, nor by the geometrical 

accuracy of their ratio of circumference and diameter; 

but at a great expense of time, money and labor, through 

a long period of centuries, by talcing a great number of 

careful observations at remote times and distances from 

each other, then by comparing the whole together, and 

taking the mean of all the differences for the truth ; and 

by thus taking the mean of all their errors for the truth, 

they arrive at an accuracy in the computation of time, 

which their ratio of circumference and diameter cannot 

give them; not however, without liability to some amount 

of remaining error. But my system requires no such out

lay of time, money or labor, nor does it claim the indul

gence of a correction of errors. It proceeds only upon 
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the simple properties of numbers, and principles of me

chanics, ~d point.a out to us not merely what the truth 

ia, but what the truth necessarily elu:rll 'be, and gives a 

reason for it, why it shall be so, and cannot be otherwise. 

, It will not be understood, however, that the foregoing 

is the limit of the application which may be made of the 

quadrature to the astronomical circles. I have already 

applied it e:.cten8iviby, and with 8UC(J(J88, to others of the 

most important problems in astronomical science; and 

my present judgment is satisfied, that .it is capable of 

being applied, ad infinitwm, to new discoveries of the 

laws and combinations which enter into the system of 

the universe, even (if the mind of man could embrace so 

much) to determining the time, distance, magnitude and 

motion of every revolving body within the range of 

telescopic observation. It will contradict no hru:non kuw 

of naf!wl·e. It will confirm the truth of Kepler's law, and 

the law of gravitation, as discovered and principally 

explained by Newton ; but it will not confirm all else 

that Newton has said on kindred subject.a. And if my 

present judgment is not mistaken, these problems, when 

Ullderstood and received, will, by the simplest possible 

mecluunical evidence, put to silence and to rest forever, 

some of the stupendous theories which have occupied the 

reasoning of men's minds for centuries, and which have 

been received, <ml;y, because they emanated from great 
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minds, and heUeved, <ml.ty, because no one knew to the 

contrary. It is not my intention, however, at present to 

make a show of mathematical curiosities or astronomical 

wonders ; I desire only to prove the soundness of the 

baBis on which I reason, by the well known truths of 

nature, in which there can be no mistake, leaving the 

further discovery of new truths, and the correction of old 

errors, to future development. 

The periods of time as given by me in the foregoing 

problems, and astronomical time as given by the best 

authorities, will stand as follows : 

A SUkrea'l hwnati<>n. 

Astronomical time. } My period. 

2'ld. 'lh. 48' 4". 2'ld. 'lh. 43' 8" 4'1"' 20"" 

&ilar Lurwi!ion. 

Astronomical time as com

monly given. 

29d. 12h. 44' 8". 

The synodical period as 

given by M'Kay, the Eng

lish navigator. 

29d. 12h. 44' 2y8111 

or 

29d. 12h. 44' 2" 48"' 

9 

My period. 

29d. 12h. 44· 2" m. 
or 

29d. 12h. 44' 2" 50"' 81"" 
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.Mean Year. 
Astronomical time 88 given 

by the best authorities 

thirty years since. 

865d. 5h. 48' 49". 
My period. 

oa&I'. m. 

As aiven by the latest and 
er 365d. 5h. 48' 50" 53"' 6'"' 

now esteemed the most 

accurate authorities, taken 

from a work of Dr. Dick's • . . 
365d. 5h. 48' 51" 

Astronomical time. 

365d. 5h. 48' 6". 
} My period. 

365d. 5h. 48' 6" l'" 6"". 

From the above comparison it will be seen that my pe

riod differs from M'Kay's but the thirtieth part of a second 

in a mean solar lunation, or lunar month; from Dr. Dick's 

but the tenth part of a second in the mean year, and in 

the solar year from astronomical time, but the fiftieth 

part of one second of time ; and it is known 88 I have 

already said, that astronomers, n~twithstanding their 

great accuracy, are still liable to some very small remain

ing error, and it is admitted, that because time is the 

infinite division of motion, therefore no two relative 

periods can be stated (J{J)(J,()tl!y ; yet the differences in all 

the above cases, are portions of time so incomprehensibly 

small that no one can estimate them. 
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The periods of time esteemed to be correct thirty 

years ago, are those first given in the foregoing table, 

viz.: 

A sidereal lunation, 2'1d. 'lh. 43' 4". 

A solar lunation, 29d. 12h. 44' 3". 

A mean year, 365d. 5h. 48' 49". 

And on these I am induced to believe, most of the 

astronomical tables in use were calculated. It will 
be seen that my periods dift'er from these a tri1ie more 

than from th<>l!le established by the more recent surveys, 

being ~8 than either lunation by nearly muJ-flfth of a 

second, and in the same proportion greatf!r in the mean 

year, or nearly two seconds in the year. Within the 

last thirty years, however, new sets of observations have 

been made in Europe, and a new deduction made of the 

mean year, making it as before quoted from Dr. Dick's 
work, 365d. 5h. 48' 51", thus agreeing with m'!I pqrM 

within the U!nth plll't of a ~econd in the year;* but I am 

not aware whether any correction has been made in the 

time formerly given for the lnnations. It can, however, 

be shown, I think, that in the assembled motion of any 

number of revolving bodies, as of the planetary system, 

if the period of any one of them be fixed 'too emall,, ob-

• It ia worthy of remark that I was not aware of this correction of 
t.be mean year which makes it agree with my period, until within the 
past year, and several yeare at\er I had made all my calculations. 
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servation will show the period of any other one to be 'l<>o 

grfAt to meet the conjunctions which nature makes, and 

to make the conjunction by calculation, that body whose 

period is given too small must be retarded or its period 

made greater, and the other must be accelerated or its 

period made less, it being a rruxm of both tlurir motimwl 

which brings them into line. It is self-evident, there

fore, that in changing the astronomical period of the 

mean year as before stated, making it gre,ater by nearly 

two seconds than formerly, &Btronomers should have 

changed the periods of the lunations also, making them 

proportionably leBa than formerly, or otherwise the two 

(the earth and the moon) will not perfectly conjoin 

according to the calculations made on their ~espeetive 

periods; because, as before remarked, it is a mean of 

both tluWr motWn8 which brings them into line. And if 

thi8 'b6 <hM, then the periods of the lunations last above 

given will be made to agree with my perWda, to the 

sixtieth part of a second of time, and they will also agree 

within the thirtieth part of a second with the synodical 

period or mean solar lunation 88 quoted from M'Kay in 

the foregoing table, which h88 long been supposed to be 

the nearest possible approach to the mean time of the 

conjunction of the earth, sun, and moon. 

Let it here be noticed that the mean of the difference, 

which my period of the mean: year is gre,ater, and the 
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lunations are leaa than the periods formerly in use, is 

exactly equal to the supposed acceleration which aatron

omel'B say the moon has received in the last two thou

sand years or more ; and this difference being applied by 

time to the relative motion of the earth and the moon, 

will place the two in conjunction with the sun, just at 

the time and place where an eclipse is known to have 

happened more than four hundred years before Christ, 

whereas the astronomical tables will be fully an hour 

and a half out of the way. It is, therefore, certain that 

my periods are, to the smallest appreciable divisions of 

time, the flru6 perWd8 of the mean relative motion of the 

earth, sun and moon, and the inference from all these 

truths, is a perfect and practical demonstration of the 

truth of my ratio of circumference and diameter. H 

these be facts, they seem to contradict the existence of 

the acceleration of the moon, such as is supposed by 

astronomers to exist, and to imply instead a perfectly 

equable mean motion of that body.-It is not my inten

~on at present to argue the points of acceleration, or no 

OO<JMrati<m,. I do not say at present that acceleration is 

impossible ; because nothing is impossible with the in

finite wisdom and purpose which governs the universe; 

'!Jut I <kJ rwt qrei/,it it, notwithstanding the high authority 

on which it is asserted, because, JJVrat, it is a notion 

which grew up only on the discovery of error in the 
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calculation of eclipses through long periods of time, and 

in efforts to account for that error. &curuJ),y, all the 

appearances which indicate it may be easily accounted 

for, without the necessity of its existence, and nothing 

exists in nature which is Wfl!MC6880IJ'Y. Tlvilr(O;y, _it in

dicates defection in nature's laws, and therefore it cannot 

be true. 

In the solution of the problem of gravitating bodies I 
have established certain proport~, which, in order not 

to be misunderstood, it is proper to reduce to calcula

tions; therefore, 

PROPOSrrION IV. 

Fir8t proportum. As one primary cireiimference of a 

circle is w the 'ffUXYTl,'8 tVm6 almd th6 earth uver th6 V<illu6 

of a ~ <M-cle m 8JXlC6, so is the moon's time round 

the earth, w the earth' 8 tVm6 rquruJ the 8Wf1, <mer the 'lX.lbtMJ 

of a ~ <Jbrcle m IJ']XUJ6. 

It will be evident that any two parts of the above 

proportion being known, the third may be found. By 
proposition m. (this chapter) it is shown that .the moon's 

time round the earth is, to one primary circumference, as 

2'1.4826666+ to 20.612; therefore, 

: 20612 : : 27 4826666+ : 27 4826666+-366.435555+ 

The time in the above periods, is <Mculn,r Wm6, and 
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pointing off two figures to the left in the fust period, and 

three in the second for units, on reference to propositions 

n. and m. it will be seen how these periods are brought 

to the 80lar tVme contained in a sidereal lunation and the 

mean year. 

The second proportion, in the problem of gravitating 

bodies, is a geometrical proportion, as follows: 

PROPOSITION V. 

&cond prop<>rtiim. The 8q'tUllre of tM ~ of t'M 
moon is to the 8quatre of tM diameter of tltd 8(1;1'th, as the 

mwn'a time rowruJ, tM 8(1;1'th over the value of a complete 

circle in space, is to the 8(1;1'th' 8 time rowruJ, tM 8Wn over 

the value of a complete circle in space. 

Three parts of the above proportion being known, the 

fourth may be found; therefore let the moon's diameter 

be the part unknown. ~ e have already seen that 

the moon's time -27.4826666+ and the earth's time 

-366.435~55+ (circular time), and the diameter of· the 

earth has been ascertained by actual measure to be 

7,912 miles, which it no doubt is, very nearly. Ad

mitting then, that the earth's diameter is 7912 miles, 

then the square of her diameter -62599'144, therefore 

: 366.435555+:: 625997 44: 27.4:826666+ -4694980.8+ 

and : V-4694980.8+ -2166/ir+ which, I say, is the true 
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diameter of 1 the moon, and neither one mile, or tenth 

of a mile, more nor less, the only condition being, that 

the diameter of the earth is '1912 miles. 

Dr. Bowditch gives the moon's diameter as 2161 miles, 

,and others have given it at 2180. It will be seen that 

the diameter proved by me, is nearly 6 miles greater 

than that given by Dr. Bowditch, and 13 miles less tqan 

is given by some others. But the fact that astronomers 

differ at all, proves their method to be imperfect, and 

consequently liable to error, sometimes greater and 

sometimes less, while the close approximation on each 

side is a very strong argument in favor of the truth of 

my proportion, even if it were not here seen to be accu

rately deduced from mathematical principles. 

In my introduction to the Quadrature (chapter ii.), I 

there. signified that my course of reasoning would be 

strictly original, and wholly independent of any arbi

trary rule,-per/ectl!g ronf <mTUi!Jle to nafAvre, yet not con

fined to the rules of art ; and I recall attention to this 

remark, because it is necessary to be borne in mind by 

those who may undertake an examination of the subject.a 

treated of in the present chapter. 

In respect to the astronomical circles, it must be 

observed, that the manner in which I have treated them 

embraces no other facts or principles, than the simple 

relations between numbers, shapes and motion, and no 
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reference is made, or intended to be made, except in the 

fifth proposition, to either magnitudes or distances. In 

treating of the astronomical circles, therefore, I have sim

ply treated them each as MUJ cilrcle, made up of the parts 

which compose the primuury relationa between the circlet 

and the square, but without any reference to any stand

ard. of measure in art. 

It is to be regretted, I think, for the sake of science, 

that so little .examination has been made into the re

cesses of nature, to supply us with standards of measure. 

So far as I know, science has given us no na;t;u;ral, 8t<J/n<lr 

Mdti. The French standard, derived from the measure

ment of an arc of the meridian, is but an imperfect 

attempt. We are told, in English, that "three barley

corns make one inch," and the length of three barley

corns which grew in the time of one of the English 

kings, seems to be the only contribution which nature 

has been called upon to make, to supply us with stand

ards of measure. · It is not at all wonderful, therefore, 

that such standards have no applicability to time, as cre

ated by the motion of revolving bodies, or to any of the 

fixed laws of nature whatever. 

It has been objected by some caviling minds, that cal

culations like these astronomical circles, which are based 

only on the properties of numbers, or of shapes, but which 

have no standard of value, cannot be of any practical 
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use. But this is a very short;eighted. objection, and to 
make them of practical application and use, we have 

nothing to do, but, just as is necessary in any other case, 

to erect a standard of value in uwr ()UJ'll, mimil8. But in 

order to make any standard available to us here fur any 

intelligible pm-pose, it is necessary that it be selected 

from 'flatul1'e, and it must also be a foeed f <Mt in nature; 

and not an aecid~ntal truth, like the childish conception 

of the length of "three barleycorns." To answer the 

objections made, and to illustrate and prove this position, 

I am induced to add arwtlU!I' prad!ical, fJ.'lUJIJtWn, which 

was not intended in the commencement of this chapter. 

It is well known that the United States have lately 

expended a large sum of money for the erection of an 

observatory in southern latitude, for the purpose of co

operating with others at the north, in determining the 

sun's distance from the earth ; and my purpose is now to 
show, that this truth may be determined with much 

greater precision by my principles of reasoning, than by 

any other metnod, and witlwut the htilp of oheervatWna 

of a;n;g kimd. As there is an uncertainty with astrono

mers, at least to the extent of several millions of miles, 

what the sun's mean distance really is, it may not be 

uninteresting to compare the results of my principles of 

reasoning with the actual observations, when they shall 

be completed. Therefore-
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PROPOSITION VL 

The mean distance of the sun's center from the center 

of the earth, or that at which the earth would revolve, if 

the area or plane of her elliptical orbit were made the 

area of a circle, is eleven ~ ~ hwndred and. 8Wty~ 

j()'UA' diameters of the earth, neither more nor less; admit

ting, therefore, that the earth's diameter is '1912 English 

miles (which it no doubt is pretty nearly), then the 

sun's center is distant from the earth's center as above 

92,285,568 English miles, and neither one mile more or 

less. 
In following out the above proposition to demonstra

tion, in order to make the connection of my principles of 

reasoning clear and manifest to the perceptions of others, 

it is necessary here to lay down as axioms certain truths 

which have been proved. 

IJVrat. The circle is the basis or beginning of all mag

nitude or area. (Proposition m., chapter ii.) 

~· Any expression of numbers in relation to 
mater.ial things is also an expression of magnitude. (Pro

position VL, Appendix.) 

Thitrd. A point is therefore a magnitude when con

sidered as <YM. (Proposition VL, Appendix.) 

Fuwrth. A point in reference to space or extension on 
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all sides of it, is therefore a molecule or globe, and in 

reference to a plane, it is a circle. (Proposition vr., 

Appendix.) 

A point, when considered and treated as one, is there

fore the least possible existence of m.agnitude,-the origi

nal principle of matter ; a faced f <UJt in nature, unchange

able, ·imperishable, and such, that the union of many 

points according to their chemical affinities, becomes mat

ter developed to the senses, and because we can have no 

other comprehension of the development of matter, 

therefore, relatively to us, this is an ah80/;ut,e f!ruth. A 

point is therefore tJUCh, that it has an (J(C(l()t rel,aWm, to 

every develnpment of 'ffUJtter in our world and its atmo

ephe-re; therefore, if the magnitude of a point were a 

thing within our comprehension and grasp, it would form 

a peef ect atanula!rd of meaawre, and by enumerating points 

· beginning with one, and counting upward, numbers 

would at length express the magnitude of our world ; 

and in the process of counting, we shall have enumerated 

the exact relat,we magnitude, one to another, of every

thiJnu wntaVned i;n, it. A point is therefore a pmf ect 

atanula!rd of ~e, and OITll/I 'llAlm1l>er of p<Wni,a is a per
fect standard of measure for any greater 'llAlm1l>er of points. 

Hence our earth being a magnitude made up of points, 

and a faced fact i;n, rwirtvre, is therefore a perfect standard 

of measure for all greater magnitudes that surround it. 
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When we attempt to comprehend or to estimate the 

distance from our earth to the sun, we enter on a higher 

order of creation, and mentally pass from the contempla

tion of things in the world, to things in the universe, 

where worlilB are pointa, bearing exactly the same rela

tion to the imfonite wlwle, which the incomprehensible 

and undeveloped point bears to our world, because each 

runs to imfinity, and because a point is ()'M, and therefore 

emphatically tM ()'M to which all other and greater mag

nitudes are erMC't};g r6/ni,ed ,· therefore, let the earth be 

O'M, and let that be the standard by which to measure 

the sun's distance. 

PLATE XXVII. 

By proposition 1., this chapter, I have shown that the 
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relative motion of three gravitating bodies, as of the 

earth, the sun, and the moon, is as f rmr w tlvr66 of O'Ttd 

prima;ry cilrcwmf ermwe of a circle ; but this, as has been 

seen, is without reference to any definite standard of 

measure. By relative motion, is meant, of course, the 

rilatime cM.mge of~ of one body to another. By 

that proposition, therefore, the measure of a year is the 
measure of a circle in w:hich the earth and the sun 

change their relative position, and return to that position 

again. And by the same proposition, and proposition 

m., this chapter, it has been shown, that the time in 

which the earth performs the value of a complete circle 

in space, being reduced to circumference, it has a diame

ter of 11664 parts of that which I say is <YM prima;ry 
cilrcwmference in nature, viz., 6561 x l} - 8148, x 11-
11664. It will be evident, on reference to the illustra

tion on the last page (Plate XXVII. ), that a circle 

which is the measure of the r8latwe cM.mge of~ of 

two of these gravitating bodies, and around which they 

move relatwel!y w <YM arwther, is the circle A, whose cir

cumference passes through the center of each body {the 

earth and the sun), hence the circle A is the cilrcle whose 

circumference I have measured in determining the mean 

year in proposition m, this chapter, and whose diameter 

is 11664; in which proposition, I have also made the earth 

(by her revolution on her axis) to be the wrvit or etarui-
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M'd of m«Jlnll/'6. It ~ be seen, also, that the diameter 

of the circle A is the radius of the circle B, which the 
. • 

orlh 8lwll d8acrihe im, pa88i,ng r<nund tM HU/fl,' and there-

fore the diameter of the circle A i8 the earth'8 di8ta!rw8 

from tM 81Jln, • 

. Now, therefore, because the earth is a pri;mo;ry magni

tude, a foDed fact in nature, and a p<Yim,t im, the w!Wver86 

w"lw8e wlue i8 <YM, bearing the same relative value in the. 

order of creation, to things in the universe, which the 

undeveloped point bears to things in the earth, and is . 

therefore a perfect· 8f4milatril of rn.eaHWre,-and because 

she is Mr8tilf the unit or standard of measure which by 

her revolution determines the value of the circle A in 

measuring the mean year, and is also, by hypothesis, here 

made the wn;i,t for ~ Mr ili8kl!Me, and because 

the diameter of the circle A is 11664 parts of the diame

ter of one primary circumference, of which the earth is 

but <YM pa;rt, therefore, the earth's mean distance from 

the sun, from center to center, is 11664 diameters of the 

earth, ruJitMr more fl01' ""688 ; and therefore, admitting 

that the earth's diameter is '1912 English miles (which it 

is pretty nearly), then 11664 x '1912 - 92285568 

miles, which is the earth's mean distance from the sun, 

and Mt <YM mile m<ll'6 or ""688. 

The pr<Yp08iti<m i8 tlu!refore ~fir~ 11 

In order not to be misunderstood in respect to the 
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result in the foregoing demonstration, it is proper for me 

here to add some explanation of the difference between 

that which I have called the 81J!n,78 meu;n <IMW!rwe, and 

that which is commonly understood by astronomers as 

such. It will be self-evident to all, I think, that admit

ting my demonstration to be true, the distance shown is 

t'ltat at which the earth w011kl revolve in a perfect circle, 

.if the sun were faced in tM ~; and if this be the fact, 
then it is equally evident, I think, that the distance 

shown is the radius of a circle whose area is .. exactly 

equal to the plane of the earth's supposed elliptical orbit ; 

because, it is self-evident, that if the earth shall move 

through an elliptical orbit by an 'l.llMl}uaJ, motion, p<J88ing 
<YVer equal, area8 in equaJ, 'flilnwJ, it is precisely the same 

thing as passing over the circumference of a perfect cir-

cle having the aame area atJ tlw 6/1;ip86 by an equaJ, mof!Wn, 

in exactly the 8<UfM perWil, of tilme. It will be seen from 

PLATE xxvm. the illustration (Plate XXVIII.), 

that the ellipse and the circle hav

ing the same area, the radius of the 

circle is greater than the lea8t, and 

less than .the greatest radius of the 

ellipse ; and this will be true, what.

ever elongation the ellipse may .re-

ceive, and whatever center may be taken as tM cenl,er. 

It will be known, also, from the laws which govern 
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these shapes, that the difference between the radius of 

the circle and the least radius of the ellipse, is le8a tlwm, . 

luilf th il;i,jf ertmee between the least and greatest radius 

of the ellipse ; therefore, if the sun's mean distance be 

taken to be half way between the least and the greatest 

radius of the ellipse, it will be greater than the distance 

which my demonstration shows; and if the sun's mean 

distance be taken to be the mean of the &quare8 of the 

two radii of the ellipse, then the distance will be greater 

still; the latter, I believe to be the mean which is mostly 

adopted by astronomers ; but in either case, it will be 

seen, that 0/111// <IMtarwe shown by them, even if meaaured 

with perfect accuracy, will be greater than mine. The 

angle of parallax, aa deduced from the last transit of 

Venus, is given in Vose's Astronomy, aa from the best 

authorities, as 8" .52 at the sun's greatest distance, and 

8" .65 at the sun's mean dwtarnce,-this latter would give 

a radius of about ·94,300,000+ miles 8B the mean dis

tance. La Place, who has been esteemed the most accu

rate authority in these things, thought that the deduc

tions made from thi~ transit were within one ei,ght;y
aeventh of the truth, more or less, he could not tell 

which ; thus leaving an uncertainty of considerably more 

. than 'lttoo millicm8 of mile8 ;-deduct this uncertainty 

from the distance given above, and with a very mode

rate allowance for the difference of mean intended, the 
10 
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sum will very closely approximate to that which I say is 

the exact di8ta;nce at which the earth would revolve in a 

perfect circle, if the sun were fixed in the center, and the 

area of that circle is ex(J,()tly equal to the plane of the 

earth's elliptical orbit, <M 8M mooe8 a,t pr88ent. The only 

qualification to this is, that the earth has a diameter of 

'2'912 miles, neither more nor less. But putting aside all, 

quriUJkatio'n, to make the thing pmfootly (1(J(JWl"°"8, I say, 

that the sun's distance at the mean, as given by me, is 

92,819,114+ of those parts, of which the circumference 

of the earth is exactly 25,000, and its diameter '2'95'2' +. 
And I say, moreover, that these are the ~ pa;rt8 at 

which . the circumference and diameter of the earth 

8h<nild be con8idered, according to the French standard of 

measure, which takes the circumference of the earth as 

O'M, and proceeds by decimation to fix the value of 

smaller measures. 

It is known, that in consequence of the elliptical form 

of the earth's orbit, she must move faster in one part of 

it than in the opposite part. It is known, also, that all 

observations of the sun, or any of the heavenly bodies, 

taken from a position on the earth's surface, are liable to 

more or less error, from the fact, that the earth · is at aU 

timeB in rapid motion through her orbit, and on her axis. 

Hence, if two sets of observations be taken; one, when 

she is in the largest part of her orbit, and the other, 
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when she is in the smallest, the errors in calculation, 

arising from the earth's motion, will be greater in one 

case than in the other, because the earth moves faster in 

one part of her orbit than in the other. But if the mean 

distance be taken, at which the earth would revolve in a 

perfect circle, having the same area as the ellipse, and 

with a perfectly equal motion, this liability to greater 

error at one time than another, will be corrected. I do 

not hesitate, therefore, in declaring, that the mean dis

tance, as shown by me, is the most a,ccwra'te, as well as 

the most convenient, for all astronomical calculations 

made from observations, even if any other distance omdd 

1Je accurately determined, which it <Ja'llln()t be by any 

method adopted by astronomers, without an uncertainty 

of considerably more than two millions of miles. 

Having thus determined with accuracy, the mean dis

tance from the sun, at '!hich the earth would revolve in 

a circle having the same area as the ellipse, by Kepler's 

law, that "the squares of the times are as the cubes of 

the distances," we have a <XJ1'1'ect 'ha8i8 on which to deter

mine the mean distance from the sun, of every p"lam.et Mui 

8atelli'te in tM solar eyB'tem, a thing never before attained. 

And the only question for astronomers to decide, is, is 

my demonstration true to the operations of nature, . 
according to the principles set forth in it ~ I affirm that 

it is, to the smallest fraction, and challenge them to the 
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disproof by any means in their power, which is not liable 

to error equal to the disagreement which they may 

find! t 

N O'.l'E.-In a series of Lectures on Astronomy, &c., 

lately delivered at the Hope Chapel in this city, and at 

Brooklyn, by a learned professor from the West, the pro

fessor was understood to say, "that the construction of 

"the heavens was ordered for the exercise of man's rea

"son,-that the Creator mU;ht have maik things much 

"more simple, but then man would not have had scope 

"for his reason. For instance," said the professor, "the 

" Creator might have made the planets to revolve in pe~
" feet circles, and then any one could have calculated 

"their motions." These remarks struck me at the time as 

rather singular, because it is self-evident that the vlneq:ual 

'fMtWn of the planets over an ellipse, passing over equal 

areas in equal times, is precisely the same thing as pass

ing over a circle by an equal mot.ion in exactly the same 

time. And moreover, the professor must have known, if 

he remembered his mathematics at all, that if the orbits 

had been circles, those were precisely the things above 

all others, which he, at least, could not calculate. The 

benefit of popular lectures on such subjects cannot be 

doubted, but the disposition of learned men to embellish 

truth, and attempt to instruct the Deity o~ such occa

sions, is sadly to be regretted. 
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MANY persons, I think, imagine, that the Quadrature 

of the Circle is only a kin~ of mathematical puzzle, which 

if ever solved, some one should at length work out by a 

single proposition; and few, perhaps, will be prepared to 

believe that a work so large as this has already become, 

is really necessary in order to demonstrate satisfactorily 

any single truth. But such persons, I think, can have 

very little idea of the numerous ramifications into which 

mathematical science has extended itself, and how intim

ately it is associated, not only with (fl)ery other practical 

science, but with every material truth in the known 

world~ 

If the ratio of circumference to diameter had been 

among the early discoveries made, and the whole super

structure of mathematical science been built upon the 

knowledge of ita truth, it would then have been easy · 

enough to satisfy inquiry by the demonstration of a 

single proposition ; but unfortunately such is not the 

fact. The foundations of the science were laid without 

this knowledge; and under the guidance of multitudes 

. I 
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of the most acute minds the world has produced in every 

age, it has extended itself seemingly in every possible 

direction, and embraced almost every possible subject, 

until it must be admitted, that it is at this day, the lfM8t 

perfect of all the sciences. Yet it is not peif ect in any of 

its branches. In geometry especially, the most beautiful 

r and useful of all, there is something yet lacking, and 

that something lies at the foundation of all truth,-it is 

the Qu.ADRATURE OF THE CmcLE, or a knowledge of the 

exact relations between straight lines and curved lines, 

which has never yet entered into the structure of the 

science. The science is, I think, rightly esteemed the 

most noble, most useful and most beautiful structure in 

existence, the production of human intellect searching 

after truth, but even this most perfect production of 

intellectual labor is not yet perfect. It was begun with 

a ·knowledge of only a part of the truth,-without under

standing all the principles which in its upward progress 

to itS present magnificent proportions would be brought 

into practice,-and as in all such cases a want of a 

knowledge of all the principles which were to be carried 

out, has necessarily led to some error ;-some of its ma

terials are heterogeneous, and they have become mixed 

and confused ;-some of its proportions are unjust, be

cause not exactly true,-some of its parts will not match, 

and the workmen have tried to make them IJlatch by 
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correcting their differential properties. And we all 

know well enough that in architecture when we attempt 

to correct a mistake in this way, instead of pulling it 

down and building up again, we must go on correcting 

mistakes forever,-if but one stone is out of place, it 

will go on displacing others until the whole building is 

marred,-it is a mathematical result that it should be so, 

and no' power of man can correct it without correcting 

the first error. Such, then, is the condition of the struc

ture of mathematical science at the present da~, and to 

carry out the figure, the building can never be complete. 

It wants another and a chief •corner-stone to rest upon, 

before the eap-stone can be laid and the whole present a 

finish which the ~ei~Y himself may look upon without .I 

pity on the intelligence of his creatures. And to accom

plish this, we must first remove all that part of the 

superstructure which is out of place, and this is in fact 

the thing proposed when we attempt the solution of the 

Quadrature. 

To supply this chief corner-stone we must go back to 

the first error, dislodge it from its foundation, and estab

lish the truth in its place, by determining without condi-

tion or qualification the exact relations between s?'aight ./ 

lines and curved lines; and we must then follow up the v 
.... , _ .... ·-· 

first error, through all gradations of the received science, 

and wherever it has established itself as a principle, we 
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must prove such principle to. be false by unmistakable 

evidence, dislodge it, and take it away entirely; or 

otherwise it will become the foundation of other false 

principles through every gradation of a.n infinite series. 

Such is the constitution of the human mind, and such 

the force of education, that the minds of mathematical 

professors are, with exceedingly rare exceptions, formed 

. 11JXYn the rule8 of the writf,qn, 8cimwe, and they are unwill
ing, and often wnalil,e to comprehend any other. One 

I 

highly distinguished among them lately remarked, re-

specting himself, that these ideM (meaning the :received 

theories . of mathematical science) " had become a part 

" of the furniture of his mind, and were too strongly fixed 

"to allow him to ~any other." From this cause I 

have found the Professors M a body, though learned in 

the received theories, to be among the leaat wmpeten:t to 
decide on any newly discovered principle. Their interest, 

education, pride, prejudice, self-love 8Jld vanity, all rise in 

resistance to anything which confilcts With their tenets, 

or which outruns the limits of their own reMoning. So 

little do they look beyond the principles inculcated by 

education, and so tenaciously do they hold on to these, 

that when driven from one principle they fall back upon 

another, and when beaten from all, they return again to 

the first, and maintain themselves by dogged assertion, 

or by charging their assailants with ignorance and a lack 
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of science ; such at least I have found to be the character 

of the . professors, in every approach I have made to 

them; and this being the ease, if I would have my work 

acknowledged, there must no foothold be left fo! them to 

.-est upon. . I think: I shall be justified by the candid 

judgment of well-informed men when I say, that, in con

sequence of this clie.racter of professors, the practical men 

of the age a.re at least a century in advance of the 

schools, in all useful scientific knowledge. I have made 

these remarks as a reason and in explanation of the 

necessity of following out in further minutire the errors 

to which various problems in geometry a.re subject in 

oonsequenoe of the error in the Quadrature. 

In the preceding chapters I have made occasional ref

erence to J'acts and principles not previously demon

strated, and which, in a work strictly mathematical, 

or which was designed for practical instruction, should 

have stood :first, as elementary truths, on which subse

quent demonstrations were to be based. But to have 

made my preliminary demonstrations too diffuse, would, 

I think, have diverted attention from the main object; 

and I have therefore thought fit, under the head of an 

Appendix, to demonstrate such propositions aa will an

swer to the above references and sustain the argument. 

One of the facla stated as above in the course of this 

work, but not previously demonstrated, is as follows: 
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That " the so-called perimeter of the circumscribed 

" polygon of geometers is 'lll!_t a oVr<JUm8<1l'iJJed perimeter, 

" but that the center of each side of the perime~er aoj,_n: __ 

" cide8 w}th a part of the area of the circle, and at an 

"infinite number of sides is brought who_l!Ju withiln the 

a;rea of the oilrck." 
The first general proposition on which geometers pro

ceed, in approximating to the circumference of a circle, is 

88 follows,-that " the circumference of a circle is greater 

" than the perimeter of an inscribed polygon, and less 

" than the perimeter of a circumscribed polygon, what

"ever may be the number of the sides." 

Nothing can be more true than this general proposi

tion,-provided, however, that the wuJ;itimuJ of the 

proposition be fully adhered to in the demonstration. 

In the fifth proposition of the first book of Playfair's Sup

plement to the Elements of Geometry, he demonstrates 

that " the area of any circle is equal to the rectangle con

" tained by the semi-diameter and a straight line equal to 

" half the circumference." This proposition is also true, 

and Playfair demonstrates it by an ilnaariJJeit and oVr<Yl.llln-

80rilJeit polygon; but the c<milWimiB of the demonstration 

are, that the perimeter of the oVr<JUm8<1l'iJJed polygon lies 

ou;teide of the circle " touching it," and on thi8 <XJllUl,itWn, 

and on no other, is the first above named general propo

sition true (see prop. v., chap. ii.). It will be seen that if 

• 
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the perimet.er of the circumscribed polygon lies <nd8ide 

of the circle " touching it," then no part of the perimet.er 

of such polygon can coincide with any part of the area of 

the circle. My object is now to show that the line ap

prox:imat.ed by geomet.ers 88 the circumference of a circle, 

is a line coinciding with the greatest limit of the area of 

the circle, and exactly equal to the circle, but not incws
Vnv or <Xm,:f,(j,i!J1/Vrl{/ it according to the true definition and 

meaning of circumference (prop. v., chap. ii.),-that this 

result is produced by bringing the so-called circum

scribed perimeter wlwll;y within the area of the circle, 

and that consequently geomet.ers by their method of 

bisection do not ailhere to the conditions of the first gen

eral proposition, and hence their result is not true in its 

application to the circumference of the circle. Therefore, 

PROPOSITION I. 

The line appr()(lJi;mated 'lYg geomefhra a8 the rWr(JU!Jnf8'1'
(!M(J of a (Ji;rcl,e i8 a UM coinciding with thf3 greate8t limit 

ef the area of the oirck, but not inclosing or containing it. 

I now take the eighth proposition of Playfair's Supple

ment to the Elements of Geometry, book i. It reads 88 

follows : " The perpendicular draWn. from the center of a 

" circle on the chord of any arch, is a mean proportional 

" between half of the radius, and the line made up of the 
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" radius '1}d the perpendicul&r drawn from the center on 

" the chord of double that arch. And the chord of the 

" arch is a mean proportional between the diameter and 

"a line which is the dift'erence between the radius and. 

"the aforesaid perpendicular from the center." This 

proposition is also true in every particular in respect to 

an inacrWeil pol!ugoo, which forever remains inscribed 

within the circumference of the circle, and if it could be 

carried out in bisection without any quantities, being lost 

in the calculation (which it cannot be), it 'Would con

stantly approach to a line coinciding with the greatest 

limit of the area of the circle, but could never equal it, . 

much less. inclose it (prop. 1., chap. i.). 
PLATE XXIX. In Plate XXTX~, 

we have the same 

diagram which 

Playfair uses in his 

illustration, with 

the exception that 

I have added the 

circumscribed line 

H L To reduoo the 

proposition to its 

value in numbers the proceeding runs thus. 

The diameter (A B) being considered as 2, the line 

D E is the chord of one-third of the circumference ; it 
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bisects the radius C B, and since C B-.1, therefore 

C F-.5 and C F is the perpendicular from the center C 

on the chord DE, and the proposition is, that "the chord 

'~ ·of the arch is a mean proportional between the diam

'~ eter and a line which is the difference between the 

" 1'$dius and the aforesaid perpendicular from the cen

ter." Therefore C B-,...C F-FB, and FBxA B-D B'; 
and v'D B'-D B, which is the chord of the arch of one-. 

sixth of the circumference, or double the number of 

sides of D E. And in like manner he proceeds to a 

gre.ater numbe~ of sides. 

Now, the circumscribed line H L, according to Play

fair's method, is a proportion to D B, as C B is to C G. 

The chord D B is supposed by geometers to be a line 

wlwlJ;y witlwut breadth ; consequently, it is a line, the 

center of which exactly coincides with the extreme point 

of the perpendicular, C G, neither one particle short of 

it, nor one particle beyond it, the point of the perpen

dicular itself being, in fact, part of the chord ; conse

quently, the circumscribed line H L, being a proportion 

to the .inscribed line or chord, D B, as C B is to C G, 

it.s center (H L) exactly coincides with the extreme 

point of C G, when C G is produced equal to C B, 

neither one particle short of it, nor one particle beyond 

it, so that if the perpendicular C G shall have breadth 

given to it, then the extreme point of C G, when pro-
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duced equal: to C B, will form part of the line H L. It 

is evident, therefore, that the perimeter of Playfair and 

Legendre's so-called circumscribed polygon does wt lie 

OUTSIDE of the circle "touching it," according to the con

ditions of the fifth proposition, book first, of Playfair's 

Supplement, in which he demonstrates the are& of a cir

cle, 88 before referred to, in this proposition ; on the con

trary, the perimeter, at the center of each side of his so

called circumscribed polygon, coincides with a part of 

the area of the circle, and at an infinite number of sides 

is brought wlwl};y within the area ·of the circle, and 

therefore, does not inclose or contain it. It is evident, 

also, that the condition of the first general proposition 

of Playfair and Legendre, that " the circumference of a 

" circle is greater than an inscribed polygon, and less 

" than the circumscribed," is not adhered to in the demon

stration, and therefore, their result is not true by their 

own showing, but is less than the truth ; because the 

perimeter of their so-called circumscribed polygon does 

not lie OU't8ide of the circle "touching it," according to 

the required conditions; and because, 88 has been demon

strated (proposition v., chapter ii.), the true circumfer

ence of a circle is a line wholly mtfRiile of the circle, 
~ 

thoroughly incloBimg its whole diameter, and containing 

the whole area. of the circle within it ; therefore, the true 

circumference of a circle is greater than the 80-<XJl,leiJ ch·-
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cnmscribed. perimeter of Playfair and Legendre, at an 

infinite number of sides. The prOJX>8iti<>n i8 therejOTe 
iJmru:m,at;raJ,ei/,. 

A teacher of mathematics, in one of our institutions, in 

answer to my second proposition, chapter i., that " the 

" area of a circle is greater than the area of any polygon 

"having the same circumference of the circle, whatever 

" may be the number of the sides of the polygon," writes 

me as follows : 

" You endeavor," says he, "to prove that the polygon 

" can never equal the circle" (each having the same cir

cumference, and being measured in the same way). 

"Your reasoning on this appears to he correct ; but by 

" comparing this approximation with some others that 

'' are analogous, I am inclined to believe that it is not 

" correct. Take, for instance, the series 4 + 2 + 1 + i 
"+ i + i &c. Now, this series will approach to 8, but 

"can never equal 8; but embraced in an algebraic for

" mula, it can be proved, that it does exactly equal 8, 

"when the number of the terms are infinite. Let the 

" series - re. 

" re - 4 + 2 + 1 + ~ + i + ~' &c., to infinity: 

" Then ro - 4 - 2 + 1 + i + ~ + i, " + 2 : 

"Then 2a: - 8 - 4 + 2 + 1 + i + i + ~' " 
"The last series is identical with the first, and things 

" which are equal to the same things, are equal to one 
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"another; therefore, ro - 20 - 8 ; or 0 - 2ro - .0 -

" 8; or 0 - ro - 8 ; or ro - 8." 

Now, this "algebraic formula" is,. by the· learned 

teacher, called a ilemnn8'fll'<Uimi, showing that my- second 

proposition; chapter i., cannot be true ! It loob, on the 

face of it, almost too ridiculous to . be entitled to an 

answer,-but the learning of the schools must have con

sideration ; and besides, if this proposition be true, then 

my second proposition is not '111'11.e. 

I now desire the reader, therefore, to tum to the 

second proposition; chapter i., and examine the demon

stration which follows ; he will see that my demonstra

tion is purely geometrical (not algebraical) ; the :result 

iB a necessity of the immutable laws of numbers,-the 

reason of that result is palpable to the senses,-the 

demonstration is therefore accepted as a self-evident 

truth. Now, what is the character of the ~ teach

er' a demonstration l It is an algebraic formula, adopted 

to prove a thing contrary to the evidence of our senses, 

and contrary to the operations of numbers ; for it is 

admitted, that in numbers (and numbel'EJ are in them

selves infinite), the series can never equal 8. It will be 

seen, that in the treatment of this series by algebraie for

mula, the conclusion arrived at; or rather assumed, is, 

that an infinity - 0 ; but I have ah-eady promised, in 

another part of this work, to show that an infinity, what-
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ever it may be, is always such, that in material things it 

is capal>"6 of in<YreaBe, which I shall presently do by this 

same series. This algebraic formula, then, is called a 

demonstration ; but, in point of fact, it is no demonstra

tion at all. By a demonstration, I understand the making 

known and certain, something which was before unknown 

and uncertain. Ent the whole of the foregoing so-called 

demonstration by algebraic formula, depends entirely on 

the assumption or hypothesis-forat, that infinity - 0; 

and ae<X>'Tlilty, that the series does actually equal 8. But 

if the assumption or hypothesis be not ~, then the 

demonstration is not ~ ; and I say, that in this case, 

the assumption is not ~; and unless it be :first proved 

by numbers, the algebraic formula proves nothing but 

what the contrary may be proved by the same formula. 

For instance, I will say that the series 4 + 2 + 1 + ~ 

+ 4 &c., - 9, when the number of the terms are infurite. 

Let the series - re. 

re - 4 + 2 + 1 + i +. ~ + ~ &c., to infinity, - 9 ; 

Then m - ~ - 2 + 1 + ~ + 4 + } " + 2 ~ 9 ; 

Then 2re - re ; 

Or2re-9-4+2+1+i+~+}" " 

The last series is identical with the first, and things 

which are equal to the same thing, are equal to one 

another; therefore, re - 2re - 9 ; or 0 - 2re - re - 9 ; 

or 0 - <.e - 9 ; or re - 9. 
11 
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The absurdity of ea1ling this a demonstration, is, I 

trust, manifest ; yet it is the same which the learned 

teacher of mathematics, in one of our p~blic institutions, 

has furnished to disprove my second proposition, chapter 

i, which is purely a geometrical proposition, geometri

cally demonstrated. And this is not the only instance 

which can be found, of the absurd use in the schools, of 

algebraic formula for demonstrating geometrical proposi

tions,-there are many things thought to be demon

strated, which will not bear criticism. One rule, how

ever, will apply to all such; if the assumption or hy

pothesis be true, the demonstration is true ; but if these 

be not true, then the demonstration is not triuJ; and 

in this case, I say, it is not true, that the series 4 + 2 + 1 

+ l + ~ + ~ &c., - 8, or that an infurlty - O, because 

numbers and things are identical and inseparable, and 

neither in numbers or things, is there any infinity of 

division - O.* 

• The same teacher, who so learnedly attempts to refute my second 
proposition, as above, writes me also in respect to my ratio of circum
ferenoe, that " it is proved by trigonometry that the length of an arch 
of 45° to radius - 1 ;" is equal to a oertain series, by which they 
obtain for circumference 3.1415926+, and henoe, he thinks that my 
ratio cannot be true. And this method,_ he says, "ia tmlirely i~ 

mt o/ IM mftlwd of Euclid." He would thus argue, it seems, that trigo
nometry and geometry are two things ; and hence the result by what 
he pleases to call trigonometry, is independent of the result by the geo
metrical method I ! a most potent argument, to be sure. But I trust 
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The term "izmnite," or "infinity," is one often used in 

mathematics, but no explicit or satisfactory definition has 
ever been given to it. An infinity, in its fullest sense, 

whether of magnitude or minuteness, is an incompr~hen

sible term,-no mathematician ever did, or ever can 

undel'Stand it. To suit their own purposes of reasoning, 

however, mathematicians have assumed that an infinity, 

or a thing infinitely diminished,· equals O, and therefore, 

throw it away, as having no appreciable value. Of the 

error of this coUl'Se, I have already given an example, in 
the remarks following proposition rv., chapter i No 

schoolboy's mind was probably ever satisfied with this 

tA1·00Jing atWOfU of inforvity, until, by instruction and 

habit, he has at length reached the full grown prejudice 

of his teachel'S ; for he sees, that they are sometimes 

obliged to revel'Se the case, and then they endeavor to 

prove that 'IWthiJnv may equal e<mtdhiJnv I I If an infinity 

it will require no argument to prove that the principles 'made use of in 
trigonometry to determine the aeries, being baaed only on the proper
ties of straight lines, are precisely the same, and involve the same error 
aa Euclid's method, and therefore, come to the ll&Dle result. If the 
method, by a ftuxionary aeries deduced from trigonometry, ia right, 
then Euclid's method ia right also, because they come to the same 
result. But Euclid's method bas been proved to be wrong, and to be 
1088 than the truth ; therefore, the series proved by trigonometry is also 
wrong. In fact, all such aeries are nothing but approximations ; there 
ia not a single absolute truth in the whole range of them ; the very 
name of an iilfinite series signifies something which never can be 
equalled. 
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be really rwthimg, the term cannot be applied to material 

things, nor can we reason on the two ( :6.nity and infinity), 

or from one to the other, with the slightest ground of 

truth for a basis. Therefore-

PROPOSITION II. 

.An mfonit'!I in mmuimie88 ill altw0!/J8 8UCh, t}w,t it ill 

CO!.[>Olik of Vrwrea8e ; therefore, im, matmid t/ving8, an Vn,. 

fonity eq'l.Uil8 one 'ldtimate pa;rtiCle of 'ffl,(J,f;tqr, 8UCh, that im, 

the nal!wre of the material, or thing wniler <Xm8'ideral!Um, it 
CU/Tl!Mt lJe leas. 

I propose to demonstrate this second proposition by 

the series 4 + 2 + 1 + i + i + ~ &c., and I say that 

this series, infinitely extended, equals 8, mitrvtM one m:fonr 
ity, or minus one ultimate particle of matter, such that, in 

the nature of the matter or thing considered, it cann2t be 

less. The demonstration is by numbers, and it proceeds 

upon the supposition, that the so-called infinity of mathe

matics is a point of division l;eycmd the power of num

bers ; therefore, 4 + 2 + 1 + 0.5 + 0.25 + 0.125 + 
0.0625 - 7 .937 5. I have here carried the division to 

one-sixteenth only, and it is seen that the sum of the 

whole is deficient of 8, one part of the last division, and 

in order to make the sum of the whole equal 8, the last 

addition must be ·A, instead of lw; and the same is seen 



APPENDIX.. 161 

to be the case, to whatever point in numbers the division 

may be carried,-two parts of the last division must be 

added, to make the sum of the whole equal 8 ; therefore, 

let the number of divisions be the greatest possible; 

then, because the number of the terms or divisions is the 

greatest possible, and two p!}rls _ of the last div:ision ~ 
. ·- ... -·. 

necessm to be a4c1e~, ~ order to make the series equal 

8,_ and by the addition of one part only, an equal part is 

lefu therefore, the part_ !~ft if! infinity, which numbers - .-- -·---···-·--

cannot divide; hence, it is evident that numbers them-
'--· ··---

selves are in:&nite,-hence the divisions of numbers equal 

in:&nity,-hence an infinity equals the greatest possible 

divisions of numbers,-hence an ~ty equals one part 

of.the greatest possible division of any magnitude-hence 

also, by reciprocity, in the above series, an infinity is 

such, that by constant doubling, it shall amount to 4; 

therefore, ail infinity is such, that it is e<q>al;le of imr 

<Yre<Me. The pr()]>08ition Ui therej<Yre i!mTwnaflrated. 

It will be seen, from the above demonstration, that be

cause '1l1Wffll>era ,tlunMe'f;ve_a are thus proved to be mfotiUJ, ,_ 
as, indeed, our own perceptions tell us they are, and be

cause the series 4 + 2 + 1 &c., can never be made to 

equal 8 by 'Tlllllml>~e, therefore, the assumption that the 

series does actually equal 8, or that an in:finity - O, is 

absurd, and any demonstration by algebraic formula, to 
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the effect that they do, is a pure assumption; contra

dictory of evidence, and is therefore absolute nonsense. 

The general idea which we get of magnit~de in the 

abstract is, that it is something which entirely fills a def

inite portion of space. Now if we suppose any definite 

portion of space to be divided ~t into two ·equal parts, 

then four, then eight, and 80 on to mfowit;v, it is evident 

that the sum of all the parts into which . the space is 

divided is equal to the whole, and one part equals in1ln

ity, but if we suppose that infinity - O, then each part 

- O, and the whole space is annihilated, which is absurd; 

because although we cannot say with certainty that 

matter cannot be fl:Dnihilated, we do say and know with 

certainty that blank and abstract space cannot be anni
hilated. It is evid~nt, therefore, that both '1Vl1ml1Jer8 and 

8'jJaC6 are infinitely divisible, and no mfuuteness can an~ .. 
nihilate either. But material things, or magnitudes 

developed to the senses, are govemed by laws which the 

existence of 8JXJC6 or magnitude in the ab8flract does not 

involve. Such developed magnitudes, a.s for example, 

those composed of metals, of wood, water, earth, &c., do 

not always, and I think never, fill all the space within 

their boundaries. Their parts may be united by cohe

sion, but the lines which separate their parts, though 

infinitely diminished are ·not annihilated. And the 

bodies are filled with porosities which allow of the exist-
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ence of other material elements of nature within them, as 

air, moisture, light, heat, electricity,, &c. We know also, 

that all material or developed magnitudes are formed 

from ~ elernmi:t8 which had a separate atomic exist

ence, and which have become united by their affinity, 

and hence they may be so divided that they <XllTlllUJt be 

tWviiled OITV!l fwrtlu!r without resolving themselves into 

their original elements, or when so divided they may 

perhaps, by forming new affinities, take some new form 

of existence, by which they may appear to be annihi

lated ; and this we know is the process of nature, by 

which all material things are subjected to decay and 

.. tenewal ; but there is no such law governing space or 

magnitude in the abstract, which is subject to no decay 

or renewal. ' Therefore it is evident that in ~ 

tlvim.g11 magnitudes · &re '!Wt infonitelty ~ in · the -------·-. .. .. 

fnllest sense of the term Infinity. I would, therefore, 

denne the term infinity in its application to material 

things (of which alone we are cognizant) in a limited 

sense, and say that an infinity is one ultimate particle of 

whatever material or thing we are considering, such that 

it cannot be divided again without resolving itself' into 

its original elements, and therefore such that it CIJ/Mlot be 
wa. 

This, I think, is the only comprehensible meaning 

which can be given to the term " infinity " in its relation 
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to matter, and if we reason from things which are i1u:mnr 

prelum,ail/le, we reason of things which we know nothing 

about, and must fall into error. If we apply the term 

infinity in it.a fullest sense to material things, it will 

result, that a drop of water may be divided just as many 

times as a square foot or an ocean of water, and we shall 

have one infinity greater than another infinity of the 

same thing, which is absurd. But if we apply the term 

as I have defined it, then no infinity <Xllfb 6fei.8t which is 

greater than another infinity of the same thing, and a 

most important truth is brought within comprehensible 

limits. 

I have made these remarks concerning infinity, as 

being applicable to the propositions which follow, and to 

the dijf (freMe between a line coinciding with the greatest 

limit of the area of any circle, and a line ~ the 

same circle, which is infinity, · in the sense in which I 

have defined it. 

I shall here lay down as axioms certain truths which 

have been proved. 

Filret. The circumference of a circle is a line out.aide 

of the circle thoroughly inclosing it, and of it.self forms no 

part of the area of the circle. (Prop. v., chap. ii.) 

. 

&corul. The line approximated by geometers, if it . 

could be correctly determined, is a line coinciding with 



.APPENDIX. 165 

the greatest limit of the area of the circle, but not inclos

ing it. (Prop. L, Appendix.) 

Third. The line approximated by geometers is con

sequently the circumference of a circle whose diameter is 

less than one in its relative value to the area of a circle. 

(Prop. 1., m., and IV., chap. i, and prop. 1., Appendix.) 

F<Ylllrth. The difference between a line coinciding 

with the greatest limit of the area of any circle and a 

line inclosing the same circle, is an infinity, such that it 

cannot be less. (Prop. 11., Appendix.) 

Fifth. In material things an infinity equals one ulti

mate particle of whatever material or thing is under 

consideration, such that it cannot be less. (Prop. 11., Ap

pendix.) 

SUcth. An infinity is a value, such that it is always 

capable of increase. (Prop. 11., Appendix.) 

I now propose to show, that by the method of geom

eters, the omission of the difference between the radius 

of a line ~ with the greatest limit of the area of 

any circle and the radius of a line Vnclo8ing the same 

circle, being an infinity, the value of such infinity is in

creased in the process of bisection, so that it shall always 

equal one or more in the sixth decimal place at some 

great number of sides of a polygon; and may be in

creased, so that it shall equal circumference itself. 

It will be seen that if the radius of the inscribed lin~ 
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or line coinciding with the greatest limit of the area of 
--- -· -·- -- -· -·· . . ... -----···-·-- - --- .. ··-·· - -- . . ·-

I the circle shall equa'!. ~' then because the dllference 
between the inscribed and circumscribed lines eqlials ilnr 

fonity, therefore the radius of the cirimmscribed line 

equals infinity added to :tinit.f. Therefore let finity-F, 
-- .. ,,~.. .. ··-.. ----- ·· · ·· · ~-- -

and let infinity added to :6nity -I F. * 

PROPOSITION m. 

TM v<dtu8 of t/UJJ, mfovity whwh u tM <lti.f!eren,()8 ~ 

fhDeen tM ilM<YrilxiJ arul ciA'<nllm8C'l'iJ>eil l!itM8 ( amWm 4th), 

arul whWh u f>TTl/uua ~ grnmeter8, u ilMrea8eiJ in the pro

C(JIJ8 of lJiaecfM:m, of a cilr<Y1J1mjerfflUJ8, 80 tJiat at 80m8 vreat 
'Tlll1l1IWer of 8ide8 of a pol;ygon it wilt <Wwaiy8 equal, UM <n 

mme i;n, tM mth iJecimgJ, pla.ce, arul 'ffUJfV . l>e inwrealMd, 
wntil, it 8lwll 6<]'U01, cilr<Y1J1mjerfJTlC6 itaelf.· 

I now take Pla.yfair's eighth proposition, :first book, of 

the Supplement to the Element.a of Geometry, in which 

he bisect.a a circumference to 6144 sides of a polygon. 

• In examining this propoaition, we cannot do better than to place a 
glaaa of wat.er before us, and supposing the tumbler to be a perfect 
cylinder, let us then suppose the radius of' the greatest possible line 
coinciding with the water -F, and the radius of' the least polllible line 
coinciding with the interior of' the tumbler -I F, which last is the cir
cumference of' the circle. 
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Let the radius C B PLATE xxx. 

(Plate XXX.) equal 

OM of thirteen deci

mal plaees, that is, c 
i 

B-1.0000000000000, 
then let CG equal the A.1-----:.__---....lf 

perpendicular on the 

chord of the arch of 

6144 sides, then C G 

- .9999998692'123 + 

then C B-C G-G P, and G PxA B-D P 1 and v'D 
P 1-D P, which is the chord of the· arch of 12288 sides. 

Now let F (:6.nity) equal radius -C B-1.0000000000000, 

then F-C G-G P, and GP is seen to equal 130'12'1'1-

as follows: 

F-1.0000000000000 

c G- .9999998692123+ 

GP-- 130'121'1~ 

Now let an infinity, such as I have defined it, equal one 

in the thirteenth decimal place, then I F (infinity added 

to :6.nity) --1.0000000000001.-then I F-C G--G P 

and G P is seen to equal 130'12'18-as follows: 

I F-1.0000000000001 

c G-- .9999998692'123+ 

GP- 130'12'18-

lt is seen thnt while. radius (F and I F) are lines of 
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f{)U/l'teen fluwr88, or ·a· left hand unit and tlvitrleen decimal 

places, G P is a line of only atmen fig'llll'88, or a left hand 

unit and m decimal places, and G P-I F-C G is seen 

to be greater by one i:i:t the mth decimal place than 

G P-F-C G, and because G P x A B-D P 1 and 

v'D P 1-D P, and D Pxl2288 (the number of sides of 

the polygon) gives the circumference, therefore G P

I F-C G will give a circumference ·greater in the mth 

decimal, pkwe than G P-F-C G, viz., G P-F-CGxAB 

at 12288 sides of a polygon will give a circumference 

-3.1415925+, which is less than geometer's ratio, and 

GP-I F-G G x A B will give 3.1415948+which is 

grea,ter than my ratio. It is evident, therefore, that if 

that infinity which is equal to the 888erWial dijf fJreTUJ6 in 

the properties of straight lines and curved lines, and 

which is consequently equal to the dijffJrence between a 

line coinciding with the greatest limit of the area of any 

circle, and a line · Vruilo8ing the same circle, shall equal 

one in the thirteenth decimal place of any line of figures, 

the omission of the value of that infinity, will, in the pro

cess of bisection, to 12288 sides of a polygon, be an error 

in the sixth decimal place of circumference. 

Again, let F (finity) equal one of 16 decimal places or 

1.0000000000000000, and let infinity equal one at the 

sixteenth decimal place, then I F (infinity added to 

finity) -1.0000000000000001. Now let the circtim-
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ference be bisected fifteen times, this will give an in

scribed polygon of 1966{)8 sides, then let CG equal the 

perpendicular on the chord of the arch of 196608 sides 

of an inscribed polygon, then C G-.9999999998'123363+ 

and F-0 G is again seen to be a line of only seven 

figures, or a unit with six decimal places, and I F-C G 

is also again seen to be greater by one in the sixth deci

mal place than F-C G, and at 398216 sides of a poly

gon, an infinity which had a value of only one in the six-

- teenth decimal place, is increased in value in the process 

of bisection, so that it becomes one or more in the sixth 

decimal place of circumference. The error of geom

eters is here ~it does not even require the calcu .. 

lation to be made in order to demonstrate it,-the num

ber of figures left when C G is deducted from F is alone 

sufficient to show at what point the perimeter of the 

polygon found, is less than the true circumference of the 

circle; and it is perfectly obvious, that this error arises 

from mechanical causes perceptible to our senses ; and 

from an ipherent property of numbers which cannot be 

obviated by any method of geometers. It is not a defect 

or discrepancy of numbers, but it is the perfection of 

their power, and- is easily understood to have its origin in 

. the essential difference in the properties of straight lines 

and' curved lines. It is perfectly obvious also, from the 

examples given, that if we could go on with the process of 
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bisection until the perpendicular on the chord of the arch 

should equal radius, the error arising from an infinity 

omitted at the :first, would then equal circumference 

it.Belf. It is equally ob:vious, that at whatever point in a 

line of figures we may place the value of infinity by hy· 

pothesis, whether at the sixteenth, twenty-fifth, :fiftieth or 

even at 1000 decimal places from unit, by the process of 

bisection the value t>f such infinity will be increased, so 

that at some great number of sides it will equal one in 
the sixth decimal place, and finally equal circumference 

it.Belf. I do not say that one in the sixteenth, twenty-fifth 

or any other particular decimal place i8 an mftnit;y; but 

if a little estimate be made of it.a value, we may form 

some conception, whether it may, or may not, be an 

infinity, according to my definition of the term. 

A difference which equals one in the sixteenth decimal 

place, is such, that if the magnitudes be miles, it is less 

/ than one hair's breadth in the distance from our earth to 

the sun! and it is less than the fowr-t~ part of 

one hair's breadth in the circumference of our earth ! 

Whether such a difference is equal to an infinity in the 

surface of a glass of water (to which I have requested 

reference in a note to this proposition ; also in a note to 

proposition v., chapter ii.), or, in other words, equal to 

one particle of water in it.a least possible natural divi

sion, and ·hence equal to the difference between the 
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great88t possible line coinciding with the water, and the 

l«Mt possible line coinciding with the interior of the 

tumbler incloeing the water, I leave to the decision of 

those whose perceptions and judgments are more acute 

than mine. 

The principle shown in the examples given, is a clear 

one, and proves conclusively, that if the ocean were 

spread ou,t in a circle, and the difference between a line 

~ with its utmost limit, aud a line ind<>8ing it, 
should be of the value of one particle of water in its least 

possible natural division, the omission · of that value 

would, in the process of bisection by geometer's method, 

at some great number of sides of a polygon, beco~e of 

the value of one or more in the sixth decimal place of 

circumference, and finally equal circumference itself. 

Th6 pr~ i-8 therefore ~trat,ed. 

Having completely demonstrated in the six proposi

tions of chapter i., that there is an essential difference in 
the properties of straight lines and curved lines, which 

has been entirely overlooked by geometers,-having 

proved, also, in the fifth proposition, chapter ii., that the 

circumference of a circle is a line uu~ of the circle, 

thoroughly inclosing it,-in the first proposition of this 

Appendix, that the line approximated by geometers is a 
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line W/rwidilng with the greatest limit of the area of the 

circle, but not ~ it,-and by the last proposition, 

that the method of geometel'S is such, that by the differ

ence in value between these two lines, they are liable to 

an error in the sixth decimal place (the point at which 

their ratio diffel'S from mine) : It would seem aa if all 

these demonstrations were sufficiently conclusive, and 

that no professor of mathematics would, hereafter, object 

to my ratio of circumierence and diameter, on the ground 

that " it difi'el'S from their approximation, in the sixth 

" decimal place," unless he can first disprove all these 

demonstrations, by some other means than by assuming 

to be true, just what has here been proved to be false, a 

very common way of repelling truth, and then dignify

ing it with the name of argument. But I have no idea 

that professors will so easily surrender the point. It is 

a part of human nature, that men who are joined to 

their idols will never let them go,-neither will they. 

As I have said in the introduction to this Appendix, "if 

" driven from one principle, they will fall back upon 

" another; and if beaten from all, they will return again 

" to the first;" and all we can do, is, to reduce them to 

this necessity, and there leave them. 

In the la.st demonstration, I have introduced, in a note, 

for illustration, the natural lines which are seen in a glass 

of water, to show the difference between a line~ 
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with, and a line indo8ing the circle. It will be asserted, 

no doubt, as an objection to the truth shown in the last 

demonstration, that these two lines (the line of the 

water, and the line of the tumbler) meet at a line with

out breadth, which is the common boundary of both, and 

which they hence assume to be the common measure of 

both ; in other words, that because the water and the 

tumbler are said to touch each other, that they are there

fore equal. We must, therefore, anticipate their resort, 

and take away the subterfuge, before they turn to it. If 

they would make this objection, and abide by the prin

ciples it involves, it would be quite sufficient for my pur

pose, for thereby, they would admit that the circumfer

ence of the circle is a line out8ide of it, and it is then 

easily shown, that the difference between this line, and 

that which they measure, is that infinity for which I con

tend, and the omission of its value lays them liable to an 

error in the sixth decimal place. But they will not abide 

in argument, even by the principles of their own objec

tions, because it is not their purpose to find the truth, but 

only to object, lest in finding the truth, they should be 

found in error. I shall, therefore, treat the subject on its 

true merits, and show that no curved line, or line of cir

cumference, can be, at the same time, the common boun~ 

dary, and the common measure, of its two sides. 

Before proceeding to demonstrate this principle, I 
12 

I · 
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shall here again lay down as axioms, certain truths, 

which have been proved, or are self-evident. 

Fvr11t. Space is infinitely divisible. (Proposition n., 

Appendix.) 

&<xma. Any imaginary line (not a material line), 

which shall have breadth, is equal to the same portion of 

space. 

Third. Any such imaginary line is, therefore, infinitely 

divisible. 

F<ntll'th. Any such imaginary line may1 therefore, be 

divided, until each part or division is less than any mag

nitude which is, or can be, developed to our senses.* 

• Theoretic men have a science, which they call the " science of van
ishing quantities," and which, I think, has some affinity to this idea of 
the existence of magnitude in the abstract, beyond the means of devel
opment by any magnifying power. I know nothing about it,-1 only 
know that they have such a science, by which they assume to prove 
that a thing may be annihilated, and yet continue to exist. I can well 
understand how.abstract space or magnitude may be diminished, until 
it is entirely beyond our perceptions by any aid which we can control. 
And I can well understand how a developed magnitude may, by some 
process of nature, become so divided, as to return to its original ele· 
ments ; or, by forming some new affinities, pass to some new form of 
existence, and be seemingly destroyed. But I cannot understand how 
a thing can exist, and yet not exist at the same time. The thought 
appears to me to have its origin in the same class of abstract absurdi
ties, which calls an infinity "nothing," and then, as occasion may 
require, seeks to prove that nothing equals something. If asked my 
opinion, what is the limit of developed magnitudes, I would answer, 
that, so far as I am able to reason, without much reflection on the sub
ject, the atmosphere we breathe, seems to be the boundary line. &ing 
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Fifth. At whatever point the division of such a line 

may be arrested, because the sum of all the parts is equal 

to the whole; therefore, each part must have breadth, 

though the bread.th of each part may be such, that no 

conceivable number of them would form a developed 

magnitude. 

Sixth. One line cannot occupy two places at the same 

time; neither can two lines be in one and the same 

place, at the same time. 

&venth. Two lines without breadth, cannot exist with 

no breadth between them. 

Eighth. The existence of shape signifies limit ; hence, 

no shape can exist without a boundary line definitely 

located, which forms no part of the shape itself, which 

boundary is its circumference. 

PROPOSITION IV. 

No two UMB l;ying in the 80JTM plaM, parallel to each 
other, anuJ betw81!n two other 11traight /;i;ne8, whwh are <1' 

the medium of light which discloses magnitude, it cannot, itself, be 
developed to the senses. We can feel its mass, by its own motion, or 
its resistance to motion ; but we can neither see, nor feel, its separate 
particles, though convinced of its existence in that form, by the evi
dence of its motion. I should infer, from these facts, that particles less 
than those of the atmosphere, cannot be made perceptible to our 
senses ; and that particles greater than those of the atmosphere, are 
within the scope of possible development. 
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(]If#, atngle to e<UJh other, cam, poa8ilily ~' onuJ lJ6 equal,, 
~t tlU1IJ tJJwlJ, Oe<xnM UM onuJ tk 8am6 'ti!M. 

PLATE XXXI. 

p 

B 

Now, let A and B (Plate XXXI.) be two straight 

lines, at an angle to each other. They are seen to meet 

at the point P, therefore, P may be supposed to be the 

center of a circle. Now, let C and D be two other lines 

parallel to each other, lying in the same plane, between 

A and B, and at any angle to A or B. It is seen that C 

and D are not equal; that which is farthest from the 

center, P (C), being greatest, and that which is nearest 

the center, P (D), being least; and because one is greater. 

than the other, therefore, if brought together, they can

not~' but in pOll't; and if either C or D be divided 

through the center, lengthwise, in halves, the halves can

not coincide ; and if they be divided thus, to infinity, no 

one part of either C or D can coincide with any other 

part, because no one part of such division is equal to any 

other part,-that which is farthest from the center P 

being greatest, and . that which is nearest the center P 
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being least. So also with E and F, ·or G and H, and if 

either be divided to infinity, none of the part.a so divided 

can coincide with any other pa.rt, because no one part of 

such division is equal to any other part, but each part 

coincides with, and is equal to it~elf <mly. TM propoa&

tion ill tMrefrne ~atd. 

PROPOSITION V. 

AU Vine8 which luwe a Ji.am and d,efonite UJcaJ;i,ty, must 
!u;vve breiulih, wMtMr they be Vine8 of cilrcwmf ere'M6, r>r 

line8 of <livi8Wn. 

PLATE XXXII. 

p 

Let A and B (Plate XXXI1) be two straight lines at 

an angle to each other 88 in the fourth proposition, and 

meeting at the point P, which is supposed to be the cen

ter of a circle. Let A and B form two sides of a devel

oped magnitude equal to M, and let N and 0 be two 

divisions of that magnitude. Now let an imaginary line 

supposed to be without breadth fall on M dividing it 
into two parts 88 at C D. It is known that every part 
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of M which is nearer to the center P than such imagin

ary line, will fall on the inside (0), and every pa.rt of M 

which is farther from the center P than such imaginary 

line will fall on the outside (N), therefore (proposition 

IV.), every pa.rt of N parallel to C D is greater than any 

pa.rt of 0 parallel to C D. And because every pa.rt of N 

is farther from the center P than any part of O, there

fore the line C D being a line of division has breadth, 

however we may have imagined it, though such breadth 

may be a less portion of space than any separate existing 

portion of the material or thing divided. TM pr<>pOBi

tUm, i8 therefore demon8trated. 

From the demonstration of the last two propositions 

and their preceding axioms these necessary deductions 

follow: 

Filrat. In the illustration of the glass of water, the 

water and the tumbler being two materials which cannot 

mingle, they therefore occupy two places, and (axiom 

~th) "one line cannot occupy two places at the same 

" time,'' therefore the lines conciding with each (the 

water and the tumbler) are not one and the same line. 

And (axiom 1th) "two lines without breadth cannot 

" exist with no breadth between them," therefore the line 

between the water and the tumbler haa 'breadth, though 

such breadth is evidently less than one particle of water 
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in its least possible natural division (see Note to prop. 

v., chap. ii.). 
&<xmi/J;y. Every part of the tumbler is farther from 

the center than ·any .part of the water, hence (prop. iv.) 
the line of the tumbler is greater than the line of the 

water, therefore a line between them being greater than 

the inside and less than the outside, (Xllnmf)t be the e<>m

rrwn 'fM(J,8Wl'e of both its sides,-it must be assumed as the 

measure of one or the other of its sides, but not of both, 

and in this particular it differs essentially from a straight 

line. It is the common boundary of both its sides only, 

as it limits extent!ion from the center outward, and dimin

ution towa'l'd8 the center inward, which are opposite qual

ities. From the mere fact of its being the common 

boundary, it cannot therefore be the common rnea8WJ'e of 
~ on both its sides. 

Third. The line between the water and the tumbler 

being a line of division which separates all parts of the 

water from all parts of the tumbler, leaving one wholly 

'inside and the other wholly outside, therefore (proposi-

tion. v.) that line has breadth, and being defined and 

considered as having breadth, therefore when we say 

that the circumference of the water is the leest possible 

line of the tumbler, we mean of course, that line which 

limits the diminuti<>n of the interior of the tumbler W

'WMd the center, and which limits the ~ of the 
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smface of the water /rum the center, and is the common 

buwnilary of both, but not the common me&SlU'e of ea:t,en

lliun, in both. But if the line between the water and the 

tumbler be defined and considered as having M breadth, 

then the line which wonld limit the extension of the 

water wonld be a line coinciilimg with the tumbler and 

not interior to it, and the line which would limit the 

diminution of the tumbler toward the center wonld be a 

line coinciding with the water and not outside of it. 

And because the circumference of a circle is a line out

side of the circle thoroughly inclosing it (prop. v., chap. 

ii.), therefore if the definition of a line shall be that it 

has no breadth, then the circumference of the wafier is a 

line coinciding with a part of the tumbler. But if the 

definition of a line shall be such that all lines which are 

lines of division and have a fixed and defined locality 

luw6 breadth, though such breadth may be iminitely diJn

iDished (axioms 3th, 4th, and 5th), then the line between 

the wafier and the tumbler, having breadth, and being 

wholly outside of the wat.er, is the circumference of the" 

circle, and it is evident (axiom St.h) that no circle can 

exist in nature which has not a fixed boundary or line of 

circumference which separates it from all surrounding 

things. These differences which grow out of the defini

tion of a line require to be carefully considered. 

F<nJll"fh. It is self-evident that rontact is not ttni<>n, 
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and it · is a mat};tematical error to consider them as 

OTUJ. Therefore if two magnitudes be sepa.rated· by any 

given line or space betweeh them, and if they a.re then 

brought together until. they are in contact or seem to 

touch each other, the line or space between them is only / 

divided or diminished-it is not annihilated. And be

cause space is infinitely divisible (axiom 1st and prop. 

n. ), therefore it may be infinitely diminished, but it can 

never be annihilated unless the two sides ehall become 

one, which is imp~ibfo. They may approach so closely 

as to exclude all other matter and cohesion may take 

place by affinity of the part.8, but the lines of contact or 

cohesion are still in existence, terminating the bonnda.ries 

of the two sides, and hence there is space between them, 

-~~cl if not, then space is rwt infonitel;y divisible. Hence 

the water and the tumbler being wholly distinct and un

mingled there is space or breadth of line between them, 

though such breadth is evidently diminished until it is 

less than one particle of wa.ter in its least possible nat-

ural division. 

The foregoing demonstrations and the deductions from 

them, naturally lead u; some few rema.rks respecting the. 

properties of numbers, and of magnitudes, with the math- 1-

ematical definitions of a line, and a point, and their 

application in geometry. 

I will not undertake to say, that because it is proved 
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that all lines having a fixed and definite locality have 

breadth also, that under the circumstances, it is abso

lutely necessary in all, <Ja8e8 to change the math~matical 

definition of a line or a point ; but I do say, that to 

regard these definitions, in their abstract, arbitrary, and 

limited signification as essential to truth, is whol/;y wn-

- ~80ll"'J. 

Nature will work in her own way in spite of our defini

tions, and if in geometry we work according to nature's 

truth, the result will be correct, whether we define lines 

as having breadth or no breadth. 

The science of mathematics in the most universal sense 

in which the term can be applied, is, I think, _th.:e science 

of num,bers, which have infinite capacity, both as to nota

tion and enumeration. 

Algebra means rwthing, or it may mean either one 

thing or another, as suits the fancy of him who works in 

it, until its results are reduced to numbers; and then 

there is no value in the universe, either simple, com

pound, or relative, which some notation, enumeration, 

or relative fraction of numbers is not capable of express

ing. A little examination into the character of numbers, 

will, I think, be sufficient to convince us of this truth. 

And what are numbers 1 Have we any definite ideas of 

their nature, capacities, origin, or end 1 Are they a crea

tion of God, existing by his power independent of other 
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things ? or are they simply the result of a previous neces

sity which the order of creation only fulfills, and which 
--- ·· -

hence follow as a mere consequence of the perceptions 

with which the Creator has endowed our minds? I am 

compelled to think the latter, and hence whether in the 

material or immaterial world, to our perceptions, num

bers and existences are identical and inseparable. Before 

creation began then, numbers had no existence, except , 

in the infinite eternal ONE. But when the first particle 

of original matter was brought into being it constituted 

the fonite <me, and the second particle f!wo, and finite and 

progressive numbers then had their beginning, and have 

ever since, with every succeeding production, been mov

ing forward towards the INFINITE. But our notation of 

decimal numbers, is only one of the forms which nature 

employs for herself; and it is because they are one of the 

forms which nature employs for herself, which gives :them 

their power, accuracy and clearness; hence decimal· num

bers will be found to have an important part in th~ order 

of created things. But nature also employs other forms 

or notations of numbers besides decimals, and whenever 

she does so, decimal numbers are not accurate, or rather 

they have not the power to tell us the exact truth with

out the loss of some fraction or remainder. 

We know very well that all notations of numbers 

must have their beginning in <me, which is less, and their 
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-end in ~' which is greater; thus w)len we ·say " one 

"thousand," we simply mean a thousand ones, or if we 

consider it in its unity, we mean one, a thousand times 

greater than the original one. Hence it is plainly 

seen that when the :first original particles of matter were 

collected together and moulded into shape,-when our 

earth assumed her opaque body, and when the :first star 

sprang into existence, it was nothing else but a following 

out of the progression of numbers from an original crea

tion of one less, to the accumulation of one greater. At 

least such is the only understanding which our percep

tions can give ns of the order of production in created 

things : and it appears to me, that in material things, 

truth is nothing more than the perfect agreement be

tween nature and our perceptions, and error is their dis

agreement. Hence if we had ~een differently endowed, 

natural truth might have been to ns quite another thing, 

and to our minds numbers might not have been what 

they now are. 

If then this agreement between the order of produc

tion in n~ta.re and onr natural perceptions be f!ruth, then 

it is self-evident, that there exists not in the wide 

universe, a sin~le particle of matter, or combination of 

particles into shapes or things, which numbers have not 

·' told out with unerring exactness; and what numbers 

IOI, they can do again. It is evident, there-
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fore, that in the material world, numbers and things, 

t~~ is, s~pes and magnitudes, are identical and insep

arable, and we cannot comprehend one without the 

other, therefore, 1nlwmkra are the legitimate mediuni of 

determining mathematical truth, and no solution can be 
· -· .... ' . 

-~~pl~te until it is reduced to numbers. It is an error, 

therefore., .. of mathematicians, to give to numbers the 

--~~ri()r place in mathematical seience. 

The science of geometry, as a part of mathematics, 

is generally defined as the science of measure, or of 

quantity; but I think this definition is too limited, and 

that it ~~Y.:' with . greater justice, be termed the science 

of perfect mechani~, by which all forms and proportiona 

~e pro<ll1.w6d, as well as measured, and theh- relative pro

perties and values determined. If, for example, we 

would make any shape or form out of brass or other 

material, in order that its proportions may be as nearly 

accurate as possible, we must first pro<lluoe it geometri

cally, and then make one from brass, as near like the 

geometrical form produced, as we can. The first is, 

then, in principle, a perfect form, according to nature's 

working; but the second is only an imitation, and is 

imperfect, by reason of our inability to measure or detect 

so small a quantity of matter as one original particle, 

which is the only perfect standard of measure; and if the 

form of brass shall differ from the true geometrical form 
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but one particle, it is imperfect. The first is an operation of 

geometry, and is nature's work; the second is a mechani

cal operation, and is the work of the artisan. The first is 

the development of the pure principles which govern the 

form; the second is only the labor of the workman with 

his tools. If, therefore, we separate geometry from me

chanics, we leave the latter without a science, and 

degrade the. mechanic arts to the character of a blind 

imitation, without rule or principle. The really scien

tific mechanic is one who constructs his work according 

to geometrical principles, and the only difference between 

his work and his principles is, that his principles are per

fect, being according to nature's laws, but his work is 

imperfect, from lack of skill to make it more perfect . 

. The power of mechanics is altogether constructive., it is 

not creative ; she can fashion things, but she cannot make 

them,-we must first furnish her with materials, and she 

will then mould them; and being furnished with the 

necessary parts of things, she can put them together. 

So, also, with geomet.ry; she can create nothing,-all her 

powers are constructive, only ; she finds all her propor

tions in magnitudes and forms, and we have seen that 

numbers and magnitudes, or forms, are inseparable. 

These, then (numbers and magnitudes), are the materi

als of geometry, and until she is furnished with these, 

she can do nothing. Let it be required of geometry to 
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produce a hexagon, and she requires you to furnish her 

with six equilateral triangles, and placing them together, 

shows you a hexagon ; and in producing this hexagon, ge

ometry has done no more than mechanically to construct 

a form out of other forms, and build up a magnitude out 

of lesser magnitudes ; and this is the limit of her power, 

because she can create not~ing. If you now require to 
know the value of this hexagon, in proportion to other 

shapes, decimal numbers will tell you that each side of 

the hexagon being one, its value in proportion to the equi

lateral triangle of an equal side is m, and in propor

tion to the square, it is the square root of 6.'l5. ~in 

this last, you wish for any more definite expression than 

squru:_e root, decimal numbers will tell you to go and 

acquaint yourself with some other notation, besides deci

mals, which can give the needed fraction, or otherwise 

to sit down in ignorance. Now, let it be required of 

g~ometry to produce a form without the use of magni

tudes, and she tells you that she can do no such thing, 

that form and magnitude are inseparable ideas,-that 

all shapes and forms have both extension and limit, and 

are, therefore, finite,-that she deals in finite magni

tudes, and nothing else,-that abstract space is iinfonite, 
and if she ever considers space, she considers it only in 

finite portions, and in reference to some developed mag

nitude having the same boundaries; hence, if geometry 
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be required to measure any portion of space, she demands 

to be furnished with some magnitude aa a standard of 

measure, or otherwise she cannot do it. 

Let it be required of geometry to give a fixed and deft• 

nite locality to a line without breadth, or to a point in 
space, without magnitude, and she will tell you that lo· 

C8.li.~1-!J>!~_e, and position, are all of the same import, and 

all of them mean a portU>n Of 8JXW13,-that there . can be 

no division of space equal nothing (see page 158); and, 

therefore, there can be no locality, place or position, 

without magnitude ; and hence, your line without 

breadth, and position _ without magnitude, are fallacies, 

both in nature and mechanics, and therefore, beyond her 

power. 

Ask geometry to mea.mre a f ()1m by a line . without 

breadth, and if you please, let the form be a hexagon of 

uncertain size. Geometry at once answers you, that a 

line without breadth has no existence, and if you furnish 

her with no other materials she cannot do it,-that mag

nitude is only magnitude by comparison with some 

standard of measure, and hence things can only be meaaa 

ured by comparison with other things, and therefore, it 

is out of her power to measure something, by comparing 

it with nothing. Even a stan~ard of meaaure (an arti

fi.cial standard) is without meaning, only, as it refers to 

some other standard ; as, for example, a carpenter's foot. 
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rule is without expression as to quantity, only as we 

mentally refer the rule to the foot. When we measure a 

thing, therefore, · we do nothing but simply determine 

its quantity, in its relation to some other quantity al.: 

ready determined ; how, then, can relative quantity be 

determined, by comparing any quantity with itself, or by 

comparing. it with no quantity? But furnish geometry 

with a positive magnitude, which shall be her standard 

__ .. ~f ID:easure, and which she can apply to any part of the 

hexagon, and then knowing what the form is, numbers 

will peporm the rest, and you may imagine your line to 

be just what you please-as having breadth, or no 

breadth, it is all the same to geometry. Having deter

mined the extension of the form in one direction, by a 

positive magnitude, or line with breadth, and knowing 

what the form is, geometry can now determine its exten- . 

sion in all directions, from any point, and the result will 

be correct, and geometry is satisfied ; but without the 

help of this positive magnitude, you could never have 

known anything of the value of the hexagon. 

And now if there be anything in the world to person

ate common sense, I would ask, has geometry measured 

this hexagon by a line with breadth or by rore without 

breadth? Certainly by one with bremlth, will be the 

answer, and by no other means did geometry ever yet 

measure anything1 It seems therefore that geometry 
13 
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can do nothing with a line wit!wuJ, breadth independently 

and alone,-you must ftrst furnish her with a line witA 

hreadth with which to measure the imaginary on_e wjthr 
md breadth, before she can proceed one step in her work 

towards determining the quantity of any figure. In 

proposition v. (this Appendix) I have shown that in 
dividing any material or developed magnitud~ geometry 

does it by a line with breadt,h, and it has been shown 

also, that such a line may exist, and yet be less than any 

portion of the material magnitude divided. Let us now 

1 see what sort of a line geometers do ~tually use in 

dividing a magnitude. Let the magnitude to be divided 

-be a plate of gold one inch square, and to be divided 

equally. We know that gold is constituted of original 

particles, because it can be dissolved or dispersed and 

. it8 particles collected together again and deposited in a 

new place, the particles cohering as before ; therefore let 

the plate to be divided be· of the imaginary thickness of 

one original particle of gold. The principles of geom

etry fix the line where it is to be divided with perfect 

accuraey, so that just 88 many particles shall lie on one 

side of the line as on the other. But the geometer not 

being able to locate, to perceive, or to understand the 

exact place of his imaginary line witkuut breadt,h, in 

order to aid this deficiency of his perceptions, he draws a 

line with breadt,~ across the face of t:i;.e plate of gold at 
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the points indicated by geometry; and knowing that this 

ine by its breadth covers a portion of the gold, he pre>

ceeds mentally to diminish the· line towards the center, 

until its breadth is leea than any portion of the gold, or 

in other words, until its breadth is equal to the lines of 

cohesion which unite the particles of gold. And the 

magnitude or plate of gold is thus . mentally divided, 

without the loss of any portion of its quantity; and 

because the line of contact or cohesion of the particles of 
gold has two sides, leaving all the particles of one half 

on one side of it, and all the particles of the other half 
on the other side, it therefore has breadth, though sucll 

breadth is diminished, until it is less than one . particle of 

gold, and less than any of. out perceptions of quantity. 

The pai:ticles of gold do not, by their cohesion, unite, to 

become one and the same,-they simply approach each 

other within a distance, such as to exclude all grosser 

matter, while each particle of gold remains as before 

distinct from the other. 

And now I think that no g~meter who is capable of 

examining the nature and extent of his own perceptions, 

will tell me, that in dividing any magnitude geometri

cally, he has ever made use of a line mentally or phytt

ically, in any other way than just as I have described 

above ; and if so, then no geometer has ever yet (except 

in name) used a line without breadth in dividing any 
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magnitude. As an evidence of the truth of this conclu

sion, we need only make the attempt, mentally, to fix 

the position of a point without magnitude, or the local

ity of a line without breadth ; as we diminish toward 

the center, our very thought expires with the expiring 

magnitude, and we have neither recollection nor compre

hension of it.a exact place. 

I have, in another place, explained natural truth to be 

nothing more than the agreement between nature and 

our perceptions, and error as their disagreement. Now 

it appears to me that in the application of lines and mag

nitudes to geomet1-y, the explanation which I have given 

of their use, forms a perfect agreement between the 

operations of nature, and the perceptions with which 

nature has endowed us ; and if so, then it is true ; and 

the ideas of lines without b1·eadth, and position without 

magnitude are misnomers,-mere illusions of the imagin· 

ation,-aliogether unnecessary,-wholly without use, and 

in opposition to all natural truth and evidence. 

The mathematical definition of a line,-" that which 

"has length but not breadth," at :first strikes the mind as 

an absurdity, because it implies quantity of one kind, 

and yet it has no existence. But on examining it with 

the application made of it by geometers, it is found to 

mean '!M1"6 di8tanc8 from one point to another, and where 

nothing but mere distance is intended, it is wholly imina.. 
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terial t.o the result whether the line shall have breadth 

or not. We may consider it an inch wide, or a foot 

wide, or 88 broad 88 it is long, and no difference will 
follow in the result. The definition is therefore exceed

ingly imperfect, even if true. But it is rwt 'fJrue in 

nature, and therefore rwt 'fJrue in geometry, because 

nature is the perfection of geometry. Lines in their 

practical application in nature, and consequently in 

geometry, have a more enlarged use and meaning than 

mere distance. They in reality constitute the divisions 

of all magnitudes, and the boundaries of all shapes,

offi.ces which mere distance is incapable of performing. 

We have seen that shape or form (which is identical 

with magnitude), is essential t.o the fu'St principles of 

geometry. We have seen also that no shape can have 

any positive existence without Umit, ·and a boundary 

clearly defined, definitely located, and separating it from. 

all surrounding things. And the proposition is self

evident that lines which perform these offices mu.at luwe 

a positive e<eilitence, and therefore mu.at luwe brea.dJh,---. 

therefore the circumference of a circle mu.at luwe l>reailth. 
A definition does not necessarily form any part of 

mathematical truth. It is only a part of the method 

by which truth is determined, and is not always essen

tial even t.o this; 88 we have already seen, that in cer-

tain circumstances, it is entirely immaterial t.o the result 



194 

what the de:&nition may be. The chief object of a defini-

' tion is to enable the mind to oomprehe~d a truth. when it 

is determined, rather than to constitute any part of t.he
trnth itself. A definition must be conformable to truth 

in the circumstances in which it is used. Hence the def

inition of a line without breadth, being conforI11&ble to 
truth in such circumstances, is a good de:finition in all 

those cases where distance only is intended, in which it 

is entirely immaterial what may be the breadth of a line 

or whether it has any at all. But in all those cases in 

which a line with breadth differs in value from one with

out breadth (which it always does in a continuous line of 

circumference), the mathematical definition is n.ot C<»Jr 

f<n"llUilil6 to the truth of nature, and therefore leads to 

error. 

I do not say, therefore, that it is absolutely necessary 

in all ca868, to change the mathematical definition of a 

line, but I do say that it is wholly unnecessary to con

sider the de:&nition as a mathematical truth, which is 

:6.xed and unalterable, and that it U1 absolutely necessary 

to consider the circumstances in which a line is used, and 

to modify or change the definition in all those cases in 

which a line with breadth differs in value from one with

out breadth, as in the circumference of a circle. In such 

cases, I would de:fine a line as that which has length and 

the least possible breadth with locality, and I would de-
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fine a point as that which has position and the least 

poaaible magnitude with loeality. 

. It will be seen, however, by all who examine the 

whole course of my reasoning attentively, that lines 

having breadth, is Mt a conilitWn on which the Quad

rature of the Circle is based, but only a condtuaiun, to 

which the developmentiS as they proceed inevitably lead 

us. The twelve propositions of chapter ii. which em

brace the whole d~monstration of the Quadrature, rest 

entirely on the relativ:e pitoperties of shapes, and of 

straight lines to curved lines, and are wholly ~ 

of tM f (].()t whether lines have breadth or not. If, there

fore, any one should choose for any reason to reject the 

idea of lines having breadth and point,s having mag

nitude, it cannot in any wise affect the truth of these 

demonstrations or the main object of this publication. 

We have seen, in the course of the foregoing reason

ing, that 8lupe or f O'l'm is essential, both to the ~ 

ple8 of geometry, and to the pr(].()ti,<M of geometry, and 

that form and magnitude 'are identical and inseparable 

ideas. We have seen, also, that 'fllUITTll>er8, and tlliirig8 

(which, in the material world, are the same as magni
tudes) are also inseparable. We have seen, also, that 

geometry, being the science of qua;nl!i;ty, can only com

pare indefinite quantity with other quantities which are 

known, and definite. We have seen, also, that geome-
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try-be~g, as sh~ is, the basis of pure mechanics-when 

she is required to pro<l!uae a form, she does it by using, 

or putting together, other f orma, just as we build a ship, 

or a house ; with this difference, only, that all her forms 

are perfect, but ours, from lack of skill, ·are imperfect. 

And when geomet1'Y is required to produce a magnitude, 

she does it with the use of lesser magnitudes, which are 

her standards of measure, and without the use of both 

form and magnitude, it is not in the power of geometry, 

either to p~oduce anything, or to measure anything ; she 

positively refuses to proceed one step, either in the de

velopment, or measurement, of any form, until she is fur

nished with a positive magnitude, as a standard of meas

ure, which she can consider, and treat, as fYM; and no 

abstract solution of any geometrical problem has any 

meaning in it, until the result is compared with some 

known quantity of definite form, as a standard of meas

ure. We have seen, also, that the power of geometry is 

limited to finite things, or things having limit or ~ 

dary,...._that she considers space, only by comparing it 

with furlte and definite magnitudes; that infinite apae8, 

or infinite magnit'l.ld8, is entirely beyond her reach or 

comprehension; and that all abstractions are necessarily 

infinities. 

These conclusions form a perfect agreement between 

the operations or developments of nature, such as we can · 
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understand, and the perceptions and powers of compre

hension, which nature has given UR, and they are, therf? 

Jore, ~. What then becomes of the idea of the exist

ence of geometry as an abstract and metaphysical sci

ence? In my opinion, the notion of abstractions in ge

ometry sinks at once to a level in value with the chimeras 

of a sick man's brain ; they are mere illusions, floating in 

the mind of the operator, without identifying themselves 

with the practical truths of which they are only the men-

tal images, and, I believe, were never thought of by ge

ometers, until the introduction of algebra, and its ab

stract mode of reasoning, which is without use or mean

ing, until it is brought down to the standard of some 

definite form and magnitude. I cannot, therefore, do 

otherwise, than conclude, that geometry has to do with 

nothinu l>Ut tlw relafliuna of plvyaical, or materinl, thinue, 

and is, therefore, purely a phy8ic<il ecience. 
And since all that is known in geometry includes but 

a very small portion of either the general principles, or , 

individual truths, which govern th~ relations of things to 

one another, it is self-evident, that the science, as prac

ticed, is open to improvement, and capable of progress, 

just as much as the mechanic artS, the study of chemis

try, or anything else ; and notwithstanding its many 

conveniences, I regard the use of algebra in geometrical 

demonstration, as deserving no higher character than 
Ii 



198 APPENDIX. 

that of an ingenious invention to supply the lack of a 

knowledge of numbers ; and I regard the consideration 

· of geometry as a:µ alJ8tract and met,a,phy8i<xil science, 88 

a sort of i,gni,a f afluAul light, which, by blinding the eyes 

of the beholder, renders more obscure, everything else 

around him, and which, from its :finJt introduction, until 

now, has been the chief bar to a rapid progress in the 

science, which may be realized the moment this idea of 

abstractions is dismissed from our reason. 

The <YJYJ>08i~ ~ ratio of the eqwil.atera/, triangle 
muJ the circk. 

Duplicate ratio is a universal property of area., hence, 

the square being the standard of value, therefore, the 

square of diameter is duplicate ratio, and all superficial 

magnitudes, of any shape, are to each other of the same 

shape, in ratio of area, as the squares of their diameters, 

or in d;up~ r8:tio. Explained in its simplest and most 

practical form, duplicate ratio of area means only, that 

the increase of area in any shape, is in duplicate ratio to 

the increase of circumference and diameter ; that is to 
say, that area quadruples 88 often 88 circuinference and 

diameter double ; hence, because the equilateral trian

gle ai;id the circle are, in their relations to the square, in 
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the <ppo8ite duplicate ratio to one another (propositions 

vm. and IX., chapter ii); therefore-

PROPOSITION VI • 
• 

The circle in11orWed amil cir~-iJJed tibout atn equi

lateral triamgle, i8 in duplicate ratio to the circle ilM<JrilJed 

and cirC'UllM<Jri!Jed about a aqUOll'e. 

PLATE XXXIII. 

Let the areas of the inscribed circles A and B equal 

one another; then the diameters of A and B are also 

equal. Now, let the side of the square circumscrib~ng A 

equal one, then the diameter of A - 1, and because the 

diameter of the circumscribed circle equals the diagonal 

of the square, therefore, the diameter . of the circum

scribed circle - v' 2, and because the areas of all shapes 

are to others of the same shape, in duplicate ratio, or as 

the squares of their diameters, therefore, the area of the 
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circle circumscribed about the square, twice equals the 

area of the circle ilMcrilJed in the same square. Now, the 

diameters of A and B are equal to one another ; hence, 

the diameter of B - 1. It is proved by geometry, that 

the perpendicular of the triangle circumscribing B equal,s 

the diameter of B, plus the radius of B ; therefore, the 

radius of the circle circumscribing the triangle, twice 

equals the radius of B, and 2 x 2 - 4 ; therefore, the 

area of the circle circumscribed about the triangle, four 

times equals the area of the circle VMcrihed in the same 

triangle. TM prOJ>08itWn i8 tM7'ef ore dernt>nafJraud. 

It is evident from the foregoing proposition and its 

demonstration, that the equilateral triangle and the cir

cle are, in their relations to the squa.re, in some form or 

other, in duplicate ratio to one another. In what form 

this duplicate ratio exists, remains to be proved, if not 

already sufficiently proved in prop. vm. and IX., chap. ii. 

In proceeding to prove this, I will first state certain 

truths, which are self-evident, or have been definitely 

proved already. 

Fill'Bt. Circumference and radius (and not the square 

of diameter) are the only natural and. legitimate ele

ments of area. by which all regular shapes may be meas

ured alike and made equal to one another. (Prop. vn., 

chap. ii.) 

&c<md. The equilateral triangle and the circle are 
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exactly opposite to one another in the elements of their 

construction, which are circumference and radius. (Prop. 

vm. and ix., chap. ii.) 
Thilrd. The equilateral triangle is the primary of. all 

shapes in nature formed of straight lines and of equal 

sides and angles (prop. vm., chap. ii.), and has the least 

number of sides of any shape in nature formed of 

straight lines, and the circle is the ultimatum of nature 

in the extension of the number of sides. Therefore, 

PROPOSITION vn. 

In all the elmnent8 of their C<YMtruetWn which 881'V6 to 
imm'ea8e or diminieh ar(J(J,, the equilat,era}, triamgle and the 

ci;rol,e are exactly opposite to one 011Wther in re8'_Pect to the 

greatest and the least of any 8/uqJee in nafJwre, and ~ 

they are oppoeite to one 011Wther in ratio of the 8quare8 of 

their diameter8, or in duplicate ratio. 

Now it is one of the plainest principles of geometry 

and arithmetic, that if G be greatest and L be least, then 

GxL .and LxG are equal, because they are reciprocals. 

Hence it would appear on general principles, that the 

circle and the equilateral triangle should be equal, be

cause one has the greateBt possible radius and the leaet 

possible circumference of any regular shape in nature, 

and the other has the leaet possible radius and the great-
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est possible circumference of any regular shape, and half 

the circumference multiplied by radius are the only le

gitimate · elements of area in each, by which they may 

be measured alike. But although this is a general p~

ciple in regard to reciprocak in 'TllWTnlJera, yet it is only 

true in geometry when G and L are of corresponding or 

equal proportionate values. But in the relations of cir

cumference and radius in respect to their relative values 

in area, radiua is greatest, and ch-<JUmf erenc8 is least ( ra

dius-1, circumference -4), and because in the reversal 

of the order of greateat and 'leaat in the circle in its rela

tion to the triangle, the greatest in relative value (ra

dius) is also made greatest in relative magnitude, there-

. fore the circle and the triangle are n<>t equal, as recip~ 

cals of corresponding value are equal, but OJ>J.>08Uea in 

ratio, and the circle is to the triangle in its relation to 

the square as GxG, and the triangle is to the circle in 

its relation to the square as L+ L, because GxG and 

L+ L are in opposite ratio to GxL or LxG, and hence the 

square, or square of diameter, being made the artificial 

basis 9f area, they are opposite to one another in ratio 

of the squares of their diameters, or in the proportion 

of square and square root. 

The term opposite signifies an intermediate, or a point, 

relative to which, the things spoken of are opposite to 

one another, and in this case the thing necessary to be 
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known is, the point in numbers relative to which the cir

cle and the triangle a.re opposite to one another in the 

proportion of the square and square root. Therefore let 

A be an equilateral triangle, B a circle, and C a square, 

each equal one in area. 

PLATE XXXIV. 

B c A 

Now because A is a shape formed of straight lines &lld 

angles, therefore the value of a h may be known, but 

because B is formed of curved lines, therefore (by hypo

thesis) none of the part.a of .B a.re known, hence the point 

in numbers relatively to which the two shapes are oppo

site to one another must be determined from A alone. 

It has been demonstrated (prop. rx., chap. ii.) that if C 

and Bare equal in area, then the diameter of C (o <l) in 

it.s fractional relation to B is in the opposite duplicate 

ratio to a b, and the area of C ( o d") in its fractional re

lation to B, is in like opposite duplicate ratio· to a b". 

Now when the area of A-1, then a h is found to 

equal 1.8160'14+ and a h expressed in decimal figures is / 
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seen t.o be an infinite fraction, therefore, a h is an im

perfect number, and all our ideas of fractions or magni

tudes in order t.o be definite must be formed from whole 

and perfect numbers or units ; for we cannot conceive of 

a fraction unless it shall have reference t.o some unit : 

therefore square ah, and ah' is seen t.o equal 1.'1320508+ 

which is still an imperfect number, then square it again, 

and a h' xa h'-8, which is a whole and perfect number; 

/ therefore 3 is the first point in numbers frOm which the 

opposite ratio t.o a h may be deduced in whole OITlil peef ect 

'1lll1lmh(fl'a. Now because a h-v' ,/ 3, therefore c d, being 

in the opposite duplicate ratio, -811 x8' viz., Sx3-9x9 

~/ -81, and 81 is seen t.o be the smallest number which 

can be found which is in the opposite duplicate ratio to 

a h, when a h is brought t.o a whole and perfect num

ber; hence 8lx81_6561, is the smallest whole and per

fect number by which the fractional area of the circle 

and the square are equal to one another when the whole 

area equals one. (Prop. x. and XI., chap. ii.) The num

ber 3 is therefore the point in numbers relatively t.o 

which, the circle and the triangle, in their fractional rela

tions to the square are opposite to one another in dupli

cate ratio, or in the proportion of the square and square 

root. 

The oppoaite ratio is simply a neceaaity resulting from 

a universal law of nature. The planets could not move· 
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' forward in their courses without the action of opposite 

forces (centrifugal, centripetal). The north pole could 

not exist without an opposite or south pole. A shape or 

:figure of one side cannot exist without another and oppo-

site side, and no point can be fixed within the bound-

aries of nature which is not capable of opposite extension 

to the utmost limits of nature. In fine, no intermediate 

can possibly exist without its opposites. Hence the 

square being an intermediate shape and being made the 

standard of value, its opposites are the two extremes of 

nature in the production of shapes. And if we examine 

the whole subject in accordance with this universal law, 

it will be seen that in the production of shapes, the 

opposite duplicate ratio is a pre-existing necesssity. It is 

self-evident that shapes, which are thus opposite to one 

another in ratio, must, in their relative construction to the 

square, form the- two extremes of nature in respect to all 

their elements which serve to create, increase, or diminish 

area, and hence, that not more than two shapes coo ewiBt 

at the same time which are thus opposite one another. 

The whole course of development in this work shows 

conclusively that the equilateral triangle and the circle 

are the <mJ,y two ilUipee in earistence possessing the qual

ities necessary to render them opposite to one .another in 

duplicate ratio, or as the squares of · their diameters. 

The truth of their relation to one another in their rel

ative value to the square by opposite duplicate- ratio is 
14 

J 
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therefore self-evident. The square being made 01UJ, it is 

an intermediate shape relatively to which the two ex

tremes in nature are necessarily opposite to one another. 

Any other conclusion would, I believe, in the nature of 

things be an absurdity. 

The reciprocals of numbers by which the parts of the 

-circle and the triangle may be made numerically to equal 

-one, are to be found by reversing the order of the parts 

-ef each; therefore, if we multiply the greatest in relative 

valne, by the greatest in relative magnitude, and the 

least in relative- value, by th~ least in relative 'magni

tude, then the twe products multiplied together, equal 

.ene. 

PLATEXXXV. 

B 

, Therefore, if the areas of A and B .each equal one, 

then, if the radius of B, multiplied by half the circum

ference of A, shall equal C, and the radius of A, multi

plied by half the circumference B, shall equal D, then 

C x D - 1. Also, if the radius of A be divided by 
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half the circumference of B, and the radius of B be 

divided by half the circumference of A; the two products 

will be equal to one another; but if the area of A -- 1, 

and the diameter of B equal 1, then C x D equals the 

area of B. 

This reciprocity of parts, and hence of numbers also, 

exists between the circle and all regular shapes whatso

ever, which are formed of straight lines, when the area of 

each equals one. But all other shapes, eaxJept tlie trian

gle, lack the condition of being opP.osite to the circle, in 
the element8 of tlieilr conBflruction, in the particulars of 

the greatest and the least which are possible in nature ; 

h~nce, no other shape, except the circle and the equilate

ral triangle, can be in the opposite duplicate ratio to one 

another, but all other regular shapes, formed of straight 

lines, and of any greater number of sides than the square, 

approach to the opposite ratio, " ad iln.fonitwm," in pro

portion to the extension of the number of sides. 

It has been suggested by some . friends, that I should 

add some examples of my method of deducing arithmeti

cal truths from the problem of the circle, but this would 

extend a work already larger than I intended, and until 

my principles of reasoning, and the truth of my ratio 

of circumference and diameter shall be acknowledged,. 

would be productive of no other benefit than the gratifi

cation of curiosity. 



REVIEW OF MR. SMITH'S NEW ELEMENTS OF GEOMETRY. 

S1NOE the foregoing work was written, and with slight emendation, 
was prepared for the press in the form in which it now appears, a work 
has been published by Mr. SEBA Sims, entitled "New Elemmt& of 
Geometry," which has excited some attention and some discuBBion. 

As Mr. Smith remarks in his preface to his work, his attention to the 
subject of Geometry was first excited by his examination of my demon
stration of the Quadrature. About four years since Mr. Smith was, for 
a year or more, a close student of my papers, of which this work is only 
a portion in a condensed and regulated form. In his "New Elements" 
Mr. Smith has simply taken the general principles which I have de
veloped, and applied them as he no doubt believe11, to making further 
discoveries in geometry ; and in some particulars his success is beyond 
a doubt. 

The chief principles he has made use of different from the commonly 
received Elements, which are contained in this work, and which were all 
fully developed and set forth in my original paper& of which he was the 
close student, are these :-First, All definitely located lines necessarily 
have breadth. Secondly, Lines and areas are therefore equal to one 
another. Third, Shapes are legitimate elements of mathematical reason-

. ing. Fourth, The circle is the natural ha.sis of all area ; and circumfer
ence and radius are the only natural elements of area in all shapes alike. 
Fifth, In geometry, all expressions of numbers are expressions of mag
nitude. Sixth, That geometry is therefore a physical and not a meta
physical science ; and with these general principles Mr. Smith proceeds 
to demonstrate what the breadth of a line is, which he makes to be 
always unit, or one of the magnitudes in use, whatever the magnitude 
may be. 
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Although as I have remarked, Mr. Smith was for more than a year a 
close student of my papers, and derived all the principles of his reason
ing from their examination, and in frequent discussions with him it was 
explained and vindicated, that the principles which were there set forth 
were capable of universal application to every part and department of 
mathematical truth ; and although under the circumstances, I might 
justly have claimed a consultation, yet, I never saw any portion of his 
work, and knew nothing whatever of its contents, until it was published. 
And as Mr. Smith has spoken in his preface of my work as forthcoming, 
.:....and has taken up the identical principles which I have de;eloped as 
the basis of his reasoning, with the acknowledgment, only, that in the 
demonstration of the Quadrature, I have proved that lines " have 
breadth," while at the same time he has seen fit in some essential partic
ulars to differ from me in his conclusions, it seems to be proper that I 
should have something to say on the subject. I hold tile right therefore 
at all times to exercise an imp~rtial criticism over his work. 

In the first place, then, Mr. Smith defines a point to be "just what 
the books make it," i .e., "position without magnitude." But it will be 
obvious to any one, I think, that if a point can exist without magnitude, 
then a line may exist without breadth, and the mathematical definition 
becomes a positive truth, and there is no necessity for understanding any 
other line ; and if his definition of a point be true, then the basis of his 
whole argument is at once destroyed. 

Secondly. No doubt whatever exists in my mind that the lines which 
Mr. Smith demonstrates, are the true lines which Nature employs in the 
extension of angular forms,-the truth appears to me to be self-evident, 
and as J·have said that nature is the perfection of geometry, they are of 
course the true geometrical lines, and they are also the true lines which 
geometers have always used, whatever definition they may have chosen 
to affix to them. But it has been seen in the course of my work, that 
in practical geometry, lines have other uses besides the melU'Urement of 
extension, and it is self-evident, that Mr. Smith's lines are incompetent 
to fulfill all the uses required, any more than the imaginary lines of ge
ometers without breadth. 

It is self-evident also, that Mr. Smith's lines adapt themselves to the 
properties of straight lines, and nothing else; and to those circumstances, 
and those only, in which it is entirely immaterial to the result whtJther 

.. 
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lines have breadth or not. They are, therefore, just as good, and no 
better, than the imaginary lines of geometers without breadth, which 
adapt themselves only to the measurement of angular forms, and by 
which mere distance is implied. Nothing, therefore, can be gained, and 
much inconvenience would be realized from the adoption of his proposed 
change of definition. Notwithstanding, therefore, that I agree with him 
entirely in respect to the truth of his demonstration, a; far as it goes, 
yet I cannot agree with him in respect to the proposed change, or alter 
my own expressed opinion in respect to definition ; because, I am well 
satisfied, tfiat no single definition is capable of expressing all that is ne
cessary to be understood respecting lines in geometry. 

Thirdly. The discovery, (if it can be deemed a discovery,) that lines 
having breadth, such breadth is necessarilyone at some point of value, 
is not Mr. Smith's-that point was reasoned and distinctly stated in my 
papers, which he examined. 

Fourth. That the units of which striight lines are composed are 
cubes, is not Mr. Smith's discovery. It is a necessary consequence of 

/ 
Y lines having breadth, and right angles being made the standard of quan-

tity. While that is the case, there can be no other unit than a cube; 
and' this point was also distinctly stated by me to Mr. Smith, in discus
sions upon the subject. The condition, however, applies to lines which 
are the measure of angular shapes, but not to curpaj.Jin68._whjch have no .. 

./ · angles, either right or otherwise, and which can, therefore, only equal a 
---·cube, but can never be made a cube in form, without altogether changing 

the character of the lines. 
Fifth. The whole of Mr. Smith's propositions, from the eighth to the 

forty-ninth, inclusive, being nearly two-thirds of all that are in the book, 
are based on ONE single principle, or pure element of geometry. That one 
principle is contained in my first proposition, chapter ii., as follows: 
"All regular shapes formed of straight lines and equal sides have their 
"areas equal to half the circumference by the least radius which the 
"shape contains (which is always the radius of an inscribed circle), 
"than which every other radius contained in the shape is greater, and 
" the circle has its area equal · to half the circumference by the radius to 
"which every other radius contained in the circle is equal." This pro
position Mr. Smith examined in my papers, and there is no other 
"element of geometry,'' contained in the whole forty-two propositions 



MR. S:MITH's NEW ELEMEN'.m. 211 
I . 

above referred to, which is not contained in this ONE. It will be seen 
at once, that the diameter of a shape being the diameter of an inscribed 
circle, and its area being half its own circumference by the radius of 
such inscribed circle, therefore the propositions of Mr. Smith running 
through the whole catalogue of shapes to prove the general principle, 
that when circumference equals two, the area equals half the diameter, 
and when diameter equals two, the area equals half the circumfe.rence, 
&c., &c., &c., are simple truisms of arithmetic based on the one eleme~ 

tary proposition above given. They are very well as examples of a 
method of demonstration, but no element of' geometry is contained -in 
any one of them. 

Sixth. A large share of those truisms, relating to plane figures, which 
Mr. Smith calls the " HarmoJies of Geometry," are of the same class, 
and most of them based on the same elementary truth. I have 
examined them all a hundred times over, before Mr. Smith ever 
thought of them, explained many of them to him, before he began to 

write his book, and some of those contained in his book are expressed 
precisely in the language in which he received them from me. They are 
all harmonies, it is true, and very beautiful ones, too, as every truth of 
nature is, but they are not elements, and I never should have thought of 
advancing them as such; nor did I ever imagine that they were so new, 
as to be unknown to every practical and clear-sighted mathematician. 

If I am justified in these remarks, by the facts, which will speak for 
themselves, it will be quite apparent that Mr. Smith has misled himself 
into the belief, that most of his propositions are " new elements" of 
geometry, which are only simple geometrical truths; and under this 
self-deception, in respect to their newness and value, he has indulged in 
a too hasty, and not quite excusable ambition, to be considered the au-

' thor and discoverer of new principles which should revise and improve 
the whole of mathematical science. 

The method of demonstrating plane and solid figures, by lines having 
breadth, is one of Mr. Smith's own arrangement, and for which he should 
receive due credit. It is entirely simple, perfectly conclusive in respect 
to angular forms, and by. me would be adopted in preference to the 
method of Ei1clid. His argument that there is but one kind of quantity, 
and one kind of mathematics, is, I think, sustained, and is, therefore, en
titled to a candid, careful and respectful consideration. But the chief 

II 

/ 
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merit of Mr. Smith's work is contained, I think, in his My-second pro
position, as follows : "hi. all triangles wha"'ver, the whole circumference 
" bears the same proportion to the base, 88 the perpendicular of the 
"triangle bears to the radius of the inscribed circle." This proposition, 
so far 88 I know, is entirely new-it is purely elementary-embodies a 
vast amount of geometrical truth-is clearly and lucidly demonstrated, 
and, I think, when its capacities are proved, will be found to be of great 
use ; and, therefore, the solution of this problem alone, apart from all 
others, should be sufficient to entitle Mr. Smith to a high consideration, 
88 a valuable contri.butor to geometrical science. 




