






















































































































































































































































































































































































































.APPENDIX. 20'7 

half the circumference of B, and the radius of B be 

divided by half the circumference of A; the two products 

will be equal to one another; but if the area of A -- 1, 

and the diameter of B equal 1, then C x D equals the 

area of B. 

This reciprocity of parts, and hence of numbers also, 

exists between the circle and all regular shapes whatso­

ever, which are formed of straight lines, when the area of 

each equals one. But all other shapes, eaxJept tlie trian­

gle, lack the condition of being opP.osite to the circle, in 
the element8 of tlieilr conBflruction, in the particulars of 

the greatest and the least which are possible in nature ; 

no other shape, except the circle and the equilate­

ral triangle, can be in the opposite duplicate ratio to one 

another, but all other regular shapes, formed of straight 

lines, and of any greater number of sides than the square, 

approach to the opposite ratio, " ad iln.fonitwm," in pro­

portion to the extension of the number of sides. 

It has been suggested by some . friends, that I should 

add some examples of my method of deducing arithmeti­

cal truths from the problem of the circle, but this would 

extend a work already larger than I intended, and until 

my principles of reasoning, and the truth of my ratio 

of circumference and diameter shall be acknowledged,. 

would be productive of no other benefit than the gratifi­

cation of curiosity. 



REVIEW OF MR. SMITH'S NEW ELEMENTS OF GEOMETRY. 

S1NOE the foregoing work was written, and with slight emendation, 
was prepared for the press in the form in which it now appears, a work 
has been published by Mr. SEBA Sims, entitled "New Elemmt& of 
Geometry," which has excited some attention and some discuBBion. 

As Mr. Smith remarks in his preface to his work, his attention to the 
subject of Geometry was first excited by his examination of my demon­
stration of the Quadrature. About four years since Mr. Smith was, for 
a year or more, a close student of my papers, of which this work is only 
a portion in a condensed and regulated form. In his "New Elements" 
Mr. Smith has simply taken the general principles which I have de­
veloped, and applied them as he no doubt believe11, to making further 
discoveries in geometry ; and in some particulars his success is beyond 
a doubt. 

The chief principles he has made use of different from the commonly 
received Elements, which are contained in this work, and which were all 
fully developed and set forth in my original paper& of which he was the 
close student, are these :-First, All definitely located lines necessarily 
have breadth. Secondly, Lines and areas are therefore equal to one 
another. Third, Shapes are legitimate elements of mathematical reason-

. ing. Fourth, The circle is the natural ha.sis of all area ; and circumfer­
ence and radius are the only natural elements of area in all shapes alike. 
Fifth, In geometry, all expressions of numbers are expressions of mag­
nitude. Sixth, That geometry is therefore a physical and not a meta­
physical science ; and with these general principles Mr. Smith proceeds 
to demonstrate what the breadth of a line is, which he makes to be 
always unit, or one of the magnitudes in use, whatever the magnitude 
may be. 
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Although as I have remarked, Mr. Smith was for more than a year a 
close student of my papers, and derived all the principles of his reason­
ing from their examination, and in frequent discussions with him it was 
explained and vindicated, that the principles which were there set forth 
were capable of universal application to every part and department of 
mathematical truth ; and although under the circumstances, I might 
justly have claimed a consultation, yet, I never saw any portion of his 
work, and knew nothing whatever of its contents, until it was published. 
And as Mr. Smith has spoken in his preface of my work as forthcoming, 
.:....and has taken up the identical principles which I have de;eloped as 
the basis of his reasoning, with the acknowledgment, only, that in the 
demonstration of the Quadrature, I have proved that lines " have 
breadth," while at the same time he has seen fit in some essential partic­
ulars to differ from me in his conclusions, it seems to be proper that I 
should have something to say on the subject. I hold tile right therefore 
at all times to exercise an imp~rtial criticism over his work. 

In the first place, then, Mr. Smith defines a point to be "just what 
the books make it," i .e., "position without magnitude." But it will be 
obvious to any one, I think, that if a point can exist without magnitude, 
then a line may exist without breadth, and the mathematical definition 
becomes a positive truth, and there is no necessity for understanding any 
other line ; and if his definition of a point be true, then the basis of his 
whole argument is at once destroyed. 

Secondly. No doubt whatever exists in my mind that the lines which 
Mr. Smith demonstrates, are the true lines which Nature employs in the 
extension of angular forms,-the truth appears to me to be self-evident, 
and as J·have said that nature is the perfection of geometry, they are of 
course the true geometrical lines, and they are also the true lines which 
geometers have always used, whatever definition they may have chosen 
to affix to them. But it has been seen in the course of my work, that 
in practical geometry, lines have other uses besides the melU'Urement of 
extension, and it is self-evident, that Mr. Smith's lines are incompetent 
to fulfill all the uses required, any more than the imaginary lines of ge­
ometers without breadth. 

It is self-evident also, that Mr. Smith's lines adapt themselves to the 
properties of straight lines, and nothing else; and to those circumstances, 
and those only, in which it is entirely immaterial to the result whtJther 

.. 
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lines have breadth or not. They are, therefore, just as good, and no 
better, than the imaginary lines of geometers without breadth, which 
adapt themselves only to the measurement of angular forms, and by 
which mere distance is implied. Nothing, therefore, can be gained, and 
much inconvenience would be realized from the adoption of his proposed 
change of definition. Notwithstanding, therefore, that I agree with him 
entirely in respect to the truth of his demonstration, a; far as it goes, 
yet I cannot agree with him in respect to the proposed change, or alter 
my own expressed opinion in respect to definition ; because, I am well 
satisfied, tfiat no single definition is capable of expressing all that is ne­
cessary to be understood respecting lines in geometry. 

Thirdly. The discovery, (if it can be deemed a discovery,) that lines 
having breadth, such breadth is necessarilyone at some point of value, 
is not Mr. Smith's-that point was reasoned and distinctly stated in my 
papers, which he examined. 

Fourth. That the units of which striight lines are composed are 
cubes, is not Mr. Smith's discovery. It is a necessary consequence of 

/ 
Y lines having breadth, and right angles being made the standard of quan-

tity. While that is the case, there can be no other unit than a cube; 
and' this point was also distinctly stated by me to Mr. Smith, in discus­
sions upon the subject. The condition, however, applies to lines which 
are the measure of angular shapes, but not to curpaj.Jin68._whjch have no .. 

./ · angles, either right or otherwise, and which can, therefore, only equal a 
---·cube, but can never be made a cube in form, without altogether changing 

the character of the lines. 
Fifth. The whole of Mr. Smith's propositions, from the eighth to the 

forty-ninth, inclusive, being nearly two-thirds of all that are in the book, 
are based on ONE single principle, or pure element of geometry. That one 
principle is contained in my first proposition, chapter ii., as follows: 
"All regular shapes formed of straight lines and equal sides have their 
"areas equal to half the circumference by the least radius which the 
"shape contains (which is always the radius of an inscribed circle), 
"than which every other radius contained in the shape is greater, and 
" the circle has its area equal · to half the circumference by the radius to 
"which every other radius contained in the circle is equal." This pro­
position Mr. Smith examined in my papers, and there is no other 
"element of geometry,'' contained in the whole forty-two propositions 
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above referred to, which is not contained in this ONE. It will be seen 
at once, that the diameter of a shape being the diameter of an inscribed 
circle, and its area being half its own circumference by the radius of 
such inscribed circle, therefore the propositions of Mr. Smith running 
through the whole catalogue of shapes to prove the general principle, 
that when circumference equals two, the area equals half the diameter, 
and when diameter equals two, the area equals half the circumfe.rence, 
&c., &c., &c., are simple truisms of arithmetic based on the one eleme~ 

tary proposition above given. They are very well as examples of a 
method of demonstration, but no element of' geometry is contained -in 
any one of them. 

Sixth. A large share of those truisms, relating to plane figures, which 
Mr. Smith calls the " HarmoJies of Geometry," are of the same class, 
and most of them based on the same elementary truth. I have 
examined them all a hundred times over, before Mr. Smith ever 
thought of them, explained many of them to him, before he began to 

write his book, and some of those contained in his book are expressed 
precisely in the language in which he received them from me. They are 
all harmonies, it is true, and very beautiful ones, too, as every truth of 
nature is, but they are not elements, and I never should have thought of 
advancing them as such; nor did I ever imagine that they were so new, 
as to be unknown to every practical and clear-sighted mathematician. 

If I am justified in these remarks, by the facts, which will speak for 
themselves, it will be quite apparent that Mr. Smith has misled himself 
into the belief, that most of his propositions are " new elements" of 
geometry, which are only simple geometrical truths; and under this 
self-deception, in respect to their newness and value, he has indulged in 
a too hasty, and not quite excusable ambition, to be considered the au-

' thor and discoverer of new principles which should revise and improve 
the whole of mathematical science. 

The method of demonstrating plane and solid figures, by lines having 
breadth, is one of Mr. Smith's own arrangement, and for which he should 
receive due credit. It is entirely simple, perfectly conclusive in respect 
to angular forms, and by. me would be adopted in preference to the 
method of Ei1clid. His argument that there is but one kind of quantity, 
and one kind of mathematics, is, I think, sustained, and is, therefore, en­
titled to a candid, careful and respectful consideration. But the chief 

II 

/ 
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merit of Mr. Smith's work is contained, I think, in his My-second pro­
position, as follows : "hi. all triangles wha"'ver, the whole circumference 
" bears the same proportion to the base, 88 the perpendicular of the 
"triangle bears to the radius of the inscribed circle." This proposition, 
so far 88 I know, is entirely new-it is purely elementary-embodies a 
vast amount of geometrical truth-is clearly and lucidly demonstrated, 
and, I think, when its capacities are proved, will be found to be of great 
use ; and, therefore, the solution of this problem alone, apart from all 
others, should be sufficient to entitle Mr. Smith to a high consideration, 
88 a valuable contri.butor to geometrical science. 




